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(1) Isotropic 3-dimensional harmonic oscillator (4 Punkte)
Consider the isotropic 3-dimensional harmonic oscillator defined by the Hamiltonian

Z p1+ mw Z x
ze{z y,2} ie{z,y,z}

As usual when dealing with spherically symmetric potentials we split the wavefunction
in radial and angular parts and write

Uu T
\I/Elm = E;( )Ylm(ga qb)v

and obtain the Schrodinger equation for the radial part

221 w2r2+h_2l(l+1)

2mdr? = 2 2m  r?

— FE|u(r)=0,

where the (E,[)-dependence of u(r) has been omitted.
(a) Using the ansatz wavefunction
u(r) = eV (y), y =rymw/h,

derive a differential equation for v(y).
What is the boundary condition on v(y) for y = 07
Result: v”(y) — 2yv'(y) + [2A — 1 = I(1 + 1) /y?]v(y) = 0 where A = E/(hw).

(b) To further investigate the differential equation obtained in (a), we expand v(y) as
=yt (1)
=0

Explain the factor r'*!. Derive a two-term recursion relation for the coefficients
Cj, i.e., an equation relating C; and C},. Hint: show that C; = 0.

(c¢) Find the energy eigenvalues by using the two-term recursion relation and the
requirement that the series (1) has to converge for r — oo.

(d) Compare the result from (c) with the energy quantization found when using second
quantized operators, i.e., H = hw Zie{x’yyz}(aTal + ) which was discussed in the
lecture.

Show explicitly that both methods give the same (i) quantization of the energy,
and (ii) degeneracy of the levels.



(2) Hydrogen atom in n =2, [ = 1 state (4 Punkte)
Assume that the electron in a hydrogen atom occupies the following combined position
and spin state

Y(r,0,0) = Rai(r) (\/23/10(97 o)1) + \/gYH(H, ¢)H>) ‘

(a) What are the possible measurement results if you measure the z-component of
angular momentum L., and what is the probability of each?

(b) Same for the z-component of spin angular momentum S,.

(c) Let J =L+ S be the total angular momentum. If you measure J?, what are the
possible measurement results, and what is the probability of each?
Hint: Use the Clebsch-Gordan table.

(d) If you measure the position of the electron, what is the probability density of
finding it at r, 6, ¢7

Hint: Ry (r) = ﬁéa*”/z(g) exp(—7/(2a)) where a is the Bohr radius.

(3) Coupled spins (2 Punkte + 2 Bonuspunkte)
Consider two coupled spin 1/2 particles in an external magnetic field B = (0,0, B)
along the z-direction, with the Hamiltonian

H=JS,-Sy— %B(Slz + 5.,

where J > 0. Determine and discuss the energy eigenvalues and eigenstates. Plot the
energies of the ground state and of the excited states as a function of the magnetic field
B.

Hint: Consider S = S; + S, and express the Hamiltonian in terms of S?, S?, and S3.

Bonus points: Same for three spins arranged on the corners of a triangle. This situation
is called “geometrically frustrated”, can you imagine why? Use a computer for B # 0.



