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Overview over the lectures

o elements of quantum information
o quantum bits (qubits)
o superposition and entanglement
o gates and universal computation
o Deutsch algorithm

@ no-cloning theorem, quantum error correction, teleportation

o quantum cryptography, Bell tests, quantum “hardware”
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Motivation
Discrete vs. continuous states
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Motivation

Decoherence

o time evolution of a quantum computer must be coherent to
allow for superpositions, entanglement, and interference

o but a qubit is unavoidably coupled to its environment
= decoherence, e.g., relaxation and dephasing errors

Way out: quantum error correction (Shor 1995)

introduce redundancy = errors can be detected and corrected

Threshold theorem (Aharonov & Ben-Or 1996)

An arbitrarily large quantum computation can be performed
efficiently if the error probability p per individual quantum gate is
below Pthreshold ~ 10_4




No-cloning theorem

No-cloning theorem
Copying an arbitrary quantum state is impossible.

o Assume there is a “cloning operator” A:
Ala)[0) = |@) |a) for all initial states o
o For |a) = 75(10) +[1)): Ala) [0) = 5(/0) +[1))(|0) + |1))

o On the other hand, A must be linear:

Ala)|0) = 2(/A\|0> 0) +Al1)[0) =

o Contradiction!

1

ﬁ(\0> 10) +[1) 1))

Note however, recreating a state in one location is possible at the
expense of destroying it in another location (teleportation)




Classical error correction

o bit flip (0 <» 1) is the most general classical single-bit error
o assume a bit-flip error happens at probability p per unit time
= a bit is corrupted after O(1/p) steps

Introduce redundancy:
o two-bit encoding: 0 — 00 and 1 — 11
o the strings 00 and 11 both have even parity
o if we detect an odd parity string, an error has occurred

o but how to correct it?




Classical error correction

Increase redundancy:

o three-bit encoding: 0 — 000, 1 — 111 error probability

o what if one error occurs? — 3p(1 - p)?
= can be corrected by “majority voting”

o what if two errors occur simultaneously? —3p%(1—p)
= error correction works incorrectly

o what if three errors occur simultaneously? - p’

= error is undetectable

error correction is worth doing if 3p?(1 — p) +p3 < p
= need pK1




Quantum error correction

Bit-flip error

Obstacles to quantum error correction?
o no-cloning theorem = we cannot copy qubits

o detecting errors needs measurements = destroys quantum
superposition

Surprisingly, we can still correct errors:
o consider bit-flip error |0) <+ |1)
o corresponds to NOT gate 64
o embed single-qubit state in a three-qubit state:

|Y1ogical) = @ [0) + B]1) = [encodea) = ¢ [000) + 3[111)

o we have not copied |t1ogical), N0 Violation of no-cloning
theorem! (instead we created a three-qubit entangled state)




Quantum error correction

Encoding circuit

o Use CNOT: «|0) + 3 |1) — «]

al0>+bl1>

000) + 3]111)

——  al000>+bl111>

10> ———4

o Single bit-flip error can result in

9_

«|100) + 3 |011) or
«[010) 4+ 4 ]101) or
a [001) + 3 |110)

o If we know the parities of qubits 1 and 2, and qubits 2 and 3,

we know which error (if any) has occurred
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Quantum error correction
Measuring the parity

ancilla|0) —> 1 (alo1) + 5110)) @ [0)
2: a|01) ® |0) + B 10) ® |1)
3: a|01) ® [1) + B]10) ® |1)
= (al01) + B110)) @ 1)

qubit 1 e

qubit2 ———o——

o state of the ancilla qubit after step 3 is |0) if the parity of
qubits 1 and 2 is even, and |1) if it is odd

o measurement of the ancilla qubit does not provide any
information on « and 8

= superposition will not be destroyed
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Quantum error correction

Correction circuit

© 06 06 6 06 0 ©

|0> mi;:““ X, Ix>

10> D "/71\‘ ¥y Iy>

N\ X
—“xre G if xy=10

000> x. Y

- o ifxy=I1

+HBI111> X
@ PN G if xy=01

Alice sends «|000) + /3 |111)

with probability p, a bit-flip error (6x) occurs on a qubit
Bob receives o [000) + 3|111) with probability (1 — p)3
Bob receives  |100) + 3|011) with probability p(1 — p)?
Bob receives  [010) + 3|101) with probability p(1 — p)?
Bob receives o [001) + 3 ]110) with probability p(1 — p)?
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Quantum error correction

Correction circuit

© 06 06 6 06 0 ©
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aj000> X . Y

| o ifxy=11

+HBI111> «
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Bob determines the parities

Bob gets («[000) + 5]111))|00) with probability (1 — p
Bob gets («|100) + /5 ]011)) |10) with probability p(1 —
Bob gets («|010) + /5 ]101))|11) with probability p(1 —
Bob gets («[001) + $5]110)) |01) with probability p(1 —

Bob flips one qubit depending on the values x and y
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Quantum error correction

Does error correction work?

© 06 06 06 06 06 06 06 06 © o0 o

Bob gets (a [000) + 3]111)) |00) with probability (1 — p)3
Bob gets (a [100) + 3]011)) |10) with probability p(1 — p)?
Bob gets (a'|010) + 5|101)) |11) with probability p(1 — p)?
Bob gets (a'|001) + 3|110)) |01) with probability p(1 — p)?
Bob gets (a'|110) + 5|001)) |01) with probability p?(1 — p)
Bob gets (o [101) + 3]010)) |11) with probability p?(1 — p)
Bob gets (a|011) + 3[100)) |10) with probability p?(1 — p)
Bob gets (a'|111) + 5|000)) |00) with probability p3

failure probability with error correction is 3p> — 2p® ~ O(p?)
failure probability without error correction is O(p)

reduction of the error probability by 3% ~ 300 for p = 0.001
suppression is more powerful with more qubits




Quantum error correction

Phase-flip error

o bit-flip error is only one kind of possible single-qubit error
o phase-flip error: «|0) + 3|1) = «|0) — 5 1)
o corresponds to 7, gate

@ no classical equivalent

How to correct phase flip errors?

o turn phase-flip channel into bit-flip channel:
(\0> +1)
(|0> - 1)

|+)

N

=)

Sl

o in the |+), |—) basis, a phase flip acts like a bit flip




Quantum error correction

Phase-flip error

o encode «|0) + B|1) = a|+ ++) + B|— — —):

al0>+bl1>

o[ 1]

o remaining detection and correction procedure stays the same,
use H gates to switch between |+),|—) and |0),|1) basis

o combination of the bit-flip and the phase-flip code can protect
against arbitrary errors: Shor's 9-qubit code

16



Quantum teleportation

Cloning a quantum state is impossible (no-cloning theorem)

©

o However, it is possible to teleport a quantum state:
Alice and Bob have one half each of the Bell state

1
V2

Alice can transmit an unknown state

[¥) = al0) + 5]1)

©

|600) = —=(/00) +[11))

©

to Bob using only classical information
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Quantum teleportation

Alice Iy>__ 2 @ A M s
CNOT )
) M,
Alice @ A e
B>
Bob [ o o [y>

L W)@\Boo) f[a|0>(\00>+!11>)+ﬁ\1>(\00>+!11>)]
: 75 []0) (j00) +[11)) + 4 [1) (|10) + [01))]
3t 5 [a(]0) + 1)) (100) + [11)) + B(/0) — 1)) (|10) + |01))]

=2 [ 100) (@0 + B11) +[01) (@ ]1) + 310})
+[10) (@ [0) = B 11)) + [11) (a 1) - 510))
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Quantum teleportation

o the final state is

o if Alice measures |00), Bob's system will be in the state
) = al0) + 5]1)

o if Alice measures something else and tells Bob (via classical
communication), Bob can modify his state to be equal to |1)
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Superdense coding

Reminder

o Bell states

1Boo) = \2(|oo> L) [for) = 2(101> + [10))
1Bro) = \2(|oo> ) (B = kuon ~ |10))

o Consider that Alice and Bob share a Bell state |5g0)
o Alice can convert this Bell state into any other Bell state
herself (with no help from Bob)

Fx ® 1|Boo) = |Bor)
G, @ 1|Boo) = |P10)
i6, ® 1|Boo) = |P11)

S}
x

°i6, =0,
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Superdense coding

Protocol

o A single qubit can transmit two classical bits of information

) ALICE N o to: |a)|b) |0)|0)
1b> J b> ° t1: |a)|b) <|0>\J/r§|1> &
o t: |a) |b) (12210
i.e. |a)|b)|Boo)
o t3: |a) |b) | Bos)

©

P ; ; : t4: |a> ’b> ‘Bab>
to U] 43 b ts t o tp: |a> ’b) ‘3) |b>
o The information about a and b is encoded in the entangled
state of the two-qubit system shared by Alice and Bob
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