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(1) Quasi-particle excitations in superconductors (5 Punkte)

Define operators %T(T and %T( L by
T = Uiy — Vi kg
Vim = uiciu + Vit

uy and vy are complex numbers satisfying |uk|® + |vx|? = 1 for each momentum k, and
¢!, ¢ are the (standard) electron creation and annihilation operators.

(a) Prove that the superconducting ground state |¢pcs) = [ [, (uk + UkCLTCT—kQ 0) is
the vacuum state of the v operators, that is,

Yt [¥BCS) = Yy [¥BCs) = 0.

(b) Obtain explicit expressions of the states created by the v! operators, ’YlT@ |YBCs)

and 7;2 | |pcs), in terms of the electron creation operators CLT and CL .

We will see that the states created by Vl]lm %T( | are the quasi-particle excitations of wave
vector k and spin 1 and | above the superconducting ground state.

(2) Average and fluctuations of electron number in the BCS state (5 Punkte)

(a) Obtain the average electron number N = (¢pcs|N|¢pcg) in the BCS ground state
in terms of vy or uy, where the total electron number operator N has the following

second-quantized form:
N = Z (CLTCkT + CI(J,Ck¢> .
k

Interpret the result in view of the physical meaning of vy or wy.
Hint: one way (but not the only way) is to rewrite the electron operators in terms
of the vy-operators and then use the result of problem 1(a).

(b) Obtain the fluctuation of the electron number (§N)* = (¢pcs|(N — N)?|¢pcs) in
a similar way as done in (a). How does 0N /N behave in the thermodynamic limit
N — o0?

(¢) (independent of (a) and (b)) Show that

2

’wN> = <Z gkCLTCT_k¢> ’O>

can be obtained by projecting |1)gcg) on the subspace of states with particle num-
ber N. How is gy related to uy, vy?



