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(1) State determination (2 Punkte)

Measurements on a system of two spin 1/2 particles yield the following expectation
values: 〈

S(1)
z

〉
=
〈
S(2)
z

〉
= 0 and

〈
S(1)
z ⊗ S(2)

z

〉
=
h̄2

4
,

where Sz = h̄
2
σz.

(a) Construct a pure state consistent with the given data, or prove that none exists.

(b) Construct a mixed state consistent with the given data, or prove that none exists.

(2) Reduced density operator (3 Punkte)
Consider a system of two spins 1/2 in the state |ψα〉 = cos(α)|↑↓〉+ sin(α)|↓↑〉.

(a) Write down the density operator ρ that describes this system.

(b) Calculate the reduced density operator ρ(1) of subsystem 1 (i.e., the first spin).

Does it represent a pure or a mixed state? What is the expectation value of S
(1)
z

and S
(1)
x if only the first spin is measured. Interpret your results.

(c) For a joint measurement of S
(1)
z and S

(2)
x of both spins, calculate the probability

to measure +h̄/2 for spin 1 and +h̄/2 for spin 2.

(3) Commutators of components of x and p (2 Punkte)
Let F and G be analytic functions of p and x, respectively.
Show (e.g., by induction) that

(a) [xj, F (p)] = ih̄
∂F

∂pj
(p)

(b) [pj, G(x)] = −ih̄ ∂G
∂xj

(x)



(4) Time evolution (3 Punkte)

Consider a spin 1/2 particle. At time t = 0, the system is prepared in the state

|ψ(t = 0)〉 =
1√
2

(
|↑〉z + eiφ|↓〉z

)
.

The Hamiltonian of the system is given by H = −g µB
h̄
B · S, with B = B0ez and

S =
h̄

2
(σx, σy, σz).

(a) Write down a formal expression for the time evolution operator U(t) and evaluate
it explicitly. Calculate |ψ(t)〉 for t > 0.
Hint : Show that exp (iασz) = 1 cosα + iσz sinα.

(b) What is the probability that a measurement of Sx done at time t > 0 gives +h̄/2?
What is the probability that a measurement of Sz done at time t > 0 gives −h̄/2?

(c) Calculate 〈Sx(t)〉, 〈Sy(t)〉, and 〈Sz(t)〉. Interpretation?

(5) Zusatzaufgabe: Generalized uncertainty relation (5 Extra-Punkte)

Assume that a system is described by the density operator ρ̂. We consider two obser-
vables A, B and define A0 := A− 〈A〉 where 〈A〉 := Tr(ρ̂A) and the same for B. Their
variances are defined as ∆2

A = 〈A2
0〉 = Tr(ρ̂A2

0) and the same for B.

(a) Prove the generalized uncertainty relation:

∆A∆B ≥
1

2

√
〈i[A0, B0]〉2 + 〈{A0, B0}〉2 . (1)

Hint: Define T := A0 + iωB0 and find ω ∈ C such that 〈TT †〉 is minimized.

(b) Show that for pure states, (1) reduces to the relation found in the lecture.

(c) Assume that the system is described by a completely mixed state with ρ̂ ∼ 1.
Apply (1) to this case. Apparently, there is a lower bound to the product of the
two variances, regardless of whether A and B commute or not. Can you interpret
this result?!


