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(1) Relativistic Lagrangian (3 Punkte)

(a) The relativistic Lagrangian for a free particle of mass m is L = −mc2/γ where
γ = (1 − v2/c2)−1/2. Find expressions for the momentum p and the Hamiltonian
H. Discuss the limit |v| � c.

(b) Use the Lagrangian L = −mc2/γ + qA · v− qV for a free particle of mass m and
charge q in an electromagnetic field to derive the Lorentz force, i.e., show

d

dt
(γmv) = q(E + v ×B) .

Find expressions for the momentum p and the Hamiltonian H. Discuss the limit
|v| � c.

(2) Lagrangians (3 Punkte)

(a) Show that the Euler-Lagrange equation for the Lagrangian density

L =
1
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∂µφ∂
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m2φ2

leads to the Klein-Gordon equation. Also derive expressions for the momentum
conjugate to the field, π(x) = ∂L/∂φ̇, and the Hamiltonian density H = πφ̇ − L
and interpret the result.

(b) Find the Euler-Lagrange equations for the following Lagrangian density:
L = (∂µφ− iqAµφ)(∂µφ∗ + iqAµφ∗)−m2φ∗φ− 1

4
FµνF

µν .

(3) Adding a divergence to a Lagrangian density (2 Punkte)
Prove that the equations of motion remain unchanged if the divergence of an arbitrary
function of the field ∂νF

ν(φ) is added to the Lagrangian density L(φ, ∂µφ).

(4) Schrödinger equation (2 Punkte)
The Schrödinger equation can be considered to be the equation of motion of a classical
field theory.

(a) Show that the Lagrangian density L(ψ, ψ̇,∇ψ) = ih̄ψ∗ψ̇− h̄2

2m
∇ψ∗ ·∇ψ−V (x)|ψ|2

leads to the Schrödinger equation.

(b) Calculate the conjugate momentum π(x, t) and the Hamiltonian.


