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(1) Specific heat of a superconductor

The elementary excitations with momentum k of a superconductor have excitation

energy By = /& + A2(T), where & = e, — p and A(T) is the temperature-dependent

gap function. They are non-interacting fermions, i.e., their occupation number is given
by the Fermi function fi = (e’%x + 1)~ where 8 = (kgT)~'.

(a)

(d)

The entropy of a system of non-interacting fermions is given by

S=—=2kp Y [(1— fiyln(l = fi) + filn fi] .
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Show that the specific heat ¢ = WTd_T can be written as
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Equation (1) is a bit tedious to obtain. If you do not manage, use the expression
(1) and proceed with (b) and (c).
Prove that in the limit A(7T) — 0, i.e., for a normal metal, we obtain the well-
known formula
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where N(0) is the density of states (per spin) of the free Fermi gas at the Fermi
energy.

The temperature dependence of A close to T¢ is approximately given by

A(T) = 3.06k3\/ Tc\/ TC —T for T 5 TC s

and (of course) A(T) =0 for T > T¢.
c—c

Calculate the jump = in the specific heat at T' = T¢.

n

What is the temperature dependence of ¢ for low temperatures, kg7 /A(0) — 07



(2)

Superconducting density of states
The excitation energy of the quasi-particle is given by

By = /& + A2,

where &y is the independent-particle kinetic energy relative to the Fermi energy.

The number of excitations in a superconductor in the energy interval [E, F + dE] is
Ny(E)dE, here, Ng(F) is the density of states of the superconductor. The corresponding
number in the normal state is N, (£)d¢ ~ N,,(0)d¢, here, N, () is the density of states
of the normal metal. Calculate Ni(E)/N,(0) by equating the two expressions.
Compare the superconducting density of states with the normal one and discuss the
origin of the divergence of Ny(F) at E = A.

Temperature dependence of A

The temperature dependence of A(T) is determined by the gap equation

where By = /& + A} and 8 = (kgT) ™.

(a) Assuming that Vig = =V if |&], |&] < hw. and 0 otherwise, show that the gap
equation can be written as

1 = VN(0) /0 cdfétanh(gE) (3)

where E = /&2 + A% Use (3) at T = T¢ to eliminate VN(0) in favor of T
and solve the resulting equation to obtain A(7") numerically in the temperature
interval [0, 27¢].

(b) Study the behavior of A(T') for T — T and for T' — 0, either analytically or
numerically.

Ground-state energy

Define (E) = (Ypcs|H — N |[1pcs). Follow the steps in Tinkham 3.4.2 to evaluate the
difference between the ground-state energy of the BCS state and the free Fermi gas.
Result:

(E), — (B} = —5 N(0)A?



