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Summary

The detection of phase transitions and the classification of matter into its distinct
phases are some of the most fundamental tasks in physics. For a long time, how-
ever, these tasks required extensive prior theoretical knowledge, human intuition, and
system-specific expertise to be solved. This thesis explores the use of machine-learning
methods to automate the detection of phase transitions. Here, we focus on three key
machine-learning methods – so-called supervised learning, learning by confusion, and
the prediction-based method – that aim to autonomously identify phase transitions by
learning from data, offering an alternative to traditional approaches in physics. Since
their inception, these machine-learning methods were largely treated as black boxes:
They were shown to work on a case-by-case basis but their fundamental operating
principles remained elusive. In particular, a theory explaining when and why they
succeed or fail has been lacking. The methods were also computationally intensive
and primarily restricted to applications in the domain of physics. This thesis provides
several key advances:

In the first part of this thesis, we establish a rigorous theoretical foundation by
deriving the optimal predictive models underlying these methods and prove that these
approximate the system’s Fisher information from below. This explains the successes
and limitations of these machine-learning approaches in detecting different types of
phase transitions. Based on these insights, we demonstrate ways how to make the
methods more computationally efficient through techniques like multi-tasking and the
use of generative classifiers. This makes them practical for analyzing larger systems
and datasets. Similarly, these insights motivate key modifications to the methods that
make them more reliable at detecting phase transitions and allow them to map out
phase diagrams in higher-dimensional parameter spaces.

In the second part of this thesis, we venture beyond physics and extend these
methods to detect qualitative changes in complex systems more broadly, in particular
modern artificial intelligence systems and real-world data. This includes the discovery
of phase-transition-like phenomena in large language models as a function of their
temperature, training epoch, and prompt parameters, as well as significant changes
in news articles over time.

Through this progression from physics to broader application domains, this thesis
demonstrates how methods originally developed for understanding phase transitions
in physical systems can be refined to provide valuable insights into complex systems
more generally. The methods are shown to be capable of uncovering abrupt changes
in diverse settings, ranging from spin systems at equilibrium to state-of-the-art gen-
erative artificial intelligence and daily news.
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Chapter 1

Introduction

Colloquially, the term phase transition refers to a change among the basic phases
of matter. For example, in response to changes in external conditions such as tem-
perature or pressure, water can transition to a solid, liquid, or gaseous state. More
broadly, in physics, a phase transition refers to an abrupt change in the macroscopic
behavior of a large-scale system of interacting constituents [Saittaet al., 2011; Sethna,
2023]. Such phenomena are extremely diverse and phase transitions come in various
forms and �avors. Notable examples include transitions in the magnetic properties
of materials [Onsager, 1944], transitions from a normal conducting state to a super-
conductor [Taillefer, 2010], transitions in the entanglement properties of quantum
circuit [Lavasani et al., 2021], or the collective motion of active matter such as a �ock
of birds [Vicsek et al., 1995].

The characterization of phases and transitions between them is a di�cult task.
This is because the state of the systems to be studied typically lives in a very high-
dimensional space. In fact, the number of possible states a system can attain usually
grows exponentially with the number of its constituents (such as its particles). Fore-
going this problem by studying smaller system instances only partially solves the
problem. This is because phase transitions describe changes between distinctcollec-
tive behaviors ofmany interacting particles, leading to lots of microscopic degrees of
freedom. Another complication is the fact that the systems to be studied are often
probabilistic, meaning that for a given set of values of tunable parameters charac-
terizing the system, such as its temperature or pressure, it may be found in various
states.

Physicists typically characterize phases and phase transitions by �nding a suitable
set of a few low-dimensional quantities, called order parameters [Sethna, 2023], which
capture the essence of each phase of the system. For example, even though water is
a highly complex system, we can detect the liquid-gas transition by looking at the
density which shows a sudden jump at the boiling point and, in this case, serves as an
order parameter. However, �nding a suitable set of order parameters is �considered
an art� [Sethna, 2023], as it requires a great deal of human intuition as well as a prior
understanding of the system at hand. Systems often lose some of their symmetrical
properties as they transition between phases. When water freezes, for example, its
molecules arrange themselves in a regular crystal pattern, breaking the continuous
symmetry they had as a liquid. Moreover, nearby particles or components often
organize themselves in relation to each other, giving rise to a characteristic local
pattern. If the symmetry-breaking pattern is unknown or local order is absent, the
identi�cation of an order parameter can be particularly challenging.

On the other hand, in �elds such as computer vision, it has been demonstrated that
neural networks can be trained to correctly classify intricate sets of labeled images,
which naturally live in high dimensions. In particular, in 2012, AlexNet [Krizhevsky
et al., 2012] won the ImageNet Large Scale Visual Recognition Challenge, being
among the �rst deep neural nets (NNs) to be trained on a graphics processing unit



2 1. Introduction

(GPU). This represented a turning point in the history of arti�cial intelligence, in
which feature-based methods for image recognition have been gradually replaced with
learned neural-net representations. This culminated with ResNet in 2015 [Heet al.,
2016], the deepest network ever to enter the ImageNet competition winning �rst place
� an event that motivated the use of such techniques to tackle the problem of de-
tecting phase transitions. And indeed, in 2016, it was shown in three seminal works
that this is possible: Wang [2016] used principal component analysis (PCA) and NNs
were used by Carrasquilla and Melko [2017] as well as Van Nieuwenburg, Liu, and
Huber [2017]. Because generic data, such as spin con�gurations or energy spectra, can
be utilized as input to these methods, these proposals opened up a promising route
toward the discovery of novel phases of matter and phase transitions with little to no
human supervision.

In the years that followed, a variety of other machine learning (ML) schemes for
detecting phases and phase transitions have been developed. Classical ML methods
have successfully revealed the phase diagrams of a range of systems based on data from
numerical simulations [Wang, 2016; Carrasquilla and Melko, 2017; Van Nieuwenburg
et al., 2017; Wetzel, 2017; Wetzel and Scherzer, 2017; Ch'nget al., 2017; Ohtsuki
and Ohtsuki, 2017; Schindleret al., 2017; Zhang and Kim, 2017; Broeckeret al.,
2017; Huembeliet al., 2018; Liu and van Nieuwenburg, 2018; Beachet al., 2018; van
Nieuwenburg et al., 2018; Zhanget al., 2018; Venderleyet al., 2018; Rodriguez-Nieva
and Scheurer, 2019; Huembeliet al., 2019; Schäfer and Lörch, 2019; Scheurer and
Slager, 2020; Greplovaet al., 2020; Kottmann et al., 2020; Arnold et al., 2021; Huang
et al., 2022b; Guo and He, 2023; Maskaraet al., 2022; Patelet al., 2022; Zvyagintseva
et al., 2022; Sunet al., 2023] as well as experimental measurements [Remet al., 2019;
Käming et al., 2021; Bohrdt et al., 2021; Yu et al., 2022; Mileset al., 2023]. Many of
the most powerful ML methods for detecting phase transitions utilize neural networks
(NNs) at their core [Carrasquilla and Melko, 2017; Van Nieuwenburget al., 2017;
Wetzel, 2017; Wetzel and Scherzer, 2017; Ch'nget al., 2017; Ohtsuki and Ohtsuki,
2017; Schindleret al., 2017; Zhang and Kim, 2017; Broeckeret al., 2017; Huembeli
et al., 2018; Liu and van Nieuwenburg, 2018; Beachet al., 2018; van Nieuwenburg
et al., 2018; Zhanget al., 2018; Venderleyet al., 2018; Huembeliet al., 2019; Schäfer
and Lörch, 2019; Greplovaet al., 2020; Kottmann et al., 2020; Zvyagintsevaet al.,
2022; Arnold et al., 2021; Guo and He, 2023; Patelet al., 2022; Sunet al., 2023;
Maskara et al., 2022], similar to how traditional ML is largely dominated by NNs
nowadays. NNs are universal function approximators [Cybenko, 1989; Hornik, 1991;
Lu et al., 2017; Zhou, 2020] which makes these methods extremely powerful. However,
the more expressive an ML model [Bengio and Delalleau, 2011; Goodfellowet al., 2016;
Raghu et al., 2017], such as an NN, the more resources are needed to train it, and the
more di�cult it is to interpret the underlying functional dependence of its predictions
on the input [Linardatos et al., 2021; Molnar, 2022]. Therefore, NNs typically act as
black boxes that can correctly highlight phase transitions but whose internal workings
remain opaque to the user.

Since the proposal of these methods, there have been numerous attempts to under-
stand their working principle, particularly through the extraction of order parameters.
As an example, (kernel) support vector machines, which are easier to analyze than
NNs due to their inherent linear nature, were used as predictive models [Ponte and
Melko, 2017; Zhanget al., 2019a; Greitemannet al., 2019a; Liu et al., 2019]. Other
approaches to improve interpretability rely on systematic input engineering, such that
the objective function that the NN learns is approximately linearly [Zhanget al., 2020],
or on a systematic reduction of the NN expressivity [Wetzel and Scherzer, 2017]. An-
other set of works [Casertet al., 2019; Dawidet al., 2020; Blücheret al., 2020; Dawid
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et al., 2021] analyzed trained NNs using standard interpretability tools from ML,
which rely on truncated Taylor expansions. Despite these e�orts, at the time of start-
ing this thesis, we understood little about the working principle of ML methods for
the detection of phase transitions based on NNs, when they fail or succeed, and how
they di�er [Carleo et al., 2019] � in particular when deep NNs are used (i.e., in the
limit of high model expressivity). These open questions re�ected the general scarcity
of rigorous ML theory in the �eld [Huang et al., 2022b].

In the �rst part of this thesis, we will address these open challenges by developing
a deeper understanding of NN-based methods for detecting phase transitions from
a probabilistic perspective. This understanding will lead to both conceptual and
computational improvements of these techniques as well as fundamental insights into
their capabilities and limits. We will showcase applications to both classical and
quantum many-body systems, and discuss the viability of ML methods for detecting
phase transitions in experimental settings.

Studying how these methods perform on prototypical models in physics is crucial,
as their phase diagrams are well-known and can serve as a ground truth for bench-
marking and making appropriate modi�cations. Having re�ned the methods and cast
them into a probabilistic framework, in the second part of this thesis, we will venture
beyond detecting phase transitions in the traditional physics setting and showcase
the ability of these methods to detect phase-transition-like phenomena in previously
unchartered domains. This includes transitions in state-of-the-art generative models
for images (di�usion models) and text (language models), as well as real-world news
data. While the �rst part of this thesis (comprised of Chapters 2-7) falls under the
umbrella of ML for Physics, we may classify this second part (comprised of Chap-
ters 8-9) asPhysics for ML. In contrast to the model systems studied in the �rst part
of the thesis, there typically does not exist any prior consensus on the phase diagrams
of the systems studied in the second part. This fact makes these applications partic-
ularly challenging and highlights the ability of our methods to discover transitions in
systems with little to no prior knowledge � an exciting capability in the advent of the
collective behavior of arti�cial neurons exhibiting signs of intelligence.

Overview of this thesis

Part I: Learning to Detect Phase Transitions in Physical Systems

Chapter 2 This chapter lays out the theoretical and contextual background for the
rest of this thesis. We start by stating the problem setup for detecting phase
transitions from data more formally. We discuss how physicists typically ap-
proach the detection of phase transitions and how ML may be used to help.
This leads us to a brief historical account of how the �eld of �machine learn-
ing phase transitions� started and how it evolved. We introduce three of the
most popular NN-based methods for detecting phase transitions from data in
detail: so-calledsupervised learning(SL), learning by confusion(LBC), and the
prediction-based method(PBM). These are the methods we will be most con-
cerned with throughout this thesis. After demonstrating their application on
two prototypical model systems � the classical ferromagnetic Ising model on a
square lattice as well as the Ising gauge theory � we summarize the state of
the �eld at the time of starting this thesis in August 2021, including some of
the open issues that will be tackled in the subsequent chapters, particularly
Chapter 3. This includes questions such as how the capacity of the employed
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NN model in�uences the results or how the computational e�ciency of these
methods may be improved.

Chapter 3 In Chapter 3, we start to tackle these questions by deriving analytical ex-
pressions for the optimal output of SL, LBC, and PBM. Here, optimality refers
to the fact that the corresponding predictive models minimize the relevant loss
function. As such, in practice, optimal predictions can, for example, be approx-
imated using su�ciently large, well-trained NNs. The core contributions of this
chapter are two-fold, enhancing both our conceptual understanding of the meth-
ods and yielding improved computational procedures. On the conceptual side,
the inner workings of the considered methods are revealed through the explicit
dependence of the optimal output on the input data. Most notably, we �nd
that the methods inherently rely on detecting changes in the probability dis-
tributions governing the input data. This key insight will be further expanded
upon and made rigorous in Chapter 6. On the computational side, given access
to the probability distributions underlying the system, we can identify phase
transitions directly without training NNs by evaluating the analytical expres-
sions. This forms the basis of a novel procedure for detecting phase transitions
from data that is favorable in terms of computation time. This procedure will
be re�ned and generalized in Chapter 4. Our theoretical results are supported
by extensive numerical simulations covering, e.g., topological, quantum, and
many-body localization phase transitions.

Chapter 3 is largely based on:

Replacing neural networks by optimal analytical predictors for the detection of
phase transitions, J. Arnold and F. Schäfer, Phys. Rev. X 12, 031044 (2022).

Chapter 4 Classi�cation problems are typically tackled using discriminative clas-
si�ers that explicitly model the probability of the labels for a given sample.
This corresponds to the traditional way of applying NNs in SL, LBC, and PBM
to detect phase transitions. In this chapter, we show that the classi�cation
problems arising in these methods are naturally suited to be solved using so-
called generative classi�ers based on probabilistic models of the measurement
statistics underlying the physical system. This generalizes the approach from
Chapter 3 to any probabilistic model with an explicit tractable density, allowing
us to tackle larger system sizes. Moreover, we formulate the methods in a fully
probabilistic manner. This brings to light hidden assumptions on prior distri-
butions, allowing for conceptual method improvements. Finally, the methods
are also extended to work in higher-dimensional parameter spaces. We showcase
the power of these modi�cations in applications to classical equilibrium systems
and quantum ground states.

Chapter 4 is largely based on:

Mapping out phase diagrams with generative classi�ers, J. Arnold, F. Schäfer,
A. Edelman, and C. Bruder, Phys. Rev. Lett. 132, 207301 (2024).

Chapter 5 Having formulated the methods in a fully probabilistic fashion, it is time
to review statistical concepts to make further progress. In Chapter 5, we intro-
duce the notion of a statistical distance and discuss the role of such distance in
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information geometry as well as the statistical tasks of hypothesis testing and
parameter estimation that underly SL, LBC, and PBM. This background forms
the basis for our analysis in Chapter 6.

Chapter 5 is largely based on:

Machine learning phase transitions: Connections to the Fisher information,
J. Arnold, F. Holtorf, N. Lörch, and F. Schäfer, arXiv:2311.10710 (2023).

Chapter 6 The statistical background of Chapter 5 allows us to explain the inner
workings and identify potential failure modes of ML methods for detecting phase
transitions by rooting them in information-theoretic concepts. Using tools from
information geometry, we prove that the indicators of phase transitions of SL,
LBC, and PBM approximate the square root of the system's (quantum) Fisher
information from below � a quantity that is known to indicate phase transitions
but is often di�cult to compute from data. We numerically demonstrate the
quality of these bounds for phase transitions in classical and quantum systems.

Chapter 6 is largely based on:

Machine learning phase transitions: Connections to the Fisher information,
J. Arnold, F. Holtorf, N. Lörch, and F. Schäfer, arXiv:2311.10710 (2023).

Chapter 7 Up to now, the discriminative version of LBC required training a dis-
tinct binary classi�er for each possible splitting of the set of sampled values of
a tunable parameter (such as temperature or pressure) into two sides, resulting
in a computational cost that scales linearly with the number of grid points. In
this chapter, we propose and showcase an alternative implementation that only
requires the training of a single multi-class classi�er. Ideally, such multi-task
learning eliminates the scaling with respect to the number of grid points. In
practice, we �nd signi�cant speedups that, apart from small deviations, corre-
spond to this ideal case.

We also take our �rst footstep outside the application domain of physics by
showcasing that learning by confusion can detect changes in images created
by the popular text-to-image generative modelStable Di�usion. The tuning
parameter corresponds to an integer in the generation prompt. To this end, we
utilize the multi-tasking approach proposed in Chapter 7, further underpinning
its computational advantage.

Chapter 7 is largely based on:

Fast detection of phase transitions with multi-task learning-by-confusion,
J. Arnold, F. Schäfer, and N. Lörch, NeurIPS 2023 Machine Learning and the
Physical Sciences Workshop, arXiv:2311.09128 (2023).

Part II: Venturing Beyond Physics

Chapter 8 In this chapter, we boldly venture beyond the lands of physics and study
transitions in the behavior of large language models. To this end, we quantify
distributional changes in the generated output via statistical distances, which
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can be e�ciently estimated with access to the probability distribution over next-
tokens. This is akin to the generative approach to LBC introduced in Chapter 4.
We �nd various phase-transition-like phenomena occurring as a function of three
di�erent control parameters in Pythia, Mistral, and Llama language models: an
integer in the input prompt, the temperature hyperparameter for text genera-
tion, and the model's training epoch.

Chapter 8 is largely based on:

Phase transitions in the output distribution of large language models, J. Arnold,
F. Holtorf, F. Schäfer, and N. Lörch, arXiv:2405.17088 (2024).

Chapter 9 We conclude our adventure by showcasing the ability of the LBC method
to detect rapid changes in news articles fromThe Guardian � a British daily
newspaper � over time. We show that signi�cant events, such as the Septem-
ber 11 attacks in 2001 or the outbreak of the Coronavirus pandemic, manifest
themselves as phase-transition-like phenomena (i.e.,change points) in the news
that can be e�ectively detected using our NN-based method.

Chapter 9 is largely based on:

Machine learning change points in real-world news data, C. Zsolnai, N. Lörch,
and J. Arnold, manuscript in preparation (2025).

Part III: Conclusion and Appendices

We conclude this thesis in Chapter 10. Additional material supporting the �ndings
presented in the �rst two parts of this thesis can be found in Appendices A-H.
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Chapter 2

Theoretical Background

The discussion of the Ising model and Ising gauge theory as well as the description of
the learning schemes presented in this chapter are compiled from the following publi-
cation:

Replacing neural networks by optimal analytical predictors for the detection of phase
transitions ,
J. Arnold and F. Schäfer,
Phys. Rev. X 12, 031044 (2022).

2.1 The problem setup

Let us start by formally introducing the task of detecting phase transitions from
data, i.e., let us state what is given to us and what we want a potential algorithm
to accomplish, see Figure 2.1 for a schematic illustration. In the most general case,
we assume our physical system to be characterized by a vector
 2 Rd of tuning
parameters.1 These could, for example, be external parameters such as temperature
or pressure, or internal parameters, such as coupling strengths. This de�nes the
parameter space in which we want to characterize the phases of our system and detect
transitions between them. We are investigating the system at a discrete sampled set
of tuning parameter values� , where j� j denotes the number of sampled points.

In general, we only have a description of a system with tunable parameters
 in
terms of an observed statex 2 X . Here, X denotes the relevant state space, i.e., the
space of all possible observable states. In this thesis, we only deal with state spaces
that are discrete and countable. The system is thus characterized by a datasetD
 of
observed states at each sampled point
 2 � . Throughout this thesis, we will refer to
collections of observed data as (data)sets, as is commonly done in the ML literature.
Strictly speaking, these aremultisets given that they may contain duplicates. We
will distinguish a set obtained by removing duplicates from its multiset with ��. We
are going to refer to the set of data across all sampled points asD =

U

 2 � D
 ,

where ] denotes the multiset union (which takes multiplicities into account).2 In the
context of physics, we can view these observations as a result of probing the system by
performing a measurement. Note that this description does allow for the possibility
of measurement noise, i.e., the observed statex of the system may be composed of its
�true state� plus some additional noise.

Based on the datasetsfD 
 g
 2 � and knowledge of� , we want to determine the
location of all critical points (i.e., phase boundaries) in the observed region of the

1Throughout this thesis, we will deal with d � 2. This is mostly for reasons of visualization.
2The following example illustrates the di�erence between the simple union (denoted by [ ) and

the multiset union (also called additive union): f 1; 2g [ f 2; 3g = f 1; 2; 3g whereas f 1; 2g ] f 2; 3g =
f 1; 2; 2; 3g.
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parameter space. Errors due to the �nite resolution of the parameter space through
sampling are inevitable. Instead, we aim to obtain a close approximation of the true
phase boundaries across the sampled parameter values� .

Figure 2.1: Schematic illustration of the setup for detecting phase
transitions from data. We are given measurements of the system's
state x � P(�j 
 ) at various values of the tuning parameter 
 2 �
(denoted by the crosses). Based on this data, we would like to deter-
mine the location of the phase boundaries (i.e., critical points) within
the system. Here, the true phase boundaries are denoted by dashed
lines which we are only able to determine up to the closest sampled
point in parameter space (crosses). Here, the parameter space is two-
dimensional and hosts three distinct phases.

Without loss of generality, we may assume that when observing (i.e., measuring)
a system described by the tunable parameters
 , we �nd it in state x 2 X with
probability P(x j
 ). That is, we can assume the datasetD
 at a given point 
 to be
composed of independent and identically distributed observations. We will make this
assumption throughout this thesis. In Chapters 3 and 4 we will explore how we can
determine critical points and phase boundaries more e�ciently given access to the
underlying probability distributions f P(�j 
 )g
 2 � .3

2.2 A physicist's approach

One way a physicist would traditionally approach this problem is by coming up with a
function that takes as input the collection of measurement results across the parameter
space and spits out a low-dimensional quantity that distinguishes one phase from
another. This could, for example, be a quantity that is non-zero for all parameter
values within a selected phase and zero otherwise, i.e., what physicists refer to as an
order parameter. The key characteristic of such a quantity is that it takes on a unique
set of values within and outside a given phase, i.e., it characterizes the phase.

3Throughout this thesis, we generally use P(�) or P to denote probability distributions whereas
P(x ) refers to the probability associated with a speci�c sample x . When dealing with distributions
over di�erent sample spaces, however, we may include the argument even when referring to the dis-
tribution itself to make explicit the sample space over which the distribution is de�ned. Distributions
over energiesE or spin con�gurations � , for example, may then be denoted as P(E ) or P (� ), re-
spectively. Whether we refer to the probability of a speci�c sample or the entire distribution is to be
inferred from the context. We also use this convention for other functions.
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Another possibility would be to come up with quantities that instead take on
characteristic values in the presence of a phase transition. In physics,response func-
tions, such as the heat capacity or magnetic susceptibility, for example, highlight the
presence of a phase transition through their divergence. Note that given an order pa-
rameter, one can typically derive a quantity of the latter type by taking appropriate
derivatives. The �magic� lies in coming up with an appropriate function of one of the
two types. Up to now, this required a great deal of human intuition as well as an
extensive prior understanding of the system at hand.

The above description of the problem of detecting phase transitions as a search for
appropriate functions suggests we could develop an algorithm thatlearns the appro-
priate function from the data, rather than having physicists determine the appropriate
function manually on a case-by-case basis. This is where ML comes into play. We will
continue this discussion in Section 2.4.

2.3 Two prototypical problem instances

Before we dive into how ML can be used to detect phase transitions, let us review some
concrete examples of prototypical instances of the phase-transition-detection problem
in physics. This will clarify the physicist's approach and give us further hints on how
ML may help.

2.3.1 Ising model

The classical square-lattice ferromagnetic Ising model is described by the following
Hamiltonian

H (� ) = � J
X

hij i

� i � j ; (2.1)

where the sum runs over all nearest-neighboring sites (with periodic boundary con-
ditions) and J is the interaction strength (J > 0). At each lattice site i , there is a
discrete spin variable � i 2 f +1 ; � 1g. This results in a state spaceX of size 2L � L

for a square lattice of linear sizeL . The system is completely characterized by its
spin con�guration � = ( � 1; � 2; : : : ; � L � L ). Assuming that the system is in thermal
equilibrium at temperature T, the probability of �nding the system in the state � is
given by the Boltzmann distribution

P(� jT) =
e� �H (� )

ZT
; (2.2)

where ZT =
P

� 2X e� �H (� ) is the partition function, the sum runs over all possible
spin con�gurations, and � = 1=kBT is the inverse temperature with kB denoting
Boltzmann's constant.

To sample spin con�gurations from the thermal distribution at a given tempera-
ture T, we use the Metropolis-Hastings algorithm [Metropoliset al., 1953]. The lattice
is initialized in a state with all spins pointing up. This breaks the Z2 symmetry as
this is one of the two ground states. We update the lattice by drawing a random
spin, which is �ipped with probability minf 1; e� � E=kB T g, where � E is the energy
di�erence resulting from the considered �ip. To ensure that the system is su�ciently
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thermalized, we sweep the complete lattice105 times4, where each lattice site is up-
dated once per sweep. After the thermalization period, which we �nd to be su�cient
for achieving convergence, we collect samples. We start at a low temperature and
increase the temperature gradually.

Figure 2.2: (a) Illustration of the symmetry-breaking phase transi-
tion in the Ising model. (b) Average energy per site (black) and asso-
ciated heat capacity (blue) as a function of temperature. (c) Average
magnetization per site as a function of temperature. These results
were obtained for a lattice with linear size L = 60 (N = L 2 denotes
the number of spins) and105 sampled spin con�gurations per tuning
parameter value.

Two example spin con�gurations of the Ising model at di�erent temperatures are
shown in Figure 2.2(a). The Ising model exhibits a symmetry-breaking phase transi-
tion between a paramagnetic (disordered) phase at high temperature and a ferromag-
netic (ordered) phase at low temperature, where the critical temperature is [Onsager,
1944]

Tc =
2J

kB ln(1 +
p

2)
: (2.3)

Spontaneous magnetization occurs below the critical temperatureTc, where the in-
teraction is su�ciently strong to cause neighboring spins to align. This sponta-
neous symmetry breaking leads to a non-zero mean magnetization. AboveTc, ther-
mal �uctuations dominate over spin alignment resulting in a vanishing magnetiza-
tion. Consequently, the phase transition can be characterized by the magnetization
M (� ) =

P L 2

i =1 � i which serves as an order parameter that is zero within the param-
agnetic phase and approaches one in the ferromagnetic phase, see Figure 2.2(b). The
phase transition can also be revealed by the heat capacity

C(T) =
dhE i T

dT
=

hE 2i T � h E i 2
T

kBT2 (2.4)

which diverges atTc [see Figure 2.2(c)]. Here, we useh�iT to denote expected values
of an observableO(� ) at temperature T:

hOi T = E� � P (�jT ) [O(� )] =
X

� 2X

P(� jT)O(� ): (2.5)

The second equality in Equation (2.4) follows from writing out the expected value
according to Equation (2.5) with the Boltzmann distribution [Equation (2.2)] and

4 In this thesis, we analyze the Ising model on lattices with linear size of at maximum L = 60 .
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carrying out the corresponding derivative.

2.3.2 Ising gauge theory

Wegner's Ising gauge theory (IGT) [Wegner, 1971] is described by the following Hamil-
tonian

H (� ) = � J
X

P

Y

i 2 P

� i ; (2.6)

where P refers to plaquettes on the lattice, see Fig 2.3(a). It is a spin model (� i 2
f +1 ; � 1g) de�ned on a square lattice of linear sizeL (with periodic boundary con-
ditions) where the spins are placed on the lattice bonds [see Figure 2.3(a)]. As for
the Ising model (Section 2.3.1), we use the Metropolis-Hastings algorithm [Metropolis
et al., 1953] to draw spin con�gurations from the Boltzmann distribution at various
temperatures.5 In the case of the IGT, the lattice is initialized in a random spin
con�guration.

Figure 2.3: Schematic illustration of the topological crossover in
the IGT as a function of temperature. (a) Examples of plaquettesP
where the topological constraint is met (

Q
i 2 P � i = 1 ) and violated

(
Q

i 2 P � i = � 1). (b) Examples of spin con�gurations within the topo-
logical ground-state phase (left) and phase with violated topological
constraints at high temperature (right) and (c) their corresponding
Wilson loops.

In the Landau paradigm of phase transitions [Landau, 1937a,b], transitions be-
tween phases of matter are intrinsically linked to changes in underlying symmetries.
The transition in the Ising model (Section 2.3.1), for example, is a symmetry-breaking
transition. In this case, the broken symmetry is Z2, which refers to the invariance
of the system's Hamiltonian under �ipping all spins simultaneously. At high temper-
atures, the Ising model has disordered spins with no net magnetization, preserving
the Z2 symmetry. However, below the critical temperature, the system undergoes a
phase transition to a magnetized phase where the spins jointly align in one of the two
directions, breaking theZ2 symmetry. This spontaneous symmetry breaking leads to
a non-zero magnetization, marking the ordered phase. As a consequence, the magne-
tization serves as a local order parameter of the model.

Landau's theory does, however, fail to account for topological phases of mat-
ter [Wen, 1990]. The IGT is a prototypical example of a classical system that ex-
hibits a topological phase of matter [Kogut, 1979]. The ground state of the IGT is a
degenerate manifold made up of all states which ful�ll the condition that the prod-
uct of spins on each plaquette is

Q
i 2 P � i = 1 corresponding to a topological phase.

These topological constraints can be violated at �nite temperatures, where the system

5 In this thesis, we analyze the IGT on lattices with maximum L = 28 .



14 2. Theoretical Background

leaves its ground state. Note that there is no phase transition at �nite temperature:
the critical temperature approaches zero in the thermodynamic limit. In �nite-sized
systems, however, the violations of local constraints are suppressed. Therefore, the
system exhibits a crossover from the topological phase at low temperature to a phase
with violated topological constraints at high temperature. The crossover tempera-
ture Tc is de�ned by the �rst appearance of a violated local constraint and scales as
Tc / 1=ln(2L 2) [Castelnovo and Chamon, 2007].

The topological character of the ground-state phase can be revealed through Wil-
son loops. These are formed by connecting edges with spins of the same orientation,
see Figures 2.3(b) and (c). In the ground-state phase, all such loops are closed. The
violation of a plaquette constraint breaks a loop. Figure 2.3(b), which shows typical
spin con�gurations of the IGT, highlights that the phases of the IGT are hard to
distinguish visually without prior knowledge of the local constraints or a dual rep-
resentation [Carrasquilla and Melko, 2017; Greplovaet al., 2020]. This re�ects the
more general fact that, a priori , systems characterized by nonlocal and long-range
correlations represent a challenge for physicists and machines alike trying to detect
phase transitions.

2.4 How can machine learning help?

ML methods for detecting phase transitions largely emerged by adapting techniques
from the vast zoo of general ML approaches, utilized, for example, in computer vision,
and tailoring them to the task at hand. Without trying to give an accurate account
of the entire history of this �eld, let us venture back into the past. One of the earliest
foundational works of the �eld can be attributed to Wang [2016] who showed that
the phase transition in the prototypical Ising model (Section 2.3.1) can be identi-
�ed by mapping its spin con�gurations to a low-dimensional space spanned by its �rst
few principal components computed via principal component analysis (PCA), see Fig-
ure 2.4(a). The resulting points may then be clustered into three distinct groups using
k-means (two for the ordered phase corresponding to the two distinct magnetization
directions and one for the disordered phase). In fact, the �rst principal component
indeed corresponds to the magnetization, i.e., an order parameter of the Ising model.

However, PCA performs a linear projection of the data and relies on the Euclidean
distance as a notion of similarity between spin con�gurations. While this su�ces to
discover simple order parameters, such as the magnetization in the case of the Ising
model, it can fail in more complicated scenarios. In particular, data often resides
on a lower-dimensional manifold within the original space that cannot necessarily be
parametrized by linear transformations of the original coordinates. In such cases, a
dimensionality reduction using PCA does not preserve the relative pairwise distance
(or similarity) between data points. For example, PCA fails to separate the topological
trivial and topological non-trivial phases of the IGT [Carrasquilla and Melko, 2017;
Dawid et al., 2022], see Figure 2.4(b). Recall that the topological phase of the IGT is
characterized by all products of spins on plaquettes resulting in+1 . Products of spins,
however, cannot be attained by performing a linear transformation and projection of
a raw spin con�guration.

Consequently, the focus shifted toward nonlinear methods to construct representa-
tions of the data that are in turn linearly separable, i.e., representations in which the
data naturally separates itself into its distinct phases. Examples are nonlinear dimen-
sionality reduction techniques, such as t-distributed stochastic neighbor embedding
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Figure 2.4: Results of PCA being applied to spin con�gurations
of (a) the Ising model (L = 30) and (b) the IGT ( L = 16). We
sampled 1000 spin con�gurations per temperature on a temperature
grid ranging from kB T=J = 0 :05 to kB T=J = 5 :0 in steps of 0.05.
In the Ising model, we explicitly include spin con�gurations of two
independent Markov chains starting in one of the two ground states.
This results in two clusters at low temperatures.

(t-SNE) [Wetzel, 2017], as well as kernel methods [Ponte and Melko, 2017], and NNs
more generally [Carrasquilla and Melko, 2017; Van Nieuwenburget al., 2017; Wetzel,
2017]. The question then becomes how we can learn useful representations for the
data: Can we come up with an algorithm that yields such a representation for novel
systems for which we do not have much prior knowledge? Put di�erently, having a
way to express nonlinear functions, e.g., using neural networks as universal function
approximations, how do we �nd the right nonlinear function?

Taking PCA as a starting point, one branch of research continued as follows:
PCA can be understood as �nding the linear transformation that minimizes the re-
construction error when mapping between the original space and the one of reduced
dimensionality spanned by the principal components (see Appendix A in [Dawid
et al., 2022]). Autoencoders � a special class of neural network architectures � can be
viewed to generalize PCA in the sense that they learn a nonlinear mapping between the
original space and a lower-dimensional latent space by minimizing the reconstruction
error. And indeed, the latent space of trained autoencoders does encode information
about the phases of a system [Wetzel, 2017], i.e., it separates con�gurations belong-
ing to distinct phases into distinct clusters. It turns out that one may also use the
reconstruction error itself as a signal that highlights distinct phases: one can train
the autoencoder within a phase and apply it across a larger range of the parameter
space. The reconstruction error will assume larger (and possibly distinct) values in
the phases beyond the original phase the autoencoder was trained in [Kottmannet al.,
2020]. This takes inspiration from the task of �anomaly detection�: inputs belonging
to a phase distinct from the one in which the autoencoder was trained, are detected
as anomalies.

More generally, ML methods for detecting phase transitions often leverage the fact
that when a machine tries to learn to perform a prediction task based on data that
is subject to a phase transition, this sudden change in the high-dimensional input
will also manifest itself as a sudden change in a low-dimensionalbottleneck. Fol-
lowing Dawid et al. [2022], here we adopt the loose de�nition of a bottleneck as a
low-dimensional set of quantities that emerges within or at the end of an ML pipeline.
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The learning task and the bottleneck may di�er from method to method and re-
searchers have investigated all kinds of learning tasks and predictive models known
in traditional ML to detect transitions. In the example mentioned in the previous
paragraph, the learning task is a reconstruction task, the predictive model is an au-
toencoder, and the bottleneck is either the latent space of the autoencoder [Wetzel,
2017] or the reconstruction loss itself [Kottmannet al., 2020]. One may also view PCA
as a variant of this learning scheme where the learning task is a reconstruction task,
the bottleneck corresponds to the subspace spanned by the principal components, and
the predictive model is linear.

One of the oldest and arguably most successful classes of methods focuses on clas-
si�cation and regression tasks, where the output, i.e., the predicted variable, or some
function thereof (such as the loss) takes the role of the low-dimensional bottleneck.
Throughout the remainder of this thesis, this will be the class of methods we are most
concerned about. The most prominent methods belonging to this class are the so-
called supervised learning (SL) method originally proposed by Carrasquilla and Melko
[2017], the learning-by-confusion (LBC) method originally proposed by Van Nieuwen-
burg, Liu, and Huber [2017], and the prediction-based method (PBM) originally pro-
posed by Schäfer and Lörch [2019].

All three methods feature a bottleneck that in turn gives rise to a �response func-
tion�, highlighting the presence of a phase transition. The work�ow for computing
this function is similar for all three methods as illustrated in Figure 2.5. The methods
take as input samples that represent the state of a physical system at various values of
a tuning parameter. The samples are, in general, processed by an NN whose param-
eters are tuned to minimize a speci�c loss function. However, nothing prevents these
schemes from being applied with other predictive models provided they can solve the
task at hand somewhat well � similar to how a reconstruction task may be tackled
using a nonlinear model, such as an autoencoder, or a linear model, as in the case of
PCA. By analyzing the predictions, one can compute a scalar quantity that assumes
large values at a critical value of the tuning parameter at which the system's state
changes most. As such, this quantity highlights phase boundaries and serves as an
indicator for phase transitions. This is the �response function� alluded to above. The
three methods di�er in their choice of loss function, i.e., in the formulation of the un-
derlying classi�cation or regression task, and thus in the resulting indicator for phase
transitions.

2.5 Casting the detection of phase transitions as a
prediction task

To introduce these methods in their simplest form we will simplify the problem setup
outlined in Section 2.1, see Figure 2.5. We will consider the physical system to be
characterized by a single tuning parameter
 sampled equidistantly with a grid spacing
� 
 such that � = f 
 1; 
 2; : : : ; 
 K g.6 In the following, we denote the points at the
boundary of the sampled region as
 1 and 
 K with K 2 N sampled points in total
(K = 
 K � 
 1

� 
 + 1 ). At each sampled point 
 2 � we draw the same number of samples
from the system's state. This constitutes our available data. At the core of each of
the three methods for detecting phase transitions under consideration lies a predictive

6The assumption of an equidistant sampling grid is not essential and is made here for convenience,
particularly for handling numerical derivatives. The methods may be straightforwardly applied to
parameter spaces that are not sampled equidistantly.
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Figure 2.5: Schematic representation of the setup and work�ow of
SL, LBC, and PBM for detecting phase transitions from data using
NNs in a one-dimensional parameter space. The goal is to iden-
tify the critical value of the tuning parameter 
 c at which the sys-
tem transitions from one phase to another. In a �rst step (step
1), the state x of the physical system is (repeatedly) sampled at
various values of the tuning parameter � = f 
 1; 
 2; : : : ; 
 K g, where
f P(�j 
 1); P(�j 
 2); : : : ; P(�j 
 K )g are the corresponding probability dis-
tributions. Based on these samples, an NN is trained to perform a
particular classi�cation or regression task, i.e., its tunable parameters
are updated to minimize a particular loss function (step2). The three
ML methods for detecting phase transitions di�er in their formulation
of the underlying NN tasks. Having trained the NN, its predictions ŷ
are used to compute the value of an indicator of phase transitionsI
at �xed values of the tuning parameter (step 3). Ideally, the indicator
has a local maximum at
 c where the largest change in the state of the
system occurs. As a result, the ML methods then autonomously high-
light phase boundaries along the chosen scanning range of the tuning
parameter.

modelm : X ! R, such as an NN. In the following, we may also refer to the predictive
model asŷ or 
̂ if it tries to learn the label y or 
 of a given samplex .

We assume that the system is present either in a single phase A or two distinct
phases A and B across the sampled range of the tuning parameter. The task is then
to compute a scalar indicator I (
 ) for all 
 2 � that peaks at the phase boundary
if two distinct phases are present, i.e., has a local maximum, and does not exhibit a
peak otherwise. More speci�cally, if the system is in phase A from
 1 to 
 c and phase
B from 
 c to 
 K with critical point 
 c (not necessarily a sampled point), the indicator
I should exhibit a local maximum at the sampled point closest to the critical point
argmin
 2 � j
 c � 
 j.

We will tackle the problem as outlined in Section 2.1 in its full generality in
Chapter 4. This will require introducing appropriate generalizations of the three ML
methods. In particular, while PBM applies to high-dimensional parameter spaces in
its original form, SL and LBC have originally been proposed with one-dimensional
parameter spaces in mind. Similarly, while PBM can be applied to parameter spaces
featuring more than two distinct phases in its original form, SL and LBC have orig-
inally been showcased only for systems featuring one or two phases. We will also
discuss how to handle instances where a distinct number of samples is drawn per
parameter value.
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Splitting the data into various sets

As we will see later, it may be helpful to split the available data D
 at each point

 2 � into di�erent sets when trying to construct a predictive model. In general, we
may consider three distinct sets: a training, a validation, and an evaluation (i.e., a
test) set. We refer to the training set as the dataset that is explicitly used to train the
predictive model. The training set is, for example, used to compute the gradient signal
when using gradient descent to train a model. The validation set is used as a proxy
to evaluate the performance of the model on unseen data and to avoid over�tting, for
example, by adjusting model hyperparameters such as the number of training epochs
accordingly. The evaluation set (or test set) is the data that is used to evaluate the
�nal predictive model and to obtain the indicator I . We denote the training set at
point 
 by T
 and the overall training set asT =

U

 2 � T
 . Similarly, we will refer to

the validation set by V and the evaluation set (or test set) byE. Note that the training,
validation, and test set may not add up to the overall dataset given that the test set
can contain data points that are also present in the training or validation set. The data
points in the training and validation set, however, are distinct. In the following, we
will assume that each non-empty set per sampled parameter value contains the same
number of data points. For example,jT
 1 j = jT
 2 j if jT
 1 j = jT
 2 j 6= 0 . How to handle
instances where the datasets are of di�erent sizes will be discussed in Chapter 4.

2.5.1 Supervised learning

In SL, the predictive model is trained on the data available in regions near the two
boundaries of the chosen parameter range denoted by I and II. Regions I and II are
comprised of the set of sampled points� I = f 
 k j1 � k � r I g and � II = f 
 k jl II �
k � K g, respectively. Here,r I ; l II 2 N denote the rightmost and leftmost parameter
points in regions I and II, respectively. In SL, we assume that there exist two distinct
phases A and B, with the regions I and II being located deep within these phases.
In physics, one often encounters the situation that the system is simple to analyze
in certain limits. These points may then be used to construct the labeled training
data in SL. In the Ising model, for example, it is clear that T = 0 corresponds to an
ordered state andT ! 1 is a disordered state. What is unclear, however, is at which
intermediate temperature Tc the system transitions from one phase to another.

Without loss of generality, we assign the labelsy = 1 and y = 0 to data obtained
in regions I and II, respectively.7 The predictive model ŷ is trained to minimize a
cross-entropy (CE) loss

L SL = �
1

jT j

X

x 2T

�
y(x ) ln [ ŷ(x )] + [1 � y(x )] ln [1 � ŷ(x )]

�
: (2.7)

The sum runs over all data points in the training set T , where T
 = fg for all

 =2 � I [ � II . Let us denote the set of training data underlying regions I and II asTI =U


 2 � I
T
 and TII =

U

 2 � II

T
 , respectively. To prevent over�tting during training,
one may make use of a validation setV, add regularization terms to Equation (2.7),
or utilize other common tricks in ML [Goodfellow et al., 2016].8 The output of the
predictive model ŷ(x ) 2 [0; 1] corresponds to the probability of input x having the

7 In subsequent chapters, we may sometimes switch the ordering of these labels.
8 In Equation (2.7), we evaluated the loss over the training data T . We may also perform the

sum over all data contained within the validation set or the test set. The corresponding loss is then
referred to as validation loss and test loss, respectively.
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label y = 1 , whereas1 � ŷ(x ) is the probability that the input x carries the label
y = 0 .

After training the predictive model to minimize the loss function in Equation (2.7),
it is evaluated on the evaluation setE, which contains data across the entire sampled
parameter range. In particular, jE
 j 6= 0 for all 
 =2 � I [ � II . Averaging over the
predictions ŷ(x ) for all data E
 at a given point 
 2 � yields a prediction as a function
of the tuning parameter

ŷSL(
 ) =
1

jE
 j

X

x 2E


ŷ(x ): (2.8)

The indicator for phase transitions in SL, I SL, is then given by the negative derivative
of the prediction with respect to the tuning parameter

I SL(
 ) = �
@̂ySL(
 )

@


�
�
�
�



: (2.9)

The estimated critical value of the tuning parameter in SL corresponds to the location
of the global maximum in its indicator [Equation (2.9)], which can easily be determined
in an automated fashion without human supervision. If one chooses to label data
obtained in region I with y = 0 and region II with y = 1 instead, the same indicator
signal can be recovered via a sign changeI SL ! � I SL. Alternatively, one may simply
de�ne the indicator as the absolute value of the derivative. Note that in the original
proposal of SL by Carrasquilla and Melko [2017], the estimated critical value of the
tuning parameter in SL was de�ned asargmin
 2 � jŷ(
 ) � 0:5j, see Appendix A for a
comparison motivating our choice.

Intuitively, if there is a transition from one phase to another (phase A to phase
B) when varying the tuning parameter 
 , the mean predictions ŷSL(
 ) should drop
from ŷSL(
 1) � 1 (deep within phase A) to ŷSL(
 K ) � 0 (deep within phase B) as

is increased, see Figure 2.6(a). If the transition is sharp, the predictions should also
change abruptly. Such a change results in a peak in the negative derivative of the
predictions, i.e., in the indicator for phase transitions. In that case, the predictive
model acts as an order parameter that approaches 1/0 deep within phase A/B. In
general, one expects the predictions � and thus the indicator � to vary most strongly
at the critical point 
 c. Instead, if there is only a single phase, one expects the
predictions to be approximately constant, resulting in a �at indicator I SL.

2.5.2 Learning by confusion

In this section, we present the original formulation of LBC. While SL requires partial
knowledge of the phase diagram, i.e., the rough location of the phase boundary, LBC
does not.9 The labels are obtained by performing a split of the sampled parameter
range into two neighboring regions labeled I and II. Each inputx drawn in region I or II
carries the labely = 1 or y = 0 , respectively. The values of the tuning parameters that
realize each of theK +1 possible bipartitions are given as
 bp

k = 
 1 � � 
= 2+( k� 1)� 
 ,
where 1 � k � K + 1 .10 For a given bipartition point 
 bp

k , regions I and II are then

9Phase transitions can only be detected in the sampled region of the parameter space� . Often-
times the systems to be analyzed are, however, appropriately scaled such that 
 c = O(1) where 
 is
a normalized or dimensionless quantity. This can inform the choice of � .

10 The choice of placing the bipartition point exactly in-between two sampled point is arbitrary.
One has the freedom to place the bipartition point 
 bp

k at any location in the interval [
 k � 1 ; 
 k ]. This
re�ects the fact that one can only determine the location of the critical point 
 c with a resolution of
� 
 (the grid spacing). We will make use of this freedom throughout this thesis.
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comprised of the sampled points� I = f 
 j j
 j < 
 bp
k ; 1 � j � K g and � II = f 
 j j
 j >


 bp
k ; 1 � j � K g. Note that for bipartitions 1 (
 bp

1 = 
 1 � � 
= 2) and K + 1
(
 bp

K +1 = 
 K + � 
= 2), regions I and II encompass the entire sampled parameter range
and all data is assigned the label 1 or 0, respectively.

To each bipartition, i.e., choice of data labeling, we associate a distinct predictive
model ŷ that is trained to minimize a CE loss

L LBC = �
1

jT j

X

x 2T

�
y(x ) ln [ ŷ(x )] + [1 � y(x )] ln [1 � ŷ(x )]

�
; (2.10)

where the training set T contains data points at each sampled point of the parameter
space. Training K + 1 distinct predictive models compared to a single predictive
model in SL and PBM makes LBC computationally more demanding. We will discuss
an approach to decrease the computational cost of LBC in Chapter 7. To prevent
over�tting during training, one may make use of a validation set V, add regularization
terms to Equation (2.10), or utilize other common tricks in ML [Goodfellow et al.,
2016]. Again, the output of the predictive model ŷ(x ) 2 [0; 1] corresponds to the
probability of input x having the label y = 1 , whereas1 � ŷ(x ) is the probability of
the input x carrying the label y = 0 .

Once a predictive model has been trained to minimize the loss function in Equa-
tion (2.10) for a given bipartition, it is evaluated on a corresponding test set containing
labeled data at each sampled point of the parameter space. In particular, we can com-
pute the mean classi�cation accuracy as a function of the bipartition parameter
 bp

k
(1 � k � K + 1 ) as

I LBC (
 bp
k ) = 1 �

1
jEj

X

x 2E

j� [^y(x ) � 0:5] � y(x )j ; (2.11)

where� denotes the Heaviside step function. The predictionŝy are obtained from the
predictive model associated with the bipartition point 
 bp

k , and y are the corresponding
labels.

Clearly, the mean classi�cation accuracyI LBC will exhibit trivial local maxima at
the points 
 bp

1 = 
 1 � � 
= 2 and 
 bp
K +1 = 
 K + � 
= 2, where the entire data is assigned

the label 0 or 1, respectively. Therefore, a predictive model e�ortlessly reaches a
perfect accuracy of 1, because it simply needs to predict a single label regardless
of the input. However, given that the underlying data can be separated into two
distinct classes of similar character (i.e., phases) through appropriate bipartitioning
of the parameter range at
 c, one also expects the classi�cation accuracy to have a
local maximum at 
 c. At such a point, the predictive model is �least confused� by the
choice of data labeling. Hence, the mean classi�cation accuracy serves as the indicator
for phase transitions within LBC. Typically, the indicator shows a characteristic W-
shape, see Figure 2.6(b), where the middle-peak occurs at the bipartition point
 bp

k
closest to
 c.

2.5.3 Prediction-based method

In PBM, a predictive model is trained on the entire parameter range to infer the value
of the tuning parameter 
 2 � at which an input x was drawn. Similar to LBC, PBM
does not require knowledge of the rough location of the underlying phases. While SL
and LBC constitute supervisedclassi�cation tasks, PBM corresponds to a supervised
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regression task, where the label is given by the tuning parameter itself,y(x ) = 
 for
all x 2 D 
 .11

We train the predictive model to minimize a mean-squared-error (MSE) loss func-
tion

L PBM =
1

jT j

X

x 2T

[ŷ(x ) � y(x )]2 ; (2.12)

where the training set contains data points across the entire parameter range. To
prevent over�tting during training, one may make use of a validation set V, add regu-
larization terms to Equation (2.12), or utilize other common tricks in ML [Goodfellow
et al., 2016]. After training, the predictive model is evaluated on a test setE that
contains data across the entire parameter range. Averaging over the predictionŝy(x )
for all data E
 at a given point 
 2 � yields a mean prediction as a function of the
tuning parameter

ŷPBM (
 ) =
1

jE
 j

X

x 2E


ŷ(x ): (2.13)

We then compute the deviation of the prediction from the true underlying value of
the tuning parameter �y PBM (
 ) = ŷPBM (
 ) � 
 . The indicator for phase transitions
of PBM, I PBM , is then given by the derivative of this deviation with respect to the
tuning parameter12

I PBM (
 ) =
@�yPBM (
 )

@


�
�
�
�



=
@̂yPBM (
 )

@


�
�
�
�



� 1: (2.14)

The estimated critical value of the tuning parameter in PBM corresponds to the
location of the global maximum in its indicator [Equation (2.14)].

Intuitively, if there is only a single phase, in which inputs cannot be distinguished
well by the predictive model, one expects the mean predictions to be approximately
constant, see Figure 2.6(c). This results in the deviations�y PBM varying approxi-
mately linear with the tuning parameter. Hence, the indicator I PBM will be roughly
constant. However, if there is a transition from one phase to another as the tuning pa-
rameter is varied, the predictions and the corresponding deviations also vary sharply.
This results in a peak in the derivative of the deviations, i.e., the indicator for phase
transitions I PBM . In particular, one expects that the predictions are most susceptible
at the phase boundary. Thus, its derivative should vary most strongly at the critical
point 
 c.

2.5.4 Using neural networks as predictive models

In the previous sections, we have explicitly been vague about the choice of predictive
model and details on the training procedure. Intuitively, one expects that SL, LBC,
and PBM should be able to detect phase transitions in conjunction with any predictive
model that can solve the underlying prediction task somewhat well, i.e., can guess the
label y (or value 
 ) of a samplex somewhat well. As such, while the speci�c model and
training choices may drastically in�uence the computational e�ciency of the methods,
many distinct choices may eventually correctly detect phase transitions.

11 In principle, one can formulate PBM as a supervised classi�cation task with K = j� j distinct
classes � one class for each sampled parameter value. We will make use of this formulation in
Chapter 4.

12 In Chapter 4 and onwards, we simply focus on the derivative of the predictions themselves,
dropping the constant o�set of � 1.
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The three methods have originally been proposed with NNs in mind, making
them highly �exible and applicable without much prior knowledge of the underlying
system. The corresponding training, as well as evaluation procedures, have been
fairly standard following the common practices for NN applications to supervised
classi�cation and regression tasks, see [Goodfellowet al., 2016; Dawidet al., 2022] for
further information on the basics of NN training and ML in general. In the following,
we will showcase this by considering an application of SL, LBC, and PBM with NNs
to the Ising model (Section 2.3.1).

Data preparation

The input data consists of spin con�gurations � on a square lattice sampled from
Boltzmann distributions at various temperatures. We consider a lattice of linear size
L = 60. Before training, each spin con�guration � = f � 1; � 2; : : : ; � L � L g is �attened
to a binary vector and standardized via the following a�ne transformation

� i 7!
� i � h � i i

stdi
; (2.15)

whereh� i i and stdi are the mean value and standard deviation ofstdi across the train-
ing data, respectively. Standardization generally leads to a faster rate of convergence
when applying gradient-based optimizers [LeCunet al., 2012].

The sampled range of the tuning parameter
 = kBT=J runs from 
 1 = 0 :05
to 
 K = 10:0 with a spacing � 
 = 0 :05. In SL, we choose the training data to
be located at the edges of this interval such that� I = f 0:05; 0:1; 0:15; : : : ; 1:0g and
� II = f 9:0; 9:05; 9:1; : : : ; 10:0g. At each point 
 2 � , we have a total of jD 
 j = 103

sampled spin con�guration. We split this data randomly into training sets containing
80 % of the data and test sets containing the other 20 % of the data. In LBC and
PBM, we have jT
 j = 0 :8 � jD 
 j and jE
 j = 0 :2 � jD 
 j for all 
 2 � , whereas in SL
jT
 j = 0 for all 
 =2 � I [ � II . We do not consider any separate validation set.

Neural network architecture

The NN is composed of a series of fully-connected layers, where recti�ed linear units
(ReLUs), f (z) = max (0 ; z), are used as activation functions. Note that the �image-
like� nature of the input data and the fact that the relevant correlations in the Ising
model are between nearest neighbors, using a convolutional NN (CNN) would be more
ideal (i.e., parameter e�cient).

The NNs for SL and LBC have two output nodes, where a softmax activation
function

f i (z) =
ezi

P
j ezj

(2.16)

is used in the output layer to guarantee that ŷ 2 [0; 1]. Here, the sum runs over
all output nodes, and ŷ corresponds to the value of one of the output nodes after an
application of the softmax activation function. In PBM, no activation function is used
for the output layer. The value of the single output node corresponds tôy(� ), which
is the estimated value of the tuning parameter at which the input� was drawn. Here,
we use NNs with a single hidden layer containing 10 nodes.
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Figure 2.6: Results for the Ising model (L = 60) with the dimen-
sionless temperature as a tuning parameter
 = kB T=J. (a) Mean
NN-based prediction ŷNN

SL in SL (black) and the corresponding indi-
cator I NN

SL (blue). (b) NN-based indicator of LBC, I NN
LBC (black). (c)

Mean NN-based predictionŷNN
PBM in PBM (black) and the correspond-

ing indicator I NN
PBM (blue). The critical temperature [Equation (2.3)]

is highlighted by a red dashed line. Bold lines show mean results over
10 independent NN training runs and the shaded band depicts the
corresponding standard error of the mean.

Training

The NNs are implemented using PyTorch [Paszkeet al., 2019] in Python, where the
weights and biases are adjusted via minibatch stochastic gradient descent (SGD) with
the Adam optimizer [Kingma and Ba, 2014] (using standard settings) to minimize
the training loss function over a series of training epochs. In SL and LBC, we train
on a CE loss function [Equation (2.7) and (2.10), respectively], whereas in PBM
we train on an MSE loss function [Equation (2.12)]. Gradients are calculated using
backpropagation [Rumelhartet al., 1986; Goodfellowet al., 2016; Baydinet al., 2018].
We train for 20 epochs with a learning rate of 0.001 and a batch size of 64.

Results

The results obtained using SL, LBC, and PBM with these simple NNs are shown in
Figure 2.6. The indicator of all three methods correctly highlights the critical tran-
sition temperature of the Ising model. The mean predictions and indicators exhibit
the characteristic properties outlined in Secs. 2.5.1-2.5.3. In particular, the mean pre-
dictions of SL and PBM serve as order parameters attaining distinct values within
the ordered and disordered phase. The indicator of LBC displays a characteristic
W-shape.

2.6 State of the �eld and open questions

Since their inception, SL [Carrasquilla and Melko, 2017; Wetzel and Scherzer, 2017;
Schindler et al., 2017; Ch'nget al., 2017; Ohtsuki and Ohtsuki, 2017; Broeckeret al.,
2017; Venderleyet al., 2018; Beachet al., 2018; Remet al., 2019; Käminget al., 2021;
Bohrdt et al., 2021; Huanget al., 2022b; Maskaraet al., 2022; Liu et al., 2023; Miles
et al., 2023; Cybi«skiet al., 2024b], LBC [Van Nieuwenburget al., 2017; Liu and van
Nieuwenburg, 2018; Beachet al., 2018; Suchsland and Wessel, 2018; Lee and Kim,
2019; Ni et al., 2019b,a; Kharkov et al., 2020; Greplovaet al., 2020; Bohrdt et al.,
2021; Corte et al., 2021; Heet al., 2022; Gavreevet al., 2022; Zvyagintsevaet al.,
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2022; Sunet al., 2023; Richter-Laskowskaet al., 2023; Schlömer and Bohrdt, 2023;
Guo and He, 2023; Guoet al., 2023; Taoet al., 2023; Zhaoet al., 2024; Cohenet al.,
2024; Kasatkinet al., 2024a,b; Ghosh and Sarkar, 2024; Calecaet al., 2024; Issaet al.,
2025], and PBM [Schäfer and Lörch, 2019; Greplovaet al., 2020; Ge and Tang, 2021;
Singh et al., 2021; Bohrdt et al., 2021; Arnold et al., 2021; Taoet al., 2023; Cybi«ski
et al., 2024a; Frk et al., 2024] (as well as related methods based on regression of the
tuning parameter [Kashiwa et al., 2019; Ho and Wang, 2021; Guo and He, 2023; Guo
et al., 2023; Ho and Wang, 2023]) have successfully been applied in conjunction with
NNs as predictive models to detect phase transitions in a variety of systems ranging
from models in classical equilibrium physics and quantum non-equilibrium dynamics
to molecular dynamics simulations of protein folding, gene expression in mouse muscle
regeneration, or air pollution data.13

Sometimes, however, the methods do fail. In [Carrasquilla and Melko, 2017], for
example, it has been reported that the topological crossover of the IGT cannot be
detected well using SL with simple feedforward NNs. Instead, CNNs must be used.
Greplova et al. [2020] also reported di�culties in detecting the topological crossover of
the IGT using LBC � the indicator of NN-based LBC did not show any clear peak even
when utilizing CNNs of various sizes. In contrast, PBM succeeded. In [Beachet al.,
2018], it has been found that SL must rely on feature engineering to explicitly encode
topological information to properly detect the Berezinskii�Kosterlitz�Thouless (BKT)
transition in the classical 2D XY model (see Section 3.6.3), and the peak in the LBC
indicator seems to occur at the same location as the peak in the heat capacity slightly
above the true critical point. In [Schäfer and Lörch, 2019], it was found that while
the indicator of PBM they obtained shows a clear peak at the critical temperature
of the Ising model early on during training, a spurious peak appears as the training
progresses that dominates over the correct signal.

At the time of starting this thesis in August 2021, it was largely unclear why the
methods failed in these particular instances and succeeded in others. The �eld largely
progressed via trial and error: the methods were applied to prototypical models with
known phase diagrams to explore the boundaries of their capabilities. It was di�cult
to predict which phase transitions a method may be able to detect and on which ones
it would fail, and there were no formal guarantees. In hindsight, this may not be
surprising given the fact that the methods have been motivated heuristically, largely
based on the success of NNs in image classi�cation tasks, and little to no physical
principles are explicitly present in their de�nition. Moreover, NNs are black-box
models that are notoriously di�cult to interpret.

From the discussion above, it becomes clear that in certain instances, a method
fails when using a predictive model that is too weak, in others it fails when the pre-
dictive model gets too powerful, and sometimes a method does not seem to work with
a predictive model of any kind.14 This hints at a core issue with SL, LBC, and PBM.
Recall that the exciting promise of these methods is their ability to detect previously
unexplored phase transitions with little prior knowledge. This becomes di�cult, how-
ever, if their success heavily relies on choosing a model with appropriate capacity.15

13 While the list of references utilizing and developing SL is far from complete, the lists for LBC
and PBM are � to the best of the author's knowledge � exhaustive.

14 It is no coincidence that we have been vague about how we chose the hyperparameters � such
as the NN architecture, number of training epochs, or the choice of training region in SL � when
investigating the Ising model in Section 2.5.4. The reader may rightfully wonder whether the phase
transition can robustly be detected with di�erent hyperparameter settings. We will investigate this
question in more detail in Chapter 3.

15 By the capacity of a model we mean its ability to �t a wide variety of functions [Goodfellow
et al., 2016; Hu et al., 2021]. Training time, NN size, and regularization are all factors that in�uence
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Imagine a scenario where the predicted critical point shifts with varying model capac-
ity � is there even an underlying critical point and if so, where is it located? Ideally,
we would like the methods to succeed with powerful models. In this case, we are
guaranteed that as we put more resources into our predictive model � for example by
increasing its expressivity (such as the number of neurons), training time, or training
data � the estimate of the critical point improves. This corresponds to a scenario
where we know the core objective (i.e., loss function) to be optimized. If this does not
occur, it signals a mismatch between our utilized objective and the actual objective
to be optimized for detecting phase transitions from data. Using NNs alone, it is
di�cult to assess whether the previous failures can indeed be attributed to a more
fundamental issue or are instead related to our inability to craft powerful predictive
models, e.g., due to a limited amount of data, limited training time, or suboptimal
choice of hyperparameters. Put di�erently, if a method fails with a certain choice of
data, NN, and training procedure, one can never be sure whether this may change by
appropriate modi�cations to the latter.

We have highlighted several instances where SL, LBC, or PBM failed to detect
phase transitions in the past. However, even if a method succeeds, it remains largely
unclear how it does so due to the black-box nature of the NN-based predictive model.
Various works have tried to unravel what physical quantities the NNs utilize to dis-
tinguish phases of matter and detect phase transitions. In [Carrasquilla and Melko,
2017], for example, it was shown that a simple NN with three hidden nodes can in
principle distinguish the ordered and disordered states of the Ising model in SL based
on the magnetization. Similarly, through an a posteriori analysis of small trained
NNs via SL, it is found that they do indeed classify spin con�gurations based on their
magnetization. In [Wetzel and Scherzer, 2017], the receptive �eld size of CNNs clas-
sifying spin con�gurations of the Ising model was systematically reduced, restricting
the functions that the CNN can compute. It was found that the classi�cation accu-
racy remains largely unchanged up until a receptive �eld size of1 � 2. At this size,
it is found that the CNN computes the expected energy per site (i.e., the energy of
the spin con�guration). The classi�cation accuracy is observed to drop slightly once
the CNN is reduced to a1 � 1 receptive �eld, corresponding to a computation of the
magnetization. Similarly, in [Suchsland and Wessel, 2018] it was found that NN-based
indicator curves in LBC can be qualitatively reproduced by a handcrafted model that
classi�es spin con�gurations of the Ising model by comparing their energy to the
mean energy at the bipartition temperature. In contrast, while a handcrafted model
based on magnetization still highlights the critical point via LBC, its corresponding
accuracy (i.e., the LBC indicator) is signi�cantly lower. In conclusion, the numerical
results of [Wetzel and Scherzer, 2017] and [Suchsland and Wessel, 2018] suggest that
the energy is su�cient for distinguishing the two phases of the Ising model via SL and
LBC, i.e., all other information contained in a spin con�guration is redundant for the
task at hand). The questions that remain are concerned with whether this statement
holds for other systems, predictive models, and methods, whether the statement is
only true approximately or whether it is exact, and whether it can be proven from
�rst principles.

Identifying what physical quantities predictive models learn to compute to distin-
guish phases and detect phase transitions remains an active �eld of research [Wetzel
and Scherzer, 2017; Zhanget al., 2020; Mileset al., 2021, 2023; Schlömer and Bohrdt,

the e�ective capacity of a model and thus determine its ability to approximate the optimal predictive
model, i.e., its ability to attain the global minimum of the relevant loss function. We will investigate
the in�uence of model capacity on the NN-based methods for detecting phase transitions in Chapter 3.
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2023; Zhanget al., 2024b; Cybi«ski et al., 2024a]. Most works approach this ques-
tion by choosing an interpretable NN architecture16, training the NNs in a principled
manner to gradually vary their model capacity (e.g., initializing training runs with
distinct regularization strengths [Miles et al., 2021]), and analyzing the trained NNs
a posteriori to determine the key learned physical quantities.

Taking a di�erent stance, it would be great to be able to understand based on what
physical principle these ML methods detect phase transitions. In contrast to previous
works trying to answer this question explicitly for a single model system and method
(with potential variations in the predictive model, i.e., NN architecture), we want to
aim for a statement that encompasses various models and methods. Moreover, the
statement should be largely insensitive to the choice of NN: the NN may not need to
be explicitly interpretable, i.e., act as a �white box�, but can remain a black box. The
search for such a holistic working principle may also guide us in terms of modi�cations
that need to be performed to remedy the remaining issues of the methods (recall that
the methods do fail in certain instances).

In the �rst part of this thesis (starting with Chapter 3), we will tackle the funda-
mental open problems mentioned above. While we focus on the methods of SL, LBC,
and PBM in this thesis, many other ML methods for detecting phase transitions from
data face the same issues. As such, the �ndings of this thesis are also expected to be
relevant for gaining a better understanding of other ML methods and improving their
performance.

The results and �gures presented in this chapter have been published in parts
in [Arnold and Schäfer, 2022b].

16 A CNN can, for example, be interpreted by looking at its �lters.
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Chapter 3

Optimal Predictive Models for
Detecting Phase Transitions

The results presented in this chapter are based on the following publication:

Replacing neural networks by optimal analytical predictors for the detection of phase
transitions ,
J. Arnold and F. Schäfer,
Phys. Rev. X 12, 031044 (2022).

3.1 Motivation

In this chapter, we start addressing the gaps in knowledge outlined in Section 2.6 by
deriving analytical expressions for the optimal predictions of the NNs underlying su-
pervised learning (SL), learning by confusion (LBC), and the prediction-based method
(PBM). The predictions are optimal in the sense that they minimize the target loss
function, i.e., the corresponding model performs the desired classi�cation or regression
task (as speci�ed by the loss function) optimally.1 Based on the optimal predictions,
we �nd analytical expressions for the optimal indicators of phase transitions of these
three methods. The optimal indicators correspond to the output of the methods when
using optimal predictive models, i.e., ideal high-capacity predictive models, such as
well-trained, highly expressive NNs. The inner workings of these methods are revealed
through the dependence of the optimal indicators on the input data. Moreover, the
analytical expressions make it possible to compute the optimal indicator directly from
the input data without training NNs, see step 2� ) in Figure 3.1, manifesting an al-
ternative numerical routine to infer phase transitions from data. We demonstrate the
procedure in a numerical study on a variety of models exhibiting, e.g., symmetry-
breaking, topological, quantum, and many-body localization phase transitions.

3.2 Optimal predictions and indicators

In this section, we derive and discuss the optimal indicators of phase transitions
I opt for SL, LBC, and PBM (recall Section 2.5) in detail. The optimal indicators
can be directly calculated given the predictionsŷopt (x ) of an optimal model which
minimizes the corresponding training loss function. If the training loss function is
computed using a �nite amount of data, the model is said to beempirically optimal.
This means that while we do not know how the model performs on unseen data, i.e.,

1As we will see in this chapter, this does, however, not necessarily mean that such optimal pre-
dictive models are ideal for highlighting phase transitions via these methods. In some instances,
predictive models that do not minimize the target loss function may highlight the critical point more
clearly compared to optimal predictive models.
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Figure 3.1: Schematic representation of the setup and work�ow of
SL, LBC, and PBM for detecting phase transitions from data, cf. Fig-
ure 2.5. The key contribution of this chapter is highlighted in blue:
We derive analytical expressions for the optimal predictionsŷopt of
the NNs used in these three methods. The optimal predictions min-
imize the corresponding loss function and are thus achieved by NNs
whose capacity, i.e., their ability to �t a wide variety of functions, is
su�ciently high. The optimal predictions can solely be expressed in
terms of the probability distributions underlying the physical system.
Using the optimal predictions ŷopt in place of the NN predictions ŷ,
we further obtain analytical expressions for the optimal indicators of
phase transitions I opt (step 2� ). Evaluating these analytical expres-
sions provides an alternative path for computing indicators of phase
transitions without ever training NNs.

what its performance is across the entire distribution of inputs, we know that no
other model outperforms it on the selected set of training data. In the limit of in�nite
training data, i.e., given accurate estimates of the probability distributions underlying
the physical system f P(�j 
 )g
 2 � , the empirically-optimal model approachesBayes
optimality [Devroye et al., 1996; Goodfellowet al., 2016]: No other statistical model
can outperform it on the classi�cation or regression task at hand (on average) �
considering in-distribution input data. In this case, the loss value achieved by the
model coincides with theBayes error [Devroye et al., 1996; Goodfellowet al., 2016],
i.e., the intrinsic irreducible error inherent to the problem.2

3.2.1 Supervised learning

In SL (see Section 2.5.1), for anyx 2 �T , the optimal predictions are given as

ŷopt
SL (x ) =

~P (T )
I (x )

~P (T )
I (x ) + ~P (T )

II (x )
; (3.1)

where
~P (T )

I (x ) =
X


 2 � I

~P (T ) (x j
 ) (3.2)

2 In the following, we will often not explicitly specify whether the model is �only� empirically
optimal or indeed Bayes optimal. This can be inferred from the context, i.e., the amount of training
data used � or equivalently � the quality of the estimate of the underlying probability distributions
f P (�j 
 )g
 2 � .
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and
~P (T )

II (x ) =
X


 2 � II

~P (T ) (x j
 ) (3.3)

are the (unnormalized) probabilities of drawing an input x in region I and II, respec-
tively, as estimated based on the training data setT . The proof can be found below.
Hence, the optimal prediction for a particular input corresponds to the probability
of drawing that input in region I compared to region II. Here, ~P (T ) (x j
 ) denotes the
(normalized) probability to draw the input x at the sampled point 
 as estimated
based on the training data T , i.e., ~P (T ) (x j
 ) = T
 (x )=jT
 j � P(x j
 ), where T
 (x )
is the number of times the input x is present in the training set T
 . An expression
for the optimal value of the loss in SL,L opt

SL , can be obtained by replacingŷ(x ) with
ŷopt

SL (x ) in Equation (2.7), where, by de�nition, L opt
SL � L SL .

Assuming that all inputs within the evaluation set E are already present in the
training set T , i.e., �T = �E, the mean optimal prediction at a given point 
 2 � is

ŷopt
SL (
 ) =

X

x 2 �E

~P (E) (x j
 )ŷopt
SL (x ): (3.4)

This corresponds to the estimated probability of �nding an input drawn at that point

 in region I compared to region II, where ~P (E) (x j
 ) = E
 (x )=jE
 j � P(x j
 ). We
�nd the assumption �T = �E to be (approximately) satis�ed for all physical systems
analyzed in this chapter and can estimate the errors arising from a violation, see
Section 3.5 and Appendix B. The optimal indicator of phase transitions in SL is then
given as

I opt
SL (
 ) = �

@̂yopt
SL (
 )
@


�
�
�
�
�



: (3.5)

In general, there will be a transition point where the probability in Equation (3.4)
changes most and thus where its derivative, the optimal indicator in Equation (3.5),
peaks.

Proof

In SL, a predictive model is trained to minimize the CE loss function given in
Equation (2.7). Now, consider a particular input contained within the training
set x 0 2 �T . We can determine the optimal model predictionŷopt

SL (x 0) for this
particular input by minimizing the loss function in Equation (2.7) with respect
to ŷ(x 0), i.e., by solving the necessary condition

@L SL

@̂y(x 0)
= �

1
jT j

X

x 02T

�
y(x 0)
ŷ(x 0)

�
1 � y(x 0)
1 � ŷ(x 0)

�
= 0 : (3.6)

Using the explicit expressions for the labels (y = 1 and y = 0 for all inputs
drawn in region I and II, respectively) in Equation (3.6), we have

P

 2 � I

T
 (x 0)
P


 2 � II
T
 (x 0)

=
TI (x 0)
TII (x 0)

=
ŷ(x 0)

1 � ŷ(x 0)
: (3.7)

Here, TI=II (x 0) denotes the number of times the inputx 0 is found in region I
or II, respectively, given the training set. In SL, the predictive model must, by
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de�nition, satisfy ŷ(x ) 2 [0; 1] for all x . Thus, Equation (3.7) is satis�ed given
predictions of the form

ŷopt
SL (x 0) =

TI (x 0)
TI (x 0) + TII (x 0)

: (3.8)

The opposite choice of labeling (y = 0 and y = 1 for all inputs drawn in region
I and II, respectively) is equally valid and would result in

ŷopt
SL (x 0) =

TII (x 0)
TI (x 0) + TII (x 0)

: (3.9)

That is, the role of ŷopt
SL (x 0) and 1 � ŷopt

SL (x 0) are swapped. In this thesis, we
stick to the former choice [Equation (3.8)]. The optimality of the predictions
in Equation (3.8) can be con�rmed by calculating the second derivative of the
loss function

@2L SL

@̂y(x 0)2 =
TI (x 0)

jT j
1

ŷ(x 0)2 +
TII (x 0)

jT j
1

[1 � ŷ(x 0)]2 > 0: (3.10)

Let us denote the empirical probability distribution governing the input data
within the training set as ~P (T ) (x 0j
 ) = T
 (x 0)=jT
 j. Assuming that the training
set at each point 
 2 � I [ � II is of equal size, this allows for Equation (3.8) to
be expressed as

ŷopt
SL (x 0) =

~P (T )
I (x 0)

~P (T )
I (x 0) + ~P (T )

II (x 0)
; (3.11)

where
~P (T )

I (x 0) =
X


 2 � I

~P (T ) (x 0j
 ) (3.12)

and
~P (T )

II (x 0) =
X


 2 � II

~P (T ) (x 0j
 ): (3.13)

Repeating the above procedure for all inputs within the training set �T , we
obtain the expression in Equation (3.1).

The same optimal predictions are obtained when training on a MSE loss function

L MSE =
1

jT j

X

x 2T

[ŷ(x ) � y(x )]2 ; (3.14)

instead of a CE loss function. Again, consider a particular inputx 0 contained within
the training set �T . We can determine the optimal model predictionŷopt

SL (x 0) for this
input by minimizing the loss function in Equation (3.14) with respect to ŷ(x 0), i.e.,
by solving

@L MSE

@̂y(x 0)
=

2
jT j

X

x 02T

�
ŷ(x 0) � y(x 0)

�
= 0 : (3.15)

Plugging the expression for the labels given by a one-hot-encoding in Equation (3.15),
we have

TI (x 0)
�
1 � ŷ(x 0)

�
� T II (x 0)ŷ(x 0) = 0 : (3.16)
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This coincides with the condition for the predictions given in Equation (3.7) obtained
from a CE loss function. Their optimality can be con�rmed via

@2L MSE

@̂y(x 0)2 = 2 �
TI (x 0) + TII (x 0)

jT j
> 0: (3.17)

Therefore, in SL, the optimal predictions and indicators associated with optimal mod-
els trained on a CE or MSE loss function are identical.

3.2.2 Learning by confusion

For a given bipartition of the parameter range into regions I and II, the optimal
predictions of LBC (see Section 2.5.2) forx 2 �T are given as (see below for a proof)

ŷopt
LBC (x ) =

~P (T )
I (x )

~P (T )
I (x ) + ~P (T )

II (x )
; (3.18)

which corresponds to the probability of drawing the input in region I compared to
region II as inferred from the training data. See below for a proof. This characteristic
is inherent to the underlying classi�cation task [compare Equations (3.1) and (3.18)].
The classi�cation error associated with an input x in the training set is given by�
�
� �

h
ŷopt

LBC (x ) � 0:5
i

� y(x )
�
�
� . It arises from a �confusion� of the model: di�erent labels

can be assigned to the same input due to an overlap of the probability distributions
underlying region I and II. The mean classi�cation accuracy as evaluated on the
evaluation set for a particular choice of bipartition, i.e., labeling of the data, then
corresponds to

I opt
LBC = 1 �

1
j� j

X


 2 �

X

x 2 �E


~P (E) (x j
 )
�
�
� �

h
ŷopt

LBC (x ) � 0:5
i

� y(x )
�
�
� : (3.19)

This forms the optimal indicator for phase transitions in LBC. If T = E, one may
instead use the following relation (see proof below)

I opt
LBC = 1 �

1
j� j

X


 2 �

X

x 2 �E


~P (E) (x j
 )minf ŷopt
LBC (x ); 1 � ŷopt

LBC (x )g: (3.20)

An expression for the optimal value of the loss in LBC,L opt
LBC , can be obtained by

replacing ŷ(x ) with ŷopt
LBC (x ) in Equation (2.10). The critical point 
 c is highlighted by

a dip in the mean classi�cation error, i.e., by a peak in the mean classi�cation accuracy
[Equation (3.20)]. It corresponds to the bipartition point for which the probability
distributions underlying the two regions have the least overlap (on average), resulting
in the highest classi�cation accuracy and the least confusion. While confusion can arise
due to sub-optimal predictions of models with restricted capacity (see Section 3.7.5 for
a concrete example), we �nd that confusion can even persist in the limit of high model
capacity if it is inherent to the underlying data. Based on the analytical expressions,
we thus gained an intuitive and rigorous understanding of the concept of confusion
underlying LBC.
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Proof

To reveal the phase transition by means of LBC, we perform several splits of
the parameter range into two neighboring regions labeled I and II. For a �xed
bipartition, we minimize a CE [Equation (2.10)] or MSE loss function

L MSE =
1

jT j

X

x 2T

[ŷ(x ) � y(x )]2 : (3.21)

Following the analysis of SL presented above for anyx 2 T , we obtain a similar
expression for the optimal predictions

ŷopt
LBC (x ) =

~P (T )
I (x )

~P (T )
I (x ) + ~P (T )

II (x )
; (3.22)

Thus, we recover the expression in Equation (3.18). Their optimality can be
con�rmed via

@2L LBC

@̂y(x )2 =
TI (x )
jT j

1
ŷ(x )2 +

TII (x )
jT j

1

[1 � ŷ(x )]2 > 0 (3.23)

or
@2L MSE

@̂y(x )2 = 2 �
TI (x ) + TII (x )

jT j
> 0; (3.24)

in the case of a CE or MSE loss, respectively.

The value of the indicator in LBC for a given bipartition corresponds to the
mean classi�cation accuracy [Equation (2.11)], where the continuous predictions
ŷ(x ) 2 [0; 1] are mapped to binary labels via� [^y(x ) � 0:5]. Using the optimal
prediction in Equation (3.22), the mean classi�cation error for a given input
x is minf ŷopt

LBC (x ); 1 � ŷopt
LBC (x )g. Assuming that T = E and weighting the

contribution of each input x to the mean classi�cation error by its probability
~P (E) (x j
 ), we arrive at Equation (3.20). One can show that Equation (3.19)
and Equation (3.20) are equivalent under the assumption thatT = E. Starting
from Equation (3.19) and considering the optimal predictions, we have

I opt
LBC = 1 �

1
j� j

0

B
B
B
@

X

x 2 �E
~P ( T )

I (x )< ~P ( T )
II (x )

~P (E)
I (x ) +

X

x 2 �E
~P ( T )

I (x )> ~P ( T )
II (x )

~P (E)
II (x )

1

C
C
C
A

: (3.25)

Similarly, starting from Equation (3.20), we obtain

I opt
LBC = 1 �

1
j� j

 
X

x 2 �E
~P ( T )

I (x )< ~P ( T )
II (x )

~P (T )
I (x )

~P (T )
I (x ) + ~P (T )

II (x )

h
~P (E)

I (x ) + ~P (E)
II (x )

i
+

X

x 2 �E
~P ( T )

I (x )> ~P ( T )
II (x )

~P (T )
II (x )

~P (T )
I (x ) + ~P (T )

II (x )

h
~P (E)

I (x ) + ~P (E)
II (x )

i
!

:

(3.26)
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The two expressions are equivalent given thatT = E.

3.2.3 Prediction-based method

The optimal predictions within PBM (see Section 2.5.3) for a givenx 2 �T are

ŷopt
PBM (x ) =

P

 2 �

~P (T ) (x j
 ) 

P


 2 �
~P (T ) (x j
 )

: (3.27)

See below for a proof. Here, the optimal prediction for a given input is obtained
by a weighted sum over each point in the parameter range, where the weight of
each point 
 corresponds to the probability of obtaining the input at that point
along the parameter range compared to all other points. Therefore, the prediction
accuracy decreases if the same input can be drawn at multiple values of the tuning
parameter, i.e., when the underlying probability distributions overlap. An expression
for the optimal value of the loss in PBM, L opt

PBM , can be obtained by replacingŷ(x ) by
ŷopt

PBM (x ) in Equation (2.12). The mean prediction of an optimal model at a sampled
point 
 is given by

ŷopt
PBM (
 ) =

X

x 2 �E


~P (E) (x j
 )ŷopt
PBM (x ): (3.28)

Thus, the optimal indicator for phase transitions is

I opt
PBM (
 ) =

@�yopt
PBM (
 )
@


�
�
�
�
�



; (3.29)

where �y opt
PBM (
 ) = ŷopt

PBM (
 ) � 
 . Recall that in PBM, phase transitions are detected
by analyzing the dependence of the prediction error on the tuning parameter. The
optimal indicator [Equation (3.29)] highlights the value of the tuning parameter at
which the mean predictions change most, i.e., where the overlap of the underlying
probability distributions changes most. The optimal predictions and indicators of
PBM have previously been derived in [Arnold et al., 2021] but have neither been
utilized in a numerical routine, nor been used to explain previous studies.

Proof

In PBM, a predictive model is trained to minimize the MSE loss functionL PBM

speci�ed in Equation (2.12). Consider a particular input x 0 2 �T . We can
determine the optimal model prediction ŷopt

PBM (x 0) for this input by minimizing
the loss function in Equation (2.12) with respect to ŷ(x 0), i.e., by solving

@L PBM

@̂y(x 0)
=

2
j� j

X


 2 �

~P (T ) (x 0j
 )
�
ŷ(x 0) � 


�
= 0 : (3.30)

This yields

ŷopt
PBM (x 0) =

P

 2 �

~P (T ) (x 0j
 )

P


 2 �
~P (T ) (x 0j
 )

: (3.31)
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This prediction is indeed optimal, as

@2L PBM

@̂y(x 0)2 =
2

j� j

X


 2 �

~P (T ) (x 0j
 ) > 0: (3.32)

Repeating this procedure for all available inputsx 2 �T yields Equation (3.27).

We note in passing that this derivation can be generalized to higher dimensional
parameter spaces in a straightforward manner following Arnoldet al. [2021], resulting
in

ŷ opt
PBM (x ) =

P

 2 �

~P (T ) (x j
 )

P


 2 �
~P (T ) (x j
 )

: (3.33)

Here, the sum runs over all sampled points
 in parameter space. The optimal indi-
cator is then given as a divergence

I opt
PBM (
 ) = r 
 �y opt

PBM (
 ); (3.34)

where �y opt
PBM (
 ) =

P
x 2 �E

~P (E) (x j
 )ŷ opt
PBM (x ) � 
 .

3.2.4 Discussion

The empirically optimal predictions of SL, LBC, and PBM can be expressedsolely in
terms of the probability distributions f ~P (T =E) (�j 
 )g
 2 � governing the input data, i.e.,
the empirical distributions underlying the training and evaluation set, respectively.3

In case we have access to the exact underlying probability distributionsf P(�j 
 )g
 2 �

in terms of numerical values or analytical expressions, we may utilize them instead
( ~P (T =E) 7! P) to compute Bayes-optimal predictions.

Notice that the optimal predictions � and thus the optimal indicators of phase
transitions � only depend on the input through its probability and are thus not
explicitly dependent on the particular nature of an input or how similar it is to
other inputs. Such notions of similarity form the basis of a large set of other phase-
classi�cation methods, e.g., based on principal component analysis [Wang, 2016], dif-
fusion maps [Rodriguez-Nieva and Scheurer, 2019], or anomaly detection [Kottmann
et al., 2020]. The analytical form of the optimal predictions indicates that SL, LBC,
and PBM ultimately gauge changes in the probability distributions governing the data
akin to statistical distances.4 In particular, the optimal predictions and indicators are
invariant under transformations of the input data with bijective functions. One may
also use knowledge of the system's underlying symmetries to group input data to-
gether and calculate indicators of phase transitions more e�ciently. We will make use
of this in Section 3.5.

Splitting data into training, validation, and test sets

Throughout this thesis, if not stated otherwise, when using PBM and LBC we are
not going to explicitly split the data set D into a training, validation, and test set.
Instead, we will use all the available data for training and evaluation, i.e.,D = T =
E with V = fg . Similarly, in SL, we will generally use all the available data for
evaluation D = E with V = fg , and use all the data in regions I and II for training

3We will explore the use of approximate distributions other than the empirical one in Chapter 4.
4This connection will be made more rigorous in Chapter 6.
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T =
U


 2 � I [ � II
D
 . Looking back at the expressions for the optimal predictions and

indicators in Section 3.2, we may thus write ~P (E) = ~P (T ) = ~P (D ) = ~P, i.e., whenever
we encounter an empirical probability distribution it will be constructed based on all
the available data.

As we discussed in Section 2.5, in many standard applications of NNs it is typical
to split the available data into multiple sets, in particular to ensure good performance
on unseen data [Goodfellowet al., 2016]. For example, suppose we aim to construct
an accurate on-the-�y classi�er of individual samples into distinct phases of matter
that can handle samples not contained within the training set. In this case, it may
be bene�cial to split the available data into a training and validation set to avoid
over�tting if only a limited amount of data is available.

In this thesis, however, we are ultimately interested in the detection of phase
transitions given the data at hand. While we use predictive models for that, we are
not explicitly interested in them performing well on unseen data. Rather, we want to
leverage the datasetD we have as best as we can to accurately estimate the critical
point. As such, the data set does notnecessarily need to be split. However, it can
still be useful to perform early stopping with NNs as a regularization technique, see
Section 3.7.5 for concrete examples. Similarly, one may want to introduce a splitting
to assess sampling convergence by comparing the predictions obtained on the training
set and test set.

In the limit of in�nite samples, all splits of a dataset will be identical (assum-
ing that all samples are drawn independently from the same probability distributions
underlying the physical system, see Figure 3.1). Therefore, the predictions and in-
dicators obtained by training NNs or analytical construction using multiple distinct
data sets will coincide with the values obtained using the entire data set for train-
ing and evaluation up to deviations arising from �nite-sample statistics. That is, in
the limit of a su�cient number of samples, the results obtained in the two scenarios
coincide [Blumer et al., 1989; Vapnik, 1999; Goodfellowet al., 2016]. And, given a
�xed amount of data, better statistics may be achieved by utilizing the entire data for
training and evaluation.

3.3 Demonstration on prototypical probability distribu-
tions

In this section, we compute the Bayes-optimal indicators of SL, LBC, and PBM for a
set of simple probability distributions governing the input data. As we will see later,
the probability distributions governing the data in physical systems can be regarded as
generalizations of the special cases discussed in this section. Thus, they serve as a rea-
sonable basis for understanding. We compare these results to the indicators obtained
by numerical optimization of NNs. The details on the NN architecture and training,
including the corresponding hyperparameters, will be discussed in Section 3.7.1. This
�rst demonstration shows how the analytical expressions can be used to calculate
the optimal indicator directly from input data without NNs. Moreover, it con�rms
that the optimal predictive models can be recovered by training NNs with su�cient
expressive power.
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Figure 3.2: Prototypical probability distributions for demonstrat-
ing the working principle of SL, LBC, and PBM. (a) Case 1 where
8
 2 � P(�j 
 ) = P(�) with P(0) = P(1) = 0 :5. (b) Case 2 given by
Equation (3.36) with PA (0) = 1 , PB (0) = 0 and 
 c = 1 . (c) Case 3
described by Equations (3.43)-(3.44). The tuning parameter ranges
from 
 = 0 :1 to 
 = 3 with � 
 = 0 :05. Critical values of the tuning
parameter are highlighted with red dashed lines.

Case 1

Let us �rst consider the case where the probability distribution governing the data
is identical across the parameter range, i.e., for any
 2 � , P(�j 
 ) = P(�) [see Fig-
ure 3.2(a)]. Clearly, in this case, all three methods should indicate the presence of a
single phase. The (Bayes) optimal prediction in SL is

ŷopt
SL (
 ) =

j� I j
j� I j + j� II j

= const:; (3.35)

corresponding to the relative size of region I compared to region II [see Figure 3.3(a)].
Taking the derivative of Equation (3.35) results in a �at indicator signal I opt

SL =
0. In LBC, the (Bayes) optimal classi�cation accuracy for a particular biparti-
tion is given by I opt

LBC = max fj � I j=j� j; j� II j=j� jg. This results in a characteristic
V-shape [Van Nieuwenburget al., 2017], which has its minimum at the center of the
parameter range under consideration, see Figure 3.3(d). In PBM, the (Bayes) optimal
mean prediction is also placed at the center of masŝyopt

PBM (
 ) = 1 =j� j
P


 2 � 
 = const:,

which results in a constant indicator I opt
PBM = � 1 [see Figure 3.3(g)]. As such, all

three methods yield optimal indicators that correctly signal the presence of a single
phase, i.e., the absence of two distinct phases. For a concrete numerical demon-
stration, we consider the case of binary inputsX = f 0; 1g with equal probability
P(0) = P(1) = 0 :5. Figures 3.3(a),(d),(g), and (j) show the results for all three
methods using the analytical expressions as well as NNs. Note that the analytical
predictions and indicators can be approximated well using NNs as predictive models.

Case 2

Next, we consider the case where the input data naturally separates into two distinct
sets. That is, the underlying probability distributions result in a bipartition of the
parameter range into two regions A and B, with sampled points� A and � B , where
each input can only be drawn in one of the two regions. In these regions, we choose
the probability distributions to be identical

P(�j 
 ) =

(
PA (�) if 
 � 
 c;

PB (�) otherwise:
(3.36)
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Figure 3.3: Results for the prototypical probability distributions
depicted in Figure 3.2 with (a),(d),(g),(j) corresponding to case 1,
(b),(e),(h),(k) to case 2, and (c),(f),(i),(l) to case 3. Critical values
of the tuning parameter are highlighted with red dashed lines. For
details on SL, LBC, and PBM using NNs, see Section 3.7.1. (a)-(c)
Mean prediction ŷSL obtained using the analytical expression (black,
solid) or an NN (black, dashed), as well as the corresponding indicator
I SL (blue). Here, we chooser I = 1 and l II = j� j. (d)-(f) The indi-
cator of LBC, I LBC , obtained using the analytical expression (black,
solid) or an NN (black, dashed). (g)-(i) Mean prediction ŷPBM of
PBM obtained using the analytical expression (black, solid) or an NN
(black, dashed), as well as the corresponding indicatorI PBM (blue).
(j)-(l) Value of the loss function in LBC, L LBC , for each bipartition
point 
 bp obtained using the analytical expression (black, solid) or
evaluated after NN training (black, dashed). In addition, the optimal
values of the loss function for SL and PBM obtained by evaluating the
analytical expressions are reported. Note that, by de�nition, L opt � L
for all three methods.

This is a prototypical example for the case where the physical system transitions
from phase A to B when crossing a critical value of the tuning parameter
 c [see
Figure 3.2(b)]. Here, 
 c corresponds to a sampled value of the tuning parameter,
which may, in general, not be the case.

Using SL, the (Bayes) optimal strategy corresponds to

ŷopt
SL (
 ) =

(
1 if 
 � 
 c;

0 otherwise:
(3.37)
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This results in

I opt
SL (
 ) =

8
><

>:

0 if 
 < 
 c;
1

2� 
 if 
 2 f 
 c; 
 c + � 
 g;

0 otherwise;

(3.38)

which diverges as� 
 ! 0 and exhibits a peak at the two points that constitute the
boundary between regions A and B [see Figure 3.3(b)]. Here, we approximate the
derivative in Equation (3.5) by a symmetric di�erence quotient

I opt
SL (
 ) �

jŷopt
SL (
 + � 
 ) � ŷopt

SL (
 � � 
 )j
2� 


; (3.39)

where we ignore the two points
 at the edges of the sampled interval� .
In LBC, one can reach a perfect (error-free) classi�cation when matching the nat-

ural bipartition present in the data. Let us denote the region between the bipartition
point underlying the data, 
 c, and the chosen bipartition point in the LBC scheme,

 bp , as III. The number of sampled parameter values within the smallest region be-
tween I, II, and III is minfj � I j; j� II j; j� III jg. Note that all input data drawn within
one of these regions must be misclassi�ed. Thus, the optimal strategy that yields the
smallest classi�cation error corresponds to misclassifying all input data drawn within
the smallest region. The (Bayes) optimal classi�cation accuracy is then given as

I opt
LBC (
 bp) = 1 �

minfj � I j; j� II j; j� III jg
j� j

: (3.40)

This results in the characteristic W-shape of the indicator [Van Nieuwenburget al.,
2017], see Figure 3.3(e), where the middle-peak occurs at the bipartition point
 bp

closest to
 c.
In PBM, we have

ŷopt
PBM (
 ) =

(
h
 i A = 1

j� A j

P

 2 � A


;

h
 i B = 1
j� B j

P

 2 � B


;
(3.41)

where h
 i A=B denotes the center of region A and B, respectively. This results in

I opt
PBM (
 ) =

8
><

>:

� 1 if 
 < 
 c;
h
 i B �h 
 i A

2� 
 if 
 2 f 
 c; 
 c + � 
 g;

� 1 otherwise;

(3.42)

where we approximated the derivative in Equation (3.29) by a symmetric di�erence
quotient [see Figure 3.3(h)]. The expression in Equation (3.42) diverges as� 
 ! 0 for

 2 f 
 c; 
 c+� 
 g and results in a peak at the two points which constitute the boundary
between regions A and B. As such, the optimal indicators of all three methods correctly
indicate the presence of two distinct sets of data, i.e., two distinct phases. The results
obtained using the analytical expressions can be approximated well using NNs as
predictive models. This is illustrated in Figures 3.3(b),(e),(h), and (k), where we
consider the special case of binary inputs withPA (0) = 1 , PB (0) = 0 , and 
 c = 1 .
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Case 3

Lastly, we consider the case where the probability distributions underlying the data
do not overlap, i.e., the probability of drawing a given input at two distinct values of
the tuning parameter vanishes. In particular, this situation can occur when dealing
with large state spaces, which are prone to result in insu�cient sampling statistics in
practice. That is, even in scenarios where the ground-truth probability distributions
underlying the data do overlap, the estimated probabilities ~P(x j
 ) � D 
 (x )=jD 
 j
based on the drawn data setD may not (see Section 3.6.5 for a concrete physical
example). Many image classi�cation tasks encountered in traditional ML applica-
tions [Fei-Fei et al., 2004; LeCunet al., 2004; Gri�n et al., 2007; Krizhevsky, 2009;
Deng et al., 2009; Russakovskyet al., 2015; Spanholet al., 2016] a priori fall into
this category. In particular, the probability distributions underlying the data are typ-
ically not known in these cases. Therefore, constructing optimal models, in particular
Bayes-optimal models, largely remains conceptual in nature [Devroyeet al., 1996;
Jameset al., 2013].

Imagine trying to classify images of cats and dogs. You will rarely encounter the
exact same image (with the exact same pixel values) twice in your dataset. Hence, try-
ing to estimate the underlying distribution from counting (as we do here) is hopeless.
In fact, the distribution underlying the dataset is largely inaccessible and abstract.
We do not know them (or even their form) a priori . This changes when considering
data from the domain of statistical and quantum physics, which is the key fact we
exploit in this chapter to gain additional insights into the underlying ML methods
and come up with more e�cient numerical routines.

In case 3, a Bayes-optimal predictive model is capable of distinguishing between
samples obtained at distinct values of the tuning parameter with perfect accuracy.
This results in I opt

LBC (
 bp) = 1 for LBC [see Figure 3.3(f)]. In the case of PBM, we
have ŷopt

PBM (
 ) = 
 such that I opt
PBM (
 ) = � 1, see Figure 3.3(i). In both cases, the

indicator signals the absence of two distinct sets of data, i.e., phases. The optimal
predictions of SL for x 2 �E are underdetermined: only the predictions for inputs
within the training data x 2 �T are �xed after training and the assumption that
�T = �E is violated in this particular case [see Figure 3.3(c)]. Note, however, that
the predictions are, in principle, also unconstrained when using SL with NNs. For a
simple numerical example, we consider the case where a single unique (scalar) input
is drawn at each point along the parameter range

P(xj
 ) =

(
1 if x = f (
 );

0 otherwise;
(3.43)

with

f (
 ) =

(
5 � 
 if 
 � 2;

2 � 
 otherwise:
(3.44)

The results are shown in Figures 3.3(c),(f),(i), and (l). In practice, NNs will tend to
predict similar outputs for similar inputs. The interpolating nature of the NN results
in SL highlighting the value of the tuning parameter 
 = 2 where a discontinuity in
the input data is present. We also observe this tendency for the NNs in LBC and
PBM during training.
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3.4 Computational complexity

We can use the analytical expressions derived in Section 3.2 to assess the computa-
tional cost associated with the evaluation of the mean optimal predictions and optimal
indicators of SL, LBC, and PBM for a given set of input data. In our estimation, we
neglect the overhead arising from the computation of the probability distributions
f P(�j 
 )g
 2 � , or f ~P(�j 
 )g
 2 � , which is identical for all three methods. We will also
ignore any other constant overhead and factors. The computation of the optimal pre-
dictions and indicators can be approached in two ways: Either the optimal predictions
for a given input ŷopt (x ) are recomputed in each function call, or they are cached. We
report the required number of �oating-point operations in both instances, which can
be counted based on the analytical expressions reported in Section 3.2. This count-
ing represents a rough, hardware-independent estimate of the required computational
cost. For computation times measured on hardware, see Table 3.1. In the following,
we will assume that the optimal indicators in SL and PBM are computed using a
symmetric di�erence quotient, cf. Equation (3.39).

Supervised learning

The computation of ŷopt
SL for all x 2 �D requires j �Dj (j� I j + j� II j) �oating-point op-

erations. Note the appearance ofj �Dj which can result in an exponential scaling
for quantum problems due to the exponential growth of the Hilbert spaceH (and
thus the state space). Caching the values of̂yopt

SL for all x 2 �D, the number of
operations required to compute the mean optimal predictionŷopt

SL for all f 
 g
 2 � is
j� j(2j �Dj � 1) + j �Dj (j� I j + j� II j). Thus, computing the optimal indicator requires
j �Dj(2j� j + j� I j + j� II j) + j� j operations. Typically, in SL we have j� I j + j� II j �
j� j. Under this assumption, the computation of the mean optimal predictions and
the optimal indicators each requireO(j �Djj � j) operations.5 If the values ŷopt

SL (x ) are
not cached for all x 2 �D, computing the mean optimal prediction instead requires
j� j

�
(2j �Dj � 1) + j �Dj(j� I j + j� II j)

�
operations. Computing the optimal indicator then

requiresj �Djj � j(2 + j� I j + j� II j) + j� j operations. For both quantities, this corresponds
to O(j �Djj � j) operations.

Learning by confusion

The computation of ŷopt
LBC for all x 2 �D requires j �Djj � j �oating-point operations.

Caching these values, the number of operations required to compute the optimal indi-
cator is j �Djj � j2(Fmin +2) , whereFmin denotes the number of �oating-point operations
required to computeminf ŷopt

LBC (x ); 1� ŷopt
LBC (x )g. This corresponds toO(j �Djj � j2) oper-

ations. Without caching, the optimal indicator requires j �Djj � j3+ j �Djj � j2(Fmin +2)+ j� j
operations to compute, resulting in a cost ofO(j �Djj � j3).

Prediction-based method

In PBM, the computation of ŷopt
PBM for all x 2 �D requires j �Dj (3j� j � 1) �oating-point

operations. Caching these values, the number of operations required to compute the
mean optimal prediction ŷopt

PBM for all 
 2 � is 5j �Djj � j � j � j � j �Dj . Computing the
optimal indicator then requires j �Dj(5j� j� 1)+ j� j operations. Hence, the computations
of the mean optimal predictions and the optimal indicator each requireO(j �Djj � j)

5Throughout this thesis, the use of O indicates big O notation. To denote remainder terms, e.g.,
in Taylor expansions, we use O instead.
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operations. If the valuesŷopt
PBM (x ) are not cached for allx 2 �D, computing the mean

optimal prediction instead requires3j �Djj � j2 + j� j(j �Dj � 1) operations. Computing the
optimal indicator then requires 3j �Djj � j2 + j� jj �Dj + j� j operations. For both quantities,
this results in a scaling ofO(j �Djj � j2).

3.5 Application to physical systems

In this section, we will discuss how one can compute the optimal predictions and
indicators of phase transitions of SL, LBC, and PBM, using the analytical expressions
introduced in Section 3.2 for the Ising model, Ising gauge theory, XY model, XXZ
model, Kitaev model, and Bose-Hubbard model. The results will be presented in
Section 3.6.

3.5.1 Classical equilibrium systems

In this chapter, we will study the Ising model, Ising gauge theory, and XY model
as examples of classical equilibrium systems. For each of these models, we sam-
ple 105 spin con�gurations from a thermal distribution at each temperature T using
the Metropolis-Hastings algorithm [Metropolis et al., 1953].6 Here, the temperature
serves as a tuning parameter. The probability that a system in equilibrium at inverse
temperature � = 1=kBT is found in a state with spin con�guration � is given by a
Boltzmann distribution

P(� jT) =
e� H (� )=kB T

ZT
; (3.45)

whereZT =
P

� 2X e� H (� )=kB T is the partition function and H is the respective system
Hamiltonian. In principle, one could use the raw spin con�gurations as input, i.e., es-
timate the underlying probability distributions as P(� jT) � ~P(� jT) = DT (� )=jDT j.
However, the probability of drawing a particular spin con�guration only depends on
its energy [see Equation (3.45)]. One can show that the Bayes-optimal predictions
and indicators remain identical when the energy is used as input instead of the raw
con�gurations, i.e., when the probability distributions governing the data are given
by

P(E jT) =
g(E)e� E=kB T

ZT
; (3.46)

where g(E) is the degeneracy factor.

Proof

We consider the case where the drawn inputsx , such as spin con�gurations,
follow a Boltzmann distribution

P(x jT) =
e� H (x )=kB T

ZT
: (3.47)

6 In this chapter, we analyze systems on lattices with linear size of at maximum L = 60 . For this
system size, we �nd this number of samples to be su�cient to accurately determine the corresponding
empirically optimal predictions and indicators. That is, the empirically optimal results are close to
being Bayes-optimal.
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The probability to draw a sample with energy E is thus given by

P(E jT) =
g(E)e� E=kB T

ZT
; (3.48)

where g(E) is the corresponding degeneracy factor

g(E) =
X

x 2X

� H (x );E : (3.49)

Here, X denotes the state space of the samplesx , i.e., the set of all unique
samples without duplicates. Therefore, we have

P(x jT) = P (H (x )jT) =g(H (x )) : (3.50)

Supervised learning.�Plugging Equation (3.50) into Equation (3.1), we imme-
diately �nd that for any x 2 X ,

ŷopt
SL (x ) =

PI (H (x ))
PI (H (x )) + PII (H (x ))

= ŷopt
SL (H (x )) ; (3.51)

where we assume that�T = �D = X . Using Equation (3.4), we have

ŷopt
SL (T) =

X

x 2X

P(x jT)ŷopt
SL (x )

=
X

x 2X

P(H (x )jT)ŷopt
SL (H (x ))=g(H (x ))

=
X

E 2X E

P(E jT)ŷopt
SL (E ); (3.52)

where XE is the set of unique energies corresponding to the state spaceX . To
obtain an expression for the optimal loss, we can rewrite Equation (2.7) as

L SL = �
1

j� I j + j� II j

X

T 2 � I [ � II

X

x 2X

P(x jT)

�
y(x ) ln [ ŷSL(x )] + [1 � y(x )] ln [1 � ŷSL(x )]

�
: (3.53)

Using Equation (3.51), we have

L opt
SL = �

1
j� I j + j� II j

X

T 2 � I [ � II

X

x 2X

P(H (x )jT)

�
y(H (x )) ln

h
ŷopt

SL (H (x ))
i

+ [1 � y(H (x ))] ln
h
1 � ŷopt

SL (H (x ))
i�

;

(3.54)
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where we use the fact thaty(x ) = y(H (x )) , i.e., the assigned labels remain
identical. Equation (3.54) can be simpli�ed to

L opt
SL = �

1
j� I j + j� II j

X

T 2 � I [ � II

X

E 2X E

P(E jT)

�
y(E ) ln

h
ŷopt

SL (E )
i

+ [1 � y(E )] ln
h
1 � ŷopt

SL (E )
i�

; (3.55)

using Equation (3.50).

Learning by confusion.�For a �xed bipartition in LBC, we can proceed in
a similar manner. Plugging Equation (3.50) into Equation (3.18) assuming
�D = X , for any x 2 X we have

ŷopt
LBC (x ) =

PI (H (x ))
PI (H (x )) + PII (H (x ))

= ŷopt
LBC (H (x )) : (3.56)

Using Equation (3.20), this yields

I opt
LBC = 1 �

1
j� j

X

T 2 �

X

x 2X

P(x jT)minf ŷopt
LBC (x ); 1 � ŷopt

LBC (x )g

= 1 �
1

j� j

X

T 2 �

X

E 2X E

P(E jT)minf ŷopt
LBC (E ); 1 � ŷopt

LBC (E )g: (3.57)

To obtain an expression for the optimal loss, we follow the above procedure
outlined for SL starting with Equation (2.10) and eventually arrive at

L opt
LBC = �

1
j� j

X

T 2 �

X

E 2X E

P(E jT)

�
y(E ) ln

h
ŷopt

LBC (E )
i

+ [1 � y(E )] ln
h
1 � ŷopt

LBC (E )
i�

: (3.58)

Prediction-based method.�Plugging Equation (3.50) into Equation (3.27) as-
suming �D = X , for any x 2 X we �nd that

ŷopt
PBM (x ) =

P
T 2 � P (H (x )jT) T

P
T 2 � P (H (x )jT)

= ŷopt
PBM (H (x )) : (3.59)

Using Equation (3.28), we have

ŷopt
PBM (T) =

X

x 2X

P(x jT)ŷopt
PBM (x )

=
X

E 2X E

P(E jT)ŷopt
PBM (E ): (3.60)
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To obtain an expression for the optimal loss, we rewrite Equation (2.12) as

L PBM =
1

j� j

X

T 2 �

X

x 2X

P(x jT) [ŷPBM (x ) � y(x )]2 : (3.61)

Using Equation (3.59), we have

L opt
PBM =

1
j� j

X

T 2 �

X

x 2X

P(x jT)
h
ŷopt

PBM (H (x )) � y(H (x ))
i 2

; (3.62)

where y(x ) = y(H (x )) . With Equation (3.50) we �nally get

L opt
PBM =

1
j� j

X

T 2 �

X

E 2X E

P(E jT)
h
ŷopt

PBM (E ) � y(E )
i 2

: (3.63)

We have explicitly shown that the Bayes-optimal predictions, indicators, and loss
values of SL, LBC, and PBM remain identical when con�guration samples that follow
a Boltzmann distribution are used as input, or when the corresponding energies are
used as input instead, con�rming the numerical observations of [Wetzel and Scherzer,
2017] and [Suchsland and Wessel, 2018]. In practice, given a �nite set of samples,
the inferred probability distribution ~P(x jT) = DT (x )=jDT j is only approximately
Boltzmann, i.e., �T ; �D � X , and the two scenarios are only equivalent up to deviations
due to �nite-sample statistics. In particular, the distribution over energies obtained
from the empirical distribution ~P(x jT) = DT (x )=jDT j based on raw con�guration
samples with the conversion being done using the estimated degeneracy factor

g(E) =
X

x 2 �D

� H (x );E ; (3.64)

may not coincide with the empirical distribution ~P(E jT) = DT (E )=jDT j over the
corresponding energy. However, using the energy as input instead of con�guration
samples yields a more accurate estimate of the ground-truth distribution. This is
because the associated state spaceXE is signi�cantly smaller compared to the entire
con�guration space X , resulting in better statistics given a �xed number of samples.
In the 2D Ising model, for example, the size of the con�guration space is2L 2

, whereas
there areL 2 � 1 unique energies (for evenL). Therefore, the optimal predictions and
indicators obtained using the energy as input converge signi�cantly faster compared to
the case where raw spin con�gurations are used. Similarly, one could take advantage
of the symmetries of the system by adopting a symmetry-adapted representation.
Oftentimes, the energy is readily available in numerical studies. However, in principle,
one can obtain accurate results without having access to the energy given that a
su�cient number of raw con�gurations are sampled.

3.5.2 Quantum systems

In the quantum case, we will typically be looking at a state associated with a Hamil-
tonian H (
 ) that depends on the tuning parameter 
 . This state could, for ex-
ample, be the ground state or a state that has undergone unitary time evolution
starting from a �xed initial state. Having chosen a complete orthonormal basis
fj j igdim( H )

j =1 to study the system, the relevant quantum state at 
 can be written

as j	( 
 )i =
P dim( H )

j =1 cj (
 )jj i . Thus, the probability distribution associated with a
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given value 
 of the tuning parameter is P(j j
 ) = jcj (
 )j2 with 1 � j � dim(H).
The value of P(j j
 ) corresponds to the probability of measuring the system in state
jj i given that the value of the tuning parameter is 
 . This corresponds to using the
indices of the basis statesjj i [1 � j � dim(H)] as inputs, which are governed by
the probability distributions f P(�j 
 )g
 2 � . For simplicity, we choosej �Dj = dim( H).
In the case of spin systems, we use theSz basis. Here,Sx ; Sy ; and Sz denote the
spin-operators. For bosonic and fermionic systems, we choose the Fock basis. This
choice of bases corresponds to experimentally accessible local measurements [Simon
et al., 2011; Bernienet al., 2017; Lukin et al., 2019; Rispoliet al., 2019; Jepsenet al.,
2020, 2021; Ebadiet al., 2021]. In this chapter, to perform exact diagonalization and
solve the Schrödinger equation, we use the QuSpin package [Weinberg and Bukov,
2017, 2019] inPython. Thus, we have direct access to the underlying probability dis-
tributions and do not rely on sampling. In Section 3.6.5, we show that the optimal
indicators can also be obtained from individual samples, i.e., measurement outcomes
(similar to the classical case). As such, the procedure isin principle applicable to
experimental scenarios.

In general, we can consider scenarios where a statej	 i i is drawn with probabil-
ity a(i j
 ) at parameter value 
 2 � . Then, the relevant quantum state is given by
a classical probabilistic mixture � (
 ) =

P
i a(i j
 )j	 i ih	 i j; i 2 N. The probability

distribution associated with such a state isP(j j
 ) =
P

i a(i j
 )jcij j2, where j	 i i =
P dim( H )

j =1 cij jj i . This case will be particularly relevant for the study of many-body
localization phase transitions where disorder is naturally present (see Section 3.6.6).

Clearly, in the quantum case there is an ambiguity in the choice of input, or
equivalently, the choice of measurement basis. Changing the measurement basis may
change the probability distributions underlying the data, and thus the corresponding
optimal predictors and indicators. In turn, the estimated critical value of the tun-
ing parameter may change (in a way that is di�cult to assess a priori ). To avoid
an explicit choice of measurement basis, sampling over various classical projections
can be performed. In general, measurements given by informationally complete posi-
tive operator-valued measures (IC-POVMs) may be used [Nielsen and Chuang, 2010;
Carrasquilla et al., 2019].7 Classical representations of quantum states obtained via
classical shadow tomography [Huanget al., 2020, 2022b,a] can be considered an ex-
ample of this. However, projective measurements in a single basis have been the most
common choice in the literature on detecting phase transitions from data, re�ecting
experimental constraints or prior knowledge of the system [Torlaiet al., 2019; Gre-
plova et al., 2020; Mileset al., 2021; Bohrdt et al., 2021; Maskaraet al., 2022; Miles
et al., 2023]. Hence, for this chapter, we will rely on projective measurement in a
single basis.

3.6 Results

Let us �nally discuss the optimal predictions and indicators of phase transitions of
SL, LBC, and PBM, obtained for the Ising model, Ising gauge theory, XY model,
XXZ model, Kitaev model, and Bose-Hubbard model. Whenever exact expressions
for the underlying distributions are available, such as for the XXZ model or the Kitaev

7We will explore measurements described by IC-POVMs in Chapter 4 and discuss the in�uence
of the choice of measurement further in Chapter 6.
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Figure 3.4: (a) Illustration of the symmetry-breaking phase transi-
tion in the Ising model. (b) Probability distributions that govern the
input data (here the energy) as a function of the tuning parameter,
where N = L 2. The color scale denotes the probability. The blue
dashed line highlights the predicted critical temperature based on the
optimal indicators of SL and PBM. (c) Average energy per site (black)
and associated heat capacity (blue) as a function of temperature. (d)
Average magnetization per site as a function of temperature. Here, we
consider an Ising model withL = 60 and the dimensionless tempera-
ture as a tuning parameter
 = kB T=J, where
 1 = 0 :05, 
 K = 10, and
� 
 = 0 :05. The critical temperature [Equation (2.3)] is highlighted
by a red dashed line.

model,8 we will utilize them to compute Bayes-optimal predictions and indicators. In
all other cases, we utilize a large number of samples, resulting in empirically optimal
predictions and indicators that are expected to closely match the Bayes-optimal ones.9

For SL, we will typically choose� I = f 
 1g and � II = f 
 K g as training regions, i.e., the
two points deepest within the two phases.10 We make this generic choice given that
it requires minimal information about the location of the underlying critical point.

3.6.1 Ising model

For a description of the Ising model and the data generation process, see Section 2.3.1
and Figure 3.4. The results for the Ising model are shown in Figure 3.5. Interestingly,

8 In the case of the many-body localization transition within the Bose-Hubbard model, we ran-
domly sample a large number of disorder realizations.

9 In the case of the classical equilibrium models, working in energy space rather than con�guration
space is key for obtaining well-converged empirical distributions.

10 See Appendix C for a discussion on how the choice of training regions in�uences the results.
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Figure 3.5: ML results for the Ising model (L = 60) with the di-
mensionless temperature as a tuning parameter
 = kB T=J, where

 1 = 0 :05, 
 K = 10, and � 
 = 0 :05. (a) Mean optimal prediction ŷopt

SL
in SL (black) and the corresponding indicator I opt

SL (blue). In SL, the
data obtained at 
 1 and 
 K constitutes our training set, i.e., r I = 1
and l II = K . (b) Optimal indicator of LBC, I opt

LBC (black). (c) Mean
optimal prediction ŷopt

PBM in PBM (black) and the corresponding indi-
cator I opt

PBM (blue). (d) Estimated critical temperatures based on I opt
SL

(SL), I opt
LBC (LBC), I opt

PBM (PBM), and heat capacity ( C) as a function
of the lattice size L . The estimated critical temperature based on the
heat capacity corresponds to the location of its maximum. The critical
temperature [Equation (2.3)] is highlighted by a red dashed line.

optimal SL fails to predict the correct critical temperature even for large lattices
[see Figures 3.5(a) and (d)]. In fact, we can further analyze the special case when
the inputs are governed by Boltzmann distributions [Equation (3.46)]: For training
data obtained at T1 = 0 (region I) and TK > 0 (region II), the mean Bayes-optimal
prediction of SL at an intermediate temperature T is

ŷopt
SL (T) =

P(EgsjT)
1 + P(EgsjTK )

/ P(EgsjT); (3.65)

which approachesP(EgsjT) in the thermodynamic limit as TK ! 1 . Here, Egs

denotes the ground-state energy.
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Proof

We take region I to be composed of a single pointT1. Let T1 ! 0 such that

P(E jT1) =

(
1 if E = Egs;

0 otherwise:
(3.66)

Plugging into Equation (3.1) yields

ŷopt
SL (E ) =

(
1

1+ PII (Egs) if E = Egs;

0 otherwise:
(3.67)

We calculate the mean Bayes-optimal prediction at a given temperature as

ŷopt
SL (T) =

X

E 2X E

P(E jT)ŷopt
SL (E ): (3.68)

Using Equation (3.67), this results in

ŷopt
SL (T) =

P(EgsjT)
1 + PII (Egs)

: (3.69)

Assuming region II is composed of a single pointTK , we have PII (Egs) =
P(EgsjTK ) and recover Equation (3.65). ForTK ! 1 , we haveP(EgsjTK ) =
g(Egs)=jX j . For the two-dimensional Ising model, for example,jX j = 2 L � L .
Approaching the thermodynamic limit, this yields ŷopt

SL (T) ! P(EgsjT).

Therefore, in this case, the optimal indicator in SL peaks at the temperature at
which the probability of drawing the ground state changes most [see the blue dashed
line in Figure 3.4(b)]. The location of the peak tends to zero as one approaches the
thermodynamic limit, see Figure 3.5(d).

The optimal indicator of PBM shows two distinct peaks: One coincides with
the peak of the optimal indicator in SL, whereas the other coincides with the critical
temperature of the Ising model [see Figure 3.5(c)]. A similar indicator signal (with two
distinct peaks) was observed in [Schäfer and Lörch, 2019] with NNs after a su�ciently
large number of training epochs. In principle, the �nite-size scaling analysis allows one
to identify the dominant peak as erroneous without prior knowledge ofTc, because it
shifts toward T = 0 as the lattice size is increased, whereas the small peak remains
stable. In the same fashion, the output of SL may be identi�ed to be erroneous.

In [Carrasquilla and Melko, 2017], SL with NNs was able to predict the critical
temperature of the Ising model for various lattice sizes correctly. In this case, small
NNs with restricted expressive power in combination with`2 regularization were used.
Similarly, using PBM in [Schäfer and Lörch, 2019] a single, distinct peak aroundTc

was observed after a small number of training epochs with a second peak emerging
after longer training. Training time, NN size, and explicit `2 regularization are all
factors that in�uence the e�ective capacity of the resulting model and thus determine
its ability to approximate the optimal predictive model [Goodfellow et al., 2016; Hu
et al., 2021], i.e., to realize the global minimum of the loss function corresponding
to the optimal predictions and indicators. We recover the same behavior using NNs
as [Carrasquilla and Melko, 2017; Schäfer and Lörch, 2019] by restricting the model
capacity, e.g., by choosing a small NN, stopping the training early, or using strong̀2

regularization, see Section 3.7.4 and recall Figures 2.6(a) and (c) in Chapter 2. As
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these restrictions are lifted, i.e., by choosing a larger NN, training for longer, or reduc-
ing the regularization strength, the NN-based predictions and indicators approach the
corresponding optimal predictions and indicators displayed in Figure 3.5. Thus, our
analysis demonstrates that SL and PBM necessarily rely on models with restricted
capacity and hyperparameter tuning to correctly predict the critical temperature of
the Ising model.

Figure 3.6: ML results for the Ising model (L = 4 ) with the di-
mensionless temperature as a tuning parameter
 = kB T=J, where

 1 = 0 :05, 
 K = 10, and � 
 = 0 :05. The critical temperature [Equa-
tion (2.3)] is highlighted by a red dashed line. In SL, the data obtained
at 
 1 and 
 K constitutes our training set, i.e., r I = 1 and l II = K . The
input energies are computed based on spin con�gurations obtained
through exact enumeration (lines) or Monte Carlo sampling (points).
(a) Mean optimal prediction ŷopt

SL in SL (black) and the corresponding
indicator I opt

SL (blue). (b) Optimal indicator of LBC, I opt
LBC (black). (c)

Mean optimal prediction ŷopt
PBM in PBM (black) and the corresponding

indicator I opt
PBM (blue).

Finally, the optimal indicator of LBC correctly highlights the critical temperature
of the Ising model for various lattice sizes matching the results of Van Nieuwenburg
et al. [2017], see Figures 3.5(b) and (d). Overall, the optimal indicators of all three
methods show peaks at temperatures where the probability distribution underlying the
data varies strongly. Recall the �nding from Section 3.2 that all three methods gauge
changes in the probability distributions underlying the data. We have con�rmed that
the results shown in Figure 3.5 are stable against small perturbations of the chosen
parameter range, including regions I and II in SL, see Appendix C.

In�uence of �nite-sample statistics

Recall that we use the energy from Monte Carlo sampling as input, where105 spin con-
�gurations are drawn per temperature. In Figure 3.6, we compare the Bayes-optimal
predictions and indicators for the Ising model on a4 � 4 lattice when enumerating
all 216 = 65536 spin con�gurations explicitly or using Monte Carlo sampling with
105 number of con�gurations per sampled value of the tuning parameter, resulting in
empirically optimal predictions and indicators. The results obtained based on the two
distinct data sets are in good agreement. This is to be expected given that there are
only 15 unique energies. The noise present in the indicator signals of SL and PBM
when using Monte Carlo samples is absent when using exact enumeration. In the
latter case, both indicators vary smoothly as a function of temperature. As such, this
noise can be attributed to �nite-sample statistics. Similarly, the �uctuations present
in the optimal indicator signal of PBM in Figure 3.5 can be attributed to �nite-sample
statistics. Here, the analytical expression for the optimal indicator signal allows us to
disentangle the stochasticity inherent to the NN training from other sources of noise,
which was not rigorously possible in previous works.
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Figure 3.7: Results for the IGT ( L = 28) with the dimensionless
temperature as a tuning parameter 
 = kB T=J. The crossover tem-
perature is highlighted by a red dashed line and scales askB Tc=J /
1=ln(2L 2) [Castelnovo and Chamon, 2007]. (a) Probability distribu-
tions governing the input data (here the energy) as a function of the
tuning parameter, where N = 2L 2. The color scale depicts the proba-
bility. (b) Average energy per site (black) and associated heat capacity
(blue) as a function of temperature. Note that the heat capacity does
not peak at the crossover temperature.

In general, for both the classical and quantum systems we observe that the overlap
in the underlying probability distributions leading to a peak in the indicator signals
decreases as the number of samples is decreased. However, meaningful results can
already be obtained when only a fraction of the total state space is covered. In the
case of the Ising model on a60� 60 lattice, for example, we observe that the optimal
predictions and indicators are already well converged forjD 
 j = 102, i.e., matching
the results obtained with jD 
 j = 105. In particular, the key features in the indicators,
i.e., the peak locations, can already be identi�ed forjD 
 j = 10. Compare this to the
unique number of energies given byjXE j = 3599.

3.6.2 Ising gauge theory

For a description of the model and data generation process, see Section 2.3.2 and
Figure 3.7. Recall that SL, LBC, and PBM are a priori sensitive to both phase
transitions and crossovers. The results for the crossover in the IGT are shown in
Figure 3.8. The optimal indicator of SL [Figure 3.8(a)] shows an appropriate scaling
behavior. Moreover, the corresponding estimated critical temperature highlights the
�rst appearance of violated local constraints, see Figure 3.7. This can be con�rmed
explicitly as SL can be shown to measure changes in the probability of drawing the
ground state (cf. Section 3.6.1). Observe that the underlying probability distribution
undergoes a large change at the crossover temperature, see Figure 3.7(a). SL and
PBM were found to correctly highlight the crossover temperature of the IGT using
NNs in [Carrasquilla and Melko, 2017] and [Greplovaet al., 2020], respectively. In
fact, the optimal model underlying PBM for the IGT coincides with the physically
motivated density-of-states-based model proposed in [Greplovaet al., 2020]: Greplova
et al. empirically found that the NN-based predictions of PBM agree well with a
physical model based on the underlying density of states, which was proposed in
an ad hoc fashion guided by physical intuition. Here, we have explicitly con�rmed
this physical intuition on what the NN learns by proving that the optimal prediction
of PBM for a given con�guration in the IGT corresponds to the most likely tuning
parameter value based on the underlying Boltzmann distribution.
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Figure 3.8: ML results for the IGT ( L = 28) with the dimensionless
temperature as a tuning parameter 
 = kB T=J, where 
 1 = 0 :05,

 K = 5 , and � 
 = 0 :05. The crossover temperature is highlighted by
a red dashed line and scales askB Tc=J / 1=ln(2L 2) [Castelnovo and
Chamon, 2007]. (a) Mean optimal prediction ŷopt

SL in SL (black) and
the corresponding indicator I opt

SL (blue). In SL, the data obtained at

 1 and 
 K constitutes our training set, i.e., r I = 1 and l II = K . (b)
Optimal indicator of LBC, I opt

LBC (black). (c) Mean optimal prediction
ŷopt

PBM in PBM (black) and the corresponding indicator I opt
PBM (blue).

(d) Estimated critical temperature based on I opt
SL (SL), I opt

LBC (LBC),
I opt

PBM (PBM) as a function of the lattice size L .

We �nd that the optimal indicator of PBM correctly marks the crossover temper-
ature of the IGT except at small lattice sizes. As for the Ising model, the optimal
indicator of PBM exhibits two peaks in this case. The peak located at the crossover
temperature dominates for large lattice sizes. Note that for the IGT it is not bene�cial
to reduce the model capacity when using PBM or SL given that the corresponding
optimal indicators correctly highlight the crossover temperature. In fact, this leads
to a peak closely matching the heat capacity. The heat capacity, however, fails to
identify the crossover, see Figure 3.7(b).

The optimal indicator of LBC correctly highlights the crossover temperature via its
local maximum at small lattice sizes, but shows slight deviations from the appropriate
scaling behavior for large lattices. In [Greplovaet al., 2020] di�culties were observed
to identify the crossover temperature using LBC due to a distortedW-shape of its
indicator. Choosing the same range for the tuning parameter, we can qualitatively
reproduce their results using our analytical expression for the optimal indicator of
LBC, see Figure 3.9.
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Figure 3.9: Indicator of LBC for the IGT ( L = 12) with dimen-
sionless inverse temperature
 = �J as a tuning parameter, where

 1 = 0 :05, 
 K = 5 , and � 
 = 0 :05. The crossover temperature is
highlighted by a red dashed line. The optimal indicator I opt

LBC we com-
pute is shown in black. The blue crosses mark the NN-based indicator
I NN

LBC obtained in Figure C1 of [Greplova et al., 2020] using raw spin
con�gurations as input. As expected, the NN-based indicator lies on
or below the optimal indicator curve.

Using NNs, it is di�cult to make concrete statements on whether a method suc-
ceeds or fails at identifying a given phase transition due to the inherent stochasticity
arising during NN training and the choice of hyperparameters, such as the NN size.
Our theoretical analysis allows for rigorous statements to be made about the optimal
outcome when applying ML methods for detecting phase transitions to a given system
(i.e., data set). In this particular example, the analytical expressions allow us to de-
termine that when training highly expressive NNs for su�ciently long, the indicator
signal of LBC is indeed ambiguous (as reported in [Greplovaet al., 2020]). Restricting
the model capacity is not found to resolve this issue.

3.6.3 XY model

Next, we consider the two-dimensional classical XY model that exhibits a Berezin-
skii�Kosterlitz�Thouless (BKT) transition driven by the emergence of topological de-
fects [Kosterlitz and Thouless, 1973; Kosterlitz, 1974]. The model is described by the
following Hamiltonian

H = � J
X

hij i

cos(� i � � j ); (3.70)

where hij i denotes the sum over nearest neighbors (with periodic boundary condi-
tions) of a square lattice of linear sizeL . The angle � i 2 [0; 2� ) corresponds to
the orientation of the spin at site i . Once again, we use the Metropolis-Hastings
algorithm [Metropolis et al., 1953] to sample spin con�gurations from the thermal
distribution at a given temperature T. The lattice is initialized in a random spin
con�guration. The lattice is updated by drawing a random spin to which we add a
perturbation � � 2 [� �; � ] drawn uniformly at random. This perturbation is accepted
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Figure 3.10: Results for the XY model (L = 60) with the dimen-
sionless temperature as a tuning parameter
 = kB T=J. The BKT
transition temperature kB Tc=J � 0:8935 [Hsieh et al., 2013] is high-
lighted by a red dashed line. The blue dashed line highlights the
estimated critical temperature using LBC. (a) Illustration of the BKT
phase transition in the XY model. (b) Probability distributions gov-
erning the input data (here the energy) as a function of the tuning
parameter, where N = L 2. The color scale denotes the probability.
The inset shows the probability distributions for L = 10. (c) Average
energy per site (black) and associated heat capacity (blue) as a func-
tion of temperature. (d) Average magnetization per site as a function
of temperature.

with probability minf 1; e� � E=kB T g, where � E is the energy di�erence resulting from
the perturbation. To ensure that the systems are su�ciently thermalized, we sweep
the complete lattice 105 times, where each lattice site is updated once per sweep.
After the thermalization period, we collect 105 samples, which we �nd to be su�cient
for achieving convergence. We start at a high temperature and decrease it gradually.

The formation of topological defects (i.e., vortices and antivortices) results in a
quasi-long-range-ordered phase. The transition between the quasi-long-range-ordered
phase at low temperature and a disordered phase at high temperature is a BKT tran-
sition, and the associated critical temperature iskBTc=J � 0:8935[Hsiehet al., 2013].
Below Tc, vortex-antivortex pairs form due to thermal �uctuations, but they remain
bound to minimize their total free energy [see Figure 3.10(a)]. AtTc, the entropic
contribution to the free energy equals the binding energy of a pair, which triggers
vortex unbinding. These unbinding events drive the BKT phase transition. Note that
the heat capacity has a peak atT > T c which is associated with the entropy released
when most vortex pairs unbind [Chaikin and Lubensky, 1995; Van Himbergen and
Chakravarty, 1981], see Figure 3.10(c). Moreover, while the XY model has strictly



54 3. Optimal Predictive Models for Detecting Phase Transitions

Figure 3.11: Helicity modulus � as a function of the tuning pa-
rameter 
 = kB T=J for the two-dimensional XY model for various
lattice sizes. The value of the BKT transition point from literature
kB Tc=J � 0:8935 [Hsieh et al., 2013] is highlighted by a red dashed
line. The estimated transition point based on our Monte Carlo samples
at �nite size corresponds to the point at which the helicity modulus
crosses the line given by2kB T

J� (black dashed line).

zero magnetization for all T > 0 in the thermodynamic limit, a non-zero value is
found for systems of �nite size [Chung, 1999], see Figure 3.10(d). Instead, the critical
temperature can, for example, be estimated based on the helicity modulus [Van Him-
bergen and Chakravarty, 1981; Minnhagen and Kim, 2003]. At the critical point, the
helicity modulus � crosses2T=� [Van Himbergen and Chakravarty, 1981; Minnhagen
and Kim, 2003]. The helicity modulus is also referred to as spin sti�ness or spin rigid-
ity and measures the response of the system to an in-plane twist of the spins. We �nd
that the estimated BKT transition point based on our samples matches the literature
value well, see Figure 3.11.

Note that in the XY model, the angle of each spin can take on any value� 2 [0; 2� ].
This results in a continuum of states. Hence, we discretize the energy in practice,
which serves as an input for the ML methods. This discretization eases computation
and, more crucially, results in overlapping probability distributions given �nite-sample
statistics (recall case 3 in Section 3.3). The discretization is performed through simple
histogram-binning using 1000 bins of equal size. The number of bins was increased
systematically until a convergence of the optimal indicator signals was observed.

The ML results for the XY model are shown in Figure 3.12. Here, SL fails to
predict the critical temperature correctly. This failure is linked to the fact that the
optimal indicator of SL highlights changes in the probability of obtaining the ground
state (cf. Section 3.6.1), which quickly vanishes with increasing temperature, see
Figure 3.10(b). In a similar spirit, in [Beach et al., 2018] it was found that �naive� SL
(without engineering the features or NN architecture) fails to yield accurate estimates
of the critical temperature. Here, we explicitly con�rm that a classi�cation based on
detecting vortices does not correspond to the most optimal strategy. The peak in the
optimal indicator of LBC matches the peak in the heat capacity at kBT=J � 1, cf.
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Figure 3.12: ML results for the XY model ( L = 60) with the di-
mensionless temperature as a tuning parameter
 = kB T=J, where

 1 = 0 :025, 
 K = 2 :5, and � 
 = 0 :025. The BKT transition tem-
perature kB Tc=J � 0:8935 [Hsieh et al., 2013] is highlighted by a red
dashed line. The blue dashed line highlights the estimated critical tem-
perature using LBC. (a) Mean optimal prediction ŷopt

SL in SL (black)
and the corresponding indicator I opt

SL (blue). In SL, the data obtained
at 
 1 and 
 K constitutes our training set, i.e., r I = 1 and l II = K .
(b) Optimal indicator of LBC, I opt

LBC (black). The blue dashed line
highlights the predicted critical temperature of LBC. (c) Mean opti-
mal prediction ŷopt

PBM in PBM (black) and the corresponding indicator
I opt

PBM (blue). The inset shows the optimal indicator signal of PBM for
L = 10, which exhibits a peak near the location of the maximum in
the heat capacity. (d) Estimated critical temperature based on I opt

SL
(SL), I opt

LBC (LBC), I opt
PBM (PBM), and heat capacity ( C) as a function

of the lattice size L . The estimated critical temperature of the heat
capacity corresponds to the location of its maximum.

Figures 3.10(c) and 3.12(b), and thus overestimates the critical temperature of the
XY model. In [Beach et al., 2018] indicator signals of similar shape were obtained
using LBC with NNs for the XY model. The rapid decrease in the optimal indicator of
LBC for kBT=J & 1 can be attributed to the increase in the overlap of the underlying
probability distributions [Figure 3.10(b)], which results in a higher classi�cation error.
Note that the overlap of the probability distributions decreases with increasing lattice
size, see Figure 3.10(b). Hence, the indicator of PBM [Figure 3.12(c)] shows a clear
peak close to the location of the peak in the heat capacity for small lattice sizes. For
systems of increasing size, the optimal predictions of PBM start to closely match the
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