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Chapter 1

Introduction

Quantum entanglement is one of the most interesting quantum mechanical phenomena, especially in relation
to quantum information theory. Since the transmission of information is based on the distribution of special
types of correlation, the quantum entanglement, any description of a faultless transmission begins with a dis-

cussion of how it is possible to prevent the information from degrading.

Thus the subject of this thesis is the entanglement dynamics of a quantum system which consists of an arbi-
trary number of qubits coupled linearly to a thermal bath. This coupling shows environmental influences in
the context of decoherence effects and leads to a fundamental description of the entanglement dynamics within
time. But the entanglement dynamics primarily requires a full understanding of the system dynamics. There-
fore, we assume that the system-bath couplings are weak so that the reduced system dynamics can be described
by the Markovian master equations. We first consider a system of two qubits embedded in a thermal bath. For
such a bipartite system the entanglement is fully understood and gives us an intuitive comprehension of the
entanglement dynamics. Especially we are interested in environment-induced entanglement which shows that
such a coupling of a quantum system cannot only destroy the entanglement but also create it, transiently or
permanently. To obtain a complete description we shall investigate how different entangled states appear by
variation of the coupling constants. This requires a substantial study of the coherent physics, the Lamb-shift
and entanglement-sudden-death which is a typical effect induced by the dissipative dynamics. Additionally to
the entanglement behaviors we are also interested in finding a solution to prevent the information from decoher-
ing. This is possible whenever an initial state of the dissipative dynamics has a component remaining constant
which is only the case for certain subspaces, known as decoherence-free subspaces.

In the second part of this thesis our theory of entanglement dynamics will be extended from a two qubit system
to a three qubit system. This extension is a qualitative one as there is no formulation of the entanglement dynam-
ics of mixed tripartite states. Another difficulty of a tripartite system is that the dynamics given by the reduced
density matrix is huge in comparison to the bipartite system. As a consequence of this we have to find a method
to generate the master equation algorithmically from the abstract differential equation given in the semi-group
definition and implement this equation numerically. This allows quantitative statements on the basis of the nu-
merical implementation of the dynamics. In the end we shall obtain a fundamental description of the dynamics
of three qubits embedded in a thermal bath which can be compared with the dynamics of the bipartite system.
Based on this dynamics the steady state between the qubit system and the environment shall be discussed in
the context of the thermal occupation, so that a fundamental description of the time-dependent distribution of
an initial occupation under the influence of the dissipative dynamics is given. Finally the entanglement dynam-
ics of this tripartite system will be discussed. In particular, the focus is going to be on similar effects like in the
bipartite case: environment-induced entanglement, decoherence-free subspaces, entanglement sudden death,
coherent physics induced by the bath, and the influence of different couplings.
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Outline

The outline of this thesis is the following. In chapter 2 we introduce the mathematical description of entangle-
ment in the context of bipartite and multipartite systems. In addition to these definitions we introduce some
separability criteria which determine if a given state is separable or entangled. The main part of this chapter will
be the introduction of an entanglement measure based on the properties of entanglement, the non-local corre-
lations. In section 2.3 we will discuss such an entanglement measure for a bipartite system, the concurrence. In

the last part we consider the concurrence of a tripartite system which is limited to pure states.

In chapter 3 we begin with a discussion of the Jaynes-Cummings model to obtain a description of the interac-
tion of the qubits with a bosonic field. Then the unitary dynamics of closed quantum systems is discussed and
from this, we derive the dynamics of open quantum systems under the Markovian assumptions. In section 3.2
we derive the master equation in Lindblad form for our qubit system under the restriction that the system-bath
coupling is weak. At the end of this chapter we discuss how it is possible to prevent the information from deco-
hering in the context of the theory of decoherence-free subspaces.

In chapter 4 we consider a bipartite qubit system embedded in a thermal environment described by the Marko-
vian master equation. Primarily we discuss the dynamics of this system, the steady state between the qubits
and the thermal bath in the context of the occupation of the states. Then we introduce the entanglement theory
based on the stationary solution of the master equation, particularly the theory of environment-induced entan-
glement and decoherence-free subspaces. In sections 4.2 and 4.3 we then discuss the numerical results with this
theoretical background. In the next section we rewrite the Lamb-shift contribution of the master equation in the
pseudo-spin representation to obtain an intuitive understanding of the coherent physics. In the last part of this
chapter we discuss the corresponding numerical result of the time-dependent concurrence of this representa-

tion.

In chapter 5 we extend the bipartite system to a tripartite system. We first discuss the dynamics of this tripartite
system in the context of the stationary solution which describes the occupation in time. To obtain a fundamental
description of the coherent physics we only consider the pseudo-spin representation of the Lamb-shift contri-
bution. Then we consider the entanglement dynamics for a symmetric coupling for several initial states. At the
end of this section we compare these numerical results of the time-dependent concurrence with the numerical
results of the bipartite system. In the last part of this chapter we change the symmetric coupling of the qubits
to a chain representation. This leads to a comparison of the concurrence and occupation behavior defined by
different couplings.



Chapter 2

Quantum entanglement

2.1 Quantum state space of qubits

The quantum bit, or qubit for short, is the basic unit of quantum information theory [1]. Many different physical
systems are suitable for the realization of qubits, for example a spin %-particle, a two-level atom or the polariza-
tion of a single photon. The state of a qubit is a vector |1) in a two dimensional complex Hilbert space C?. The
vectors of the computational basis states form an orthonormal basis of that space and are represented in matrix
form as

ol oo

In contrast to classical information which is either 0 or 1, any superposition of these two states is possible

lyv) =al0)+ b1},

where a and b are complex numbers with lal? +|b|? = 1. The scalar coefficients a and b are referred as quantum
probability amplitudes, because their squared magnitudes |a|*> and |b|* are the probabilities for the measure-
ment results.

The Bloch sphere representation is a way to describe a qubit mathematically. Any quantum state |¢) of a qubit
can be represented by the Bloch vector

) 0 ) 0
— oY — Waoinl =
ly)=e (cos(z)|0)+e sm(z)ll)),

where the spherical coordinate angles 6 and ¢ define a point on the three-dimensional unit sphere. The global
phase €7 is irrelevant in quantum mechanics. This quantum state space is constructed via a special class of
linear operators acting in it, the statistical operator p which allows a statistical description of every available
state of the (2 x 2) qubit system. These operators are complex Hermitian trace-one matrices [p;;] € Mat(C,2),
also known as density matrices. A fundamental description of this density matrices is given in terms of the Pauli
operators
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o1 =10)(11+11)¢0] = 01
1= - 1 O »
igs =10y al-yo =0 !
2= - 1 0 i)
03 =10){0] = 1)(1]| = Lo (2.1.0.1)
3= - 0 _1 i) 1.V,

with 1, = U% = 0'% = 0% and the identity matrix 1,

11+ +1i 1
p= pu p1z) _ 1 fs S1+1s2 = (1, +5-0).
P21 p22) 2\s1—is2 1-s3 2

The vector § = {s1, s, s3} is known as the Bloch vector. In the case of pure qubit states, the statistical operators are
projectors onto one-dimensional subspaces and can be associated with points on the Bloch sphere, the vector
has unit length |s] = 1. By contrast, mixed states, that can be formed from pure states, lie in the interior of the
Bloch sphere and the Bloch vector is therefore |s| < 1.

Quantum information theory is based on the behavior of qubits. The information of an n qubit system consti-
tutes a Hilbert space with the corresponding dimension 2°” represented by a tensor product of multiple copies
of the two-dimensional complex Hilbert space. Such systems are traditionally associated with the spin sub-
spaces of elementary particles which represent the fundamental properties of quantum information theory like
entanglement and decoherence.

2.2 Entangled states

Entanglement of quantum systems is produced by the interaction of two or more systems. It refers to the situa-
tion where only the state of the whole composite system is defined, but not the states of the single system. Erwin
Schrédinger describes an entangled state by "the best possible knowledge of the whole does not include the best
possible knowledge of its parts" [2].

We first consider a system composed of two single qubits [3][4]. The four-dimensional Hilbert space is a tensor
product A = #4 ® #p of the predefined two-dimensional Hilbert spaces associated with each of the two single
qubits. For each state one distinguishes between separable and entangled. A pure state |y) is called separable
or a product state, if it can be written as the direct product of subsystem states

W) =lwa@lyp)=Ilwa)lwe) |ya)€Flyp) € Fs.

For example the product state |y) = |0) ® |1) = |0) |1) contains the information of the composite system and of
the single qubit states, one qubit is in the state |0) while the other is in the state |1). Thus such states contain the
information of the full system and of the single systems.

The remaining states are entangled states which cannot be written as the direct product of the subsystem states

W) Zlway®lyp)=lwa)lyp) YIwa) € 7 yp) € p.

[00)£[11)
V2
states can be illustrated by imagining that the two qubits of the state are sent to different locations /; and I,. If

We consider for instance the entangled Bell states |y ) = b)) = %. The entanglement of these

we measure the qubit at location [; the result will determine the measurement outcome of the second qubit at
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location /5. Thus a measurement of one qubit will determine the measurement outcome of the second qubit as
a result of correlation [5]. Thus a typical quantum mechanical property of entangled states is that they can be
defined by nonlocal correlations. [[]

The use of density operators allows a statistical description of a composite quantum system and gives additional
information if the considered system is in a pure or mixed quantum state. For pure states the quantum state
is described by the state vectors. In contrast to mixed states which cannot be described by state vectors. The
representation of the density operator in the convex decomposition, the sum over an ensemble in the sense of
statistical mechanics, allows to distinguish between pure and mixed states

p=>_pi(lvi)ew;l),

1

where p; is the probability of the system being in the ith state of the ensemble |y;), where | (y;|y;) | = 1. If there
exists only one probability p; = 1 the state is a pure state

p=lwyil.

This density operator is just the projection operator onto the state |y;). The square of the density operator of
pure states is p? = |y;) (w;lw;) (wil = lw;) (w;| = p and thus it follows

Tr(p)®>=Tr(p) =1.

Apure state is separable if it can be written as a direct product of the density operators p ap = pa®pp = Y 4) (W 4l®
lwg) (ypl, where p4 and pp describe the states of the subsystems A and B. Otherwise it is entangled.

The remaining states are mixed states where the probability of the convex decomposition is )_; plz. < 1. This de-

fines a sum of the projection operators over the ensemble weighted with the probabilities of each member of the
ensemble. For a fundamental criterion for mixed states we take the trace of the statistical mixture

Tr(p®) =Y. Y piPj {@nlwi) Wily )y jlon)

n ivj
= ;;jmm Wilw ) Wl @n (Pnd lwi)

=1
=Y pipjwily ) il

i,j —_—

! slyilPly ;12

SZPin-
ij

The last term of the equation is only one if | {y; |y ;) [> = 1 which is only possible for pure states when all states.
The square of the density matrix for mixed states holds the relation

Tr(p)* < 1.

Mixed states are separable when they can be written in a convex decomposition

LThat two entangled states have nonlocal correlations was found by the EPR-effect of Einstein, Podolski and Rosen [6]. They have intro-
duced a fundamental thought experiment which should prove that the quantum-mechanical description of reality is uncomplete. In this
experiment they have found that quantum mechanics behaves not like the classical theory as a consequence of this correlations.
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p=Ypi (pj'q@apg), 2.2.0.2)
i
where the density matrices p 4 p give a statistical description of the corresponding systems A, B, and p; is the
probability being in the ith state of the ensemble with }; p; = 1. All other states are entangled mixed states. This
decomposition into separable mixed states is not straightforward. For special separable mixed states, we give an
example (see appendix) to decompose this states into separable states like in equation (2.2.0.2)

Entanglement of multi-partite systems

The definition of entangled states can be generalized to multi-partite systems, i.e. systems that decompose into
more than two subsystems. An n-partite system is described by a Hilbert space # which is a tensor product of
all subsystems # ® #» ® ... ® A,. A pure state is separable if it can be written as a direct product of 7 states,
otherwise the pure state is entangled. A mixed state is separable if it can be written as a convex sum of product
states. Any mixed state that cannot be represented as a convex sum of separable states is entangled.

2.2.1 Schmidt decomposition

The Schmidt decomposition refers to a particular way of expressing a vector in a tensor product of two different
subsystems. The Schmidt decomposition allows to classify pure bipartite states |y) of a composite systems A, B
[1]. The Hilbert spaces of the components are defined by /#4 and .#’5 with dimensions d4 and dg. Then there
exists orthonormal states |[m) € |y 4) and |v) € |y p) such that

dy dp
W)= 2 Amylm)v) 2.2.1.1)
m=1v=1
where 1,,., are non-negative real numbers satisfying }_,,,,, /lfm, =1, known as Schmidt coefficients.
This representation is provided for all pure states, which is shown easily. A state of the composite system is
defined as a product of any fixed orthonormal basis |n), |u) for the subsystems A, B

lw) =) cnuln)|w)
np

for some matrix C of complex numbers c;,. This state is rewritten by the singular value decomposition ¢ = udv,
where d is a diagonal matrix with non-negative elements and « and v are unitary matrices, as

W)=Y UnmmyVyulny @) .
mvny

This expression gives the Schmidt decomposition 2.2.1.1), defining |m) = Y. ,,,,, Umn 1), V) = ZW Uyy |y, and
Amv = dmy. The basis |m) forms an orthonormal set from the unitary of u and the orthonormality of |n) and
similarly for |v).

The Schmidt coefficients allows to distinguish separable from entangled states. For a separable state the Schmidt
decomposition of the single stateis p4 =), )L?n |m){m|and pp =), /1% |v) (v, the eigenvalues of p 4 and pp are
identical, namely A2, for both density operators. The Schmidt vector which is created by the Schmidt coeffi-
cients has only one non-vanishing entry A= (1,0,...,0], namely the product state composed of the two pure states
that determine the reduced state. In contrast to fully entangled states where the Schmidt vector has n compo-
nents A = [1/d, ..., 1/d]. Therefore it is important to have all the Schmidt coefficients for the characterization of
all the correlations of the pure state. An n-dimensional system has (n — 1) independent Schmidt coefficients,
because of the normalization (y|y) = 1.
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The Schmidt decomposition for maximally entangled states exhibits maximally mixed reduced states. The form
of the maximally entangled states are

1 d
W max) = — lei) ®|fi).
Ve =75 Llen el

Thus different maximally entangled states only differ in their Schmidt basis, but not in their Schmidt coefficients.

2.2.2 Separability criteria

For mixed states the Schmidt decomposition is not a sufficient criterion for the separability [4]. In general, the
characterization of a set of separable mixed states appears to be extremely complex, because the given density
operator has infinitely many ensemble decompositions. Thus we introduce operational and non-operational

criteria which are known to describe partially a set of quantum states.

Operational separability criteria

We distinguish between three different operational separability criteria, namely the Peres-Horodecki criterion
(positive partial transpose), reduction criterion and the majorization criterion [7]. The positive partial transpose
criterion, or for short the PPT criterion, provides for all mixed states a necessary criterion of entanglement,
because it is based on the fact that any transposition operation of a separable state leads always to another
separable state.

We consider a bipartite mixed system represented by a separable density matrix p 45 which can be described in
an arbitrary product basis as

Pm,unv = {m, ulpln,v),

where Latin indices are referring to the subsystem A and Greek ones to the subsystem B. The partial transpose of
this composite density matrix is given by the transpose of only one subsystem. For example, the partial transpose
of the subsystem B is given by the new density matrix pITL‘% with matrix elements in the fixed product basis as

(m| (,ulpff; [n) |v) = (ml(vIpapIn) ).

Thus the operation T g, the partial transpose, corresponds to transposition of indices of subsystem B. To obtain
an intuitive representation of the partial transpose of any separable state we use the decomposition according
to (2.2.0.2). With this definition any separable state can be written as

piy =Y pi(ph® )] = X pi (Im) tmil @ (vi) i),
i i

since the transposed density matrix (pg)T =(lvi)(vih T

is again a valid density matrix for B. The density matrix
0 AB is an operator matrix in an orthogonal basis which has a non-negative spectrum. Thus the corresponding

transposed matrix (p4p)” is also a quantum state and positive and we obtain the following relation

T
PAB,sep Z0= (PAB,sep) F=0.

The relation p48 > 0 is synonymous with the fact that all eigenvalues of this matrix are positive or zero. The
spectrum of the matrix and the transposed matrix is equal which can easily be shown by the relation det(p48 —
A1) = det((pB)T — A1) and thus the eigenvalues of the transposed separable matrix are also positive or zero.
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If the partial transposition operation is performed on a separable mixed state the result is always another positive
density matrix with non-negative eigenvalues. Then the partial transpose criterion says that if pT48 < 0 then p is
entangled.

A. Peres [8] shows that the partial transpose criterion is only perfectly adequate, i.e. necessary and sufficient for
the characterization of separability and entanglement for low-dimensional systems, 2 ® 2 or 2 ® 3 dimensional
systems. For higher dimensional systems only the existence of entangled PPT states can be shown and thus the

partial transpose criterion is not a sufficient criterion for such systems.

Non-operational separability criteria

In the following, we want to discuss a non-operational separability criterion, namely positive maps. The criteria
of positive maps is an extension of the partial transpose criterium through a general analysis of the problem of
separable states in terms of linear positive maps. A map is called a positive map, if it takes positive operators to
positive operators

Al(p)=0, p=0,

where the operator p is positive semi-definite according to its definition. The crucial property of this criterion
is that if A = 0 not every map is necessarily positive. We consider for example a positive map on the second
subsystem B and define 1 ® A with A acting only on the second subsystem B and 1 is the identity map on the
first subsystem A. If the considered state is separable, its convex decomposition into product states is given by

(LeA)p=3 pi(pi®Ap7).
i

Thus we obtain the following relation for separable states

(1eA)p=0.

In contrast to states which are not separable the extended map is not positive, there are some states v such that
(I®A)v Z0. Such states p are necessarily entangled.

A state is also separable if the extended map is positive and can be written in its convex decomposition and all
expectation values of this quantity are non negative, otherwise it is entangled. To show that a state is entangled
it is sufficient to find only one positive map A with (1 ® A)(p) < 0. Since the positive maps criterion is based
on the theory of the PPT-criterion it is also limited for low-dimensional systems, (2®2) and (2®3). In higher
dimensional system there are entangled states which cannot be detected by this criterion [7]

2.3 Entanglement measures and monotones

The entanglement properties must be fully understood for the introduction of a theoretically correct formulation
of entanglement measure. A fundamental description of entanglement is given in the context of operations, par-
ticularly local operations and classical communication(LOCC) [9]. These operations allow to create controllable
quantum correlations and thus we are able to coherently prepare, manipulate, and measure individual quantum
systems. We will discuss the entanglement measure by concentrating on the finite dimensional bipartite case.

2.3.1 Properties of entanglement measures

For the introduction of entanglement measures we start with an operational point of view in the context of
quantum communication experiments. Plenio describes the quantum communication by "Perfect quantum
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communication is essentially equivalent to perfect entanglement distribution" [10]. This means that it must be
possible to share the information of a particle by two distantly separated laboratories without decoherence. If
we consider for example a qubit the information of it is perfectly transmitted when it is possible to distribute the
entanglement from one laboratory to the other. Such a perfectly distribution of the information of the states can
be achieved by local operations and classical communication [10].

In the following, we give the mathematical description of the different operations for two finite dimensional
systems as it has been proposed in Ref.[9].

Local operations

An operation is local, if both subsystems evolve independently of each other under the action of this operation.
In terms of the operator sum the local operation can be represented by the operators of the subsystem in the
following way

Eloc(p) = ZA,- ® ijB;f ® Al with ZA}A,- ® B]TBj = Lo
ij ij
where the operators A;, A’; and Bj, B; correspond to the first subsystem, respectively to the second subsystem.
Possible entanglement between these two subsystems defined by preexisting correlations remains unaffected
when both system evolve unaffected by each other. Thus the entanglement can neither increase nor decrease.
As a consequence of the remaining correlation under all local operations, the product state of both subsystems
remains a product state and can be written in terms of the operators

Eloc(P1® p2) = (Z AipiAl|® (BiszZ)
i

as well any separable state will remain separable under local transformations

®

€loc (Z PiPi ®P;) = Zpi
i i

Y Aipi Al
i

)3 BiPéB,T)
i
Any separable state can thus be created by local operations alone.

Global operations

In contrast to the local operation, a global operation should take into account that the two involved subsystems
evolve dependently of each other, thus an interaction between these both subsystems exists. If we assume that
the two subsystems are uncorrelated at the beginning then the initial state is a separable state and become an
entangled state only by the interaction of the two subsystems. Thus an entangled state can be created from any
initial separable state and vice versa, because the interaction between the subsystems leads to an entanglement
decrease or increase. In other words, global transformations due to the interaction of the subsystems allow to
create entangled states.

Local operations and classical communication(LOCC)

Local operators and classical communication(LOCC) provide a method to perform local operations on a part of
a system and transmit this information by classical communication to another part of the system. This allows
an exchange of the created information between the involved subsystems. In the following we introduce the
mathematical description of LOCC.

The LOCC transformation in terms of the operator sum is expressed as
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erocc(p) = ZA,- ®BipBl ® A wich ATA;© BIB;i = 17,02,
4 1

In contrast to the definition of alocal transformation this operator sum is defined by only one sum. This results in

the theory that separable states can be created on different parts of the system. If the first operator A; is applied

to the first subsystem the other operator B; is applied to the second subsystem. Thus the LOCC operations create

then a classical correlation between these two subsystems. But a product state will not remain a product state

under this transformation as a result of the exchange between both subsystems

erocc(p1®p2) =Y. (AiplAI) ® (BiszlT) =) pipi e ps,
13

i

with

_ Aipi A
Tr(Aip1A})

Bip1B!
_ i —, and p;=Tr(AipADTr(BipB])
Tr(Bip1B))

B~

P} p
Thus any separable state will remain separable under the LOCC transformation, but entangled states can not be
created by LOCC operations.

2.3.2 Entanglement monotones

In addition to the conventional requirements that a measure of entanglement should be nonnegative and nor-
malized, we introduce a fundamental pair of monotonicity conditions to obtain a good measure of entangle-
ment. The most important postulate in the context of operationally defined measures was introduced by Ben-
nett, DiVincenzo et al. [11]. The entanglement measure can be interpreted as functionals E(p) that characterize
the strength of quantum correlations, the existing entanglement between both subsystems. The definition of
such a functional E(p) is based on the theory of LOCC transformations which guarantees that the entanglement
measurement have no influence on the correlations. The basic axiom or fundamental postulate is the mono-
tonicity under LOCC; entanglement cannot increase under local operations and classical communication

E(A(p)) < E(p),

where A(p) is any local operation that can be written as A(p) = }.;; A;® B; (p)A:.r ®B; with the operations A; of the
first subsystem and B; to the second (but not vice versa). The known entanglement measures usually satisfies a

stronger condition, namely that the average for each local operation is monotonic

Y piE(pi) < E(p),
i

where p; are the probabilities of the states p;. This condition may also be written in the form of a convex function

which is monotonic under mixing

E

Zpipi) < ZpiE(Pi)-

The function E that serves as an entanglement quantifier needs to fulfill several requirements which has been
proposed in Ref.[10]:
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* Discrimination of separable and entanglement states:

E(p) = 0 for separable p, and
E(p) > 0 for entangled p,

e Invariance under local unitary transformations:
E(Ua® UgpU® U} = E(p),

* Convexity, entanglement should not increase under mixing:

E (Z Pipi) <) piE(py),
i i

* Monotonicity on average under local maps and under LOCC-operations which means that A(p) ® 1 yields
the state }_; p; p; with an ensemble of states p; and probability p;, it holds

2_PiE(pi) < E(p).
i
Also entanglement of the total state cannot increase because of convexity:
E(A(p)® 1) < E(p).

If a function E satisfies the monotonicity postulate, it turns out that for separable states it is constant. This
follows from the fact that every separable state can be transformed to any other separable state by LOCC. In
contrast to separable states where the function E vanishes. These two conditions imply that the function E is
a non negative function. All other conditions are necessary for a fundamental description of entanglement by
systems with collective, global properties.

To obtain an intuitive description of an entanglement measure the partial additivity and the continuity condition
are used

* The entanglement of n copies of a state p is defined by »n times the entanglement of one copy
E(p®™) = nE(p),

o If (w®"p,|lw®") — 1 for n — oo, then

1
;IE(P(IW)@") —-E(")|—0,

the index n defines the number of pairs of qubits p”.
This additive criterion is not a necessary condition and is therefore not one of the basics axioms. This results in
the fact that for any given measure E where the additivity is not fulfilled, it is possible to define a regularized, or

asymptotic version of this condition

n
E*®(p) := lim Elp ).

n—oo n

This definition of the measure satisfies automatically the additivity. The full additivity, for any pair of states p
and o holding the relation E(p ® o) = E(p) ® E(0), is in most cases a too strong condition and is therefore not
fulfilled. A good entanglement measure is given by the four basic properties. In the next section we introduce
the concurrence, a special measure of entanglement which gives a correct entanglement description.

2.4 Concurrence and entanglement of formation

2.4.1 Concurrence of bipartite systems

Wootters [12] has introduced an applicable formula for the entanglement of formation for a bipartite system
by the concurrence C. The entanglement measure E(y) of a pure state living in a product Hilbert space # =
S ® A with the general density matrix p = }_; [y;) (¥;| is described by the von Neumann entropy S(p)
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E(y)=S(p)=-Trp(palogpa) = —Tr a(pplogpp)

where Tr 4,5 are the partial traces over the subsystems. This knowledge cannot simply be applied to mixed states
in terms of an average over the mixture of pure state entanglement. The problem is that two decompositions of
the same density matrix usually lead to a different average entanglement and there is no clear definition which
is the correct one. Thus the entanglement measure by the entanglement of formation Ef represents the minimal
possible entanglement over all pure state decomposition of p, where E(|y) (w|) = S(Tr{ly) (w]}) is taken and the
measure, is then defined by

Ef(p) = ian pPiEw;),

where the infimum is taken over all possible probability distributions. This equation is the so called convex roof
of the entanglement of formation for pure states and a decomposition leading to this convex roof value is called
an optimal decomposition.

The concurrence provides an analytic formula for the entanglement. The concurrence C of a pure state |y) is
defined to be C(y) = |(¥|y) |, where the tilde denotes the spin-flip transformation. This transformation is a

function applicable to states of an arbitrary number of qubits

) =0y ly®),

0
where |*) defines the complex conjugated of |y) and o y is the matrix ( ] Ol) represented in the basis {|1),1]).
i

For n qubits such a spin-flip can be obtained by applying the above transformation on each qubit. If we consider
two qubits with the general density matrix given in the basis {|11),[1]),[!1),]] )} the spin-flip state is the scalar
product of p with the elementwise conjugated

p=(0,®80,)p" (0,®0,).

For example, this spin-flip transformation leaves the singlet state |y¢) = \/% (111> = 111)) unchanged and thus its
concurrence | (¥|) | takes the maximum value. In contrast to an unentangled pure state such as |1 ]) which is not
unchanged by the flip transformation because it is mapped to an orthogonal state and therefore the concurrence
is zero. The von Neumann entropy is expressed as the function of the Concurrence C

E(y) =e(C(y))

1
:h(5(1+\/1+C(w)2)), (2.4.1.1)

where h(x) =: —xlog, x — (1 — x)log, (1 — x) is the binary entropy. The function ¢(C) increases monotonically for
0 = C =1, thus the concurrence is regarded as a measure of entanglement.
For mixed states p the von Neumann entropy as a function of the concurrence is defined similarly. The function

€(C), in addition to be increasing monotonically is also convex for mixed states

e(C(p)) = infe (Z piCy )| <inf) pje(Cly)))=Ef(p),
i j

where £(C(p)) is also a lower bound on Ef(p). The explicit formula for the concurrence C is
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C(p) = max{O, /11 - /12 — 13 - 14}, (2.4.1.2)

where the A’s are the square roots of the eigenvalues of pp in descending order. Therefore the formula for

entanglement of a pair of qubits in any mixed state p is given by

Ef(p)=£(C(p),

with the concurrence C (2.4.1.2) and the function ¢ (2.4.1.1I). For instance, the concurrence C of a maximal

entangled state is one and the concurrence C of a separable mixed state is zero.

2.4.2 Concurrence of tripartite systems

In this section we discuss the entanglement of tripartite systems. For bipartite systems the entanglement of
the system is fully described by the concurrence, but this situation is much more complicated for multipartite
systems. The property of bipartite entanglement can be used to describe the entanglement of a tripartite system,
if two of the qubits A and B are very entangled, then the third qubit C can only be weakly entangled with either
qubit A or qubit B. For example, if we consider a singlet state, a maximally entangled state, between the pair of
qubits A, B then they cannot be entangled with qubit C. This was the fundamental idea for the derivation of a
quantifier for tripartite entanglement.

The tripartite entanglement of three qubits is given by the tangle 7 4p¢,introduced by Coffman, Kundu, and
Wotters [4]

TaBc = Camic) —Cap — Cac. (2.4.2.1)

The residual tangle is invariant under permutations of the qubits. The concurrence C 4p refers to a mixed state of
qubit A and qubit B which is calculated with the same formula for the bipartite case after tracing out the
degrees of freedom of qubit C. The concurrence Cy¢ is defined similar for the relevant qubits. The concurrence
Cac) described the entanglement of the qubit A with the pair of qubit B and C. The tangle, the degree of the
entanglement 7 € [0,1], is zero if one qubit is separable from the other two, otherwise it is one if the state is
maximally entangled.

The generic class of three-particle pure states can be written as

[¥) = A1 1000) + A2e™? [101) + A3]110) + A4 111),

where 1; =0,Y; A? =1and0 = ¢ = 7 [10]. This representation of pure states is defined by a five-parameter family,
with equivalence up to local unitary transformation. These pure states include two classes of separable states,
namely the fully separable states which can be written as a product of single-party pure states and bi-separable
states which is a product of two entangled states and one single pure qubit state. All other pure states are non-
separable and constitute the class of tripartite-entangled pure states. One class of this is the Greenberger-Horne-
Zeilinger (GHZ) state and the remaining class is the class of Werner (W) state. The tangle 7 4pc can only detect
GHZ-type entanglement and not W-type entanglement [13]. Thus the tangle can only detect genuine tripartite
entanglement, and hence can be used as an indicator of three-party entanglement. For states which have no

genuine tripartite entanglement like mixed states, we cannot make any statement about their entanglement.

For three qubit states we can only introduce a classification for the different mixed states [14]. This classification
is divided in the following classes
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¢ S, the class of separable mixed states which can be expressed as a convex roof sum of projectors onto
product vectors,

* B, the class of bi-separable mixed states which can be expressed as a convex sum of projectors onto prod-
uct and bipartite entanglement vectors,

* W, the class of states expressible as convex combinations of projectors onto the separable, bi-separable
and pure W states,

e GHZ, the generic class of three qubits

All these classes are convex and compact and the classes are embedded by Sc Bc W c GHZ.



Chapter 3

Open Quantum Systems

3.1 Fully quantum-mechanical model: The Jaynes-Cummings model

Any open quantum system dynamics include environmental influences which are described by the interaction
Hamiltonian. Since we are interested in the dynamics of n qubits coupled linearly to a thermal bath an intro-
duction of the system-bath interaction is necessary.

Such an intuitive description of atom-field interaction is given by the fully quantum mechanical Rabi model,
better known as the Jaynes-Cumming model [15]. This model of Edwin Jaynes and Fred Cummings studies
the relationship between the quantum theory of radiation and the semi-classical theory in describing the phe-
nomenon of spontaneous emission. To be more precise, we consider an atom which is the quantum two-level
system whose Hilbert space is spanned by just two states, an excited state |e) and a ground state |g), interacting
with a radiation field. We assume this field to be a single-mode free field; this has the advantage that the dy-
namics is well described. The single-mode cavity field in the z-direction is described by field operators, b" and b

which are the bosonic creation and annihilation operators

1

N h 2 o .

E:é(—w)z (b+b" sin(kz), (3.1.0.1)
€()V

where € is an arbitrarily oriented polarization vector, w is the frequency of the mode and k is the wave number
related to the frequency according to k = Z. The interaction Hamiltonian of the atom and the field is then given

by the dipole moment operator d = d-éand the field operator (3.1.0.1)
3 3 A A At hw .
Hy=-d-E=dg(+b') where g=- s sin(kz).
0

For a more optimized description we introduce the Pauli operators in the basis |e), |g):

or=ley{gl+l1g){el, ogx=—ile){(gl+ilg)el, ag3=le){el—1g) (gl
satisfy the commutation relations [0;,0 ;] = 2i€; jkOk as well as the anticommutation relations {o;,0 j} = 20; jo It

is convenient to introduce the so-called atomic transition operators

1 1
0+ =le)(gl=2(G1+i02), G- =Ig)(el=2(G1-id2) = ot

The dipole operator d can be written by this definition as

15
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d=d|g)(el+d"|e)(gl=dé_+d* 6. =d(64+06_),

where the off-diagonal elements of the dipole operator are nonzero, since by parity considerations (glci lg) =
(eld|e) =0, and we set (e|d|g) = d, and assume that d is real. Thus the interaction Hamiltonian is

A =hA6++6_)(be+Db))

with A = d—ﬁg. We define energy to be halfway between the ground state energy level Eg and the excited state

energy level E, with E, = —Eg = %hwo then the atomic Hamiltonian is written as

.1 L1 .
HA = E(Ee—Eg)O'g = 5?7,(1)00’3.

After dropping the zero-point energy hT‘” the free-field Hamiltonian is

ﬁp = FL(L)BTI;.

The total Hamiltonian of this system consists of the atomic Hamiltonian Hy, the free-field Hamiltonian Hr and

the interaction Hamiltonian H;

I:IZ HA+HF+I:I[
1 o .
= 571(1)0(3’3 +hobb' + A6+ +6-)(b+ bY). (3.1.0.2)

In the interaction picture the annihilation operator b and the creation operator b' of the bath evolve as

b(r) = be !, bf(r)=b'(0)e'!

and similar for the atomic transition operators 6 and ¢ -

64 (1) = 04(0)e* 0!,

The approximate time dependence of the operator products of the interaction Hamiltonian Hj is then given by

H =A@ b+ b +o_b+o_b'

i(wo—w)t i(wo+w)t i(—wo—w)t i(—wo+w)t

=, be +a.ble +0_be +oe

The two terms e!@0~®7 =i@=)t do not conserve energy and for w ~ wy they vary much more rapidly than
e [ @ora)l i+t ntegrating the time-dependent Schrédinger equation will lead, for this terms, to oscilla-
tions of frequency containing wy — @ and wg + w. The energy non conserving terms are quickly oscillating terms
and can be ignored for |wy — | < wy + w by making the rotation-wave approximation which is a averaging ap-
proximation over the fast oscillations. The total Hamiltonian in this approximation is then written as

~ 1 ap A ~ ~
A= Ehwoég +hob b+ hA G b+6_bY). (3.1.0.3)

The term 6 _ by, corresponds to the emission of a photon while the atom goes from the excited state to the ground
state. The term & lt)z corresponds to the absorbtion process of a photon while the atom goes from the ground

state to the excited state.
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3.2 The weak coupling limit

To begin with the formalism of the Markov dynamics, we use the general characterization of the dynamics of
closed and open quantum systems [16],[15]. We first discuss the evolution of the dynamics of closed quantum
systems and then use this knowledge to derive a time-dependent description of the reduced quantum system
which is influenced by an environment.

3.2.1 Closed dynamics of an open quantum system

An open quantum system represents a subsystem of the combined total of the system S and the environment
B. The Hilbert space of the total system S + B is given by the tensor product space # = #s ® #p of the Hilbert
space of system and environment. The total Hamiltonian H is taken in the form

H=Hs®1p+1s® Hg+ Hj,

where Hg is the Hamiltonian of the open system S, Hj is the free Hamiltonian of the environment B, and Hj is
the Hamiltonian of their interaction, the coupling of system and bath.

In most cases it is assumed that the combined system is closed following the Hamiltonian dynamics. This means,
a closed quantum system that starts in a pure state evolves according to its Hamiltonian and remains in a pure
state. The dynamics are governed by the time evolution operator U(t) = e~'*/" for the formal integration of
the Schrédinger equation. The solution of the Schrédinger equation is represented in terms of the unitary time

evolution U(t) which transforms the state |y(0)) at some initial time #y = 0 to the state |y/(¢)) at time ¢

lw (1) = U0 ly(0)) = e T 1y 0)).

For a mathematically correct description of the statistical dynamics given by the density matrix we introduce
the formalism of the Liouville space L. This space is linear, and the elements are linear operators on a Hilbert
space #. The equation of motion of the density matrix can easily be derived from the Schrédinger equation.
This equation can be written with the superoperator £ which operates linearly on the density matrices p(f)
describing the state of the system at time ¢

d
ap(t) =—i[H(®),p(D] =-iZLp(1),

with the formal solution

p() =e "Z1p0).

This equation is the von Neumann or Liouville-von Neumann equation. The dynamical maps U(f) = /<" form
a one-parameter group of linear maps on the system U (t)oU(ty) = U(t+ty) Vt, tp € R. The Schrodinger equation
therefore describes reversible dynamics, the dynamical map U(t) preserves the spectrum of all state operators
ps, leaves the von Neumann entropy invariant and transforms pure states again to pure states.

Thus the total time evolution Uy,(¢) of the system and the environment alone can be considered temporarily by
an unitary transformation

[Wior) = Uror (£) 1y (0)).

This approach breaks down for the dynamics of the reduced system if we include the interaction and as a result
of this the influence of the thermal bath.
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3.2.2 Reduced dynamics of an open quantum system

In realistic systems it is physically impossible to prevent outside influence. Thus we are only interested in a
description of the time-dependent evolution of the reduced system influence by the environment.

A reduction of the state to the system degrees of freedom is given by tracing out the environment. The basis
vectors of the system and of the environment Hilbert space are defined as |m) € #s and |v) € #5. The open
quantum system state is characterized as the combined state of the two subsystems | ;o;) = Y1,y Gy |12) [V)
with the corresponding density matrix p;o; = [¥tor) (¥ r0¢1- The reduced density matrix of the system is described
by the partial trace over the environment’s Hilbert space

ps=Trg(pro) =Trg| Y. @mpan, |m)In)ul(vI| =Y Cunlm)(nl
nmyvu mn
with matrix elements Cpp = Y @muay,- This description is the same for mixed states p;o;, because they are
a statistical mixture of pure states to which the argument applies individually due to the linearity of the trace
operation.

The effective dynamics of the system that results from the interaction with the environment is derived in the
same way as the composite state of system and environment to the system alone. The effective dynamics of the
system is obtained by a map A ;. This map is defined as the evolution of the composite system according to Uy,
followed by tracing over the environment of the system state

p0) = p(1) =Tr g[Uror (D) P10t (0) Uz, (D] =1 At [p(0)] = Arp(0).

The map A described the initial state of the system transformed to a system state with ¢ > 0. To obtain reduced
dynamics, which provides an effective description of how the environment affects the time-evolution of the
system, we introduce some assumptions in the context of the Markovian approximations. We assume that the
initial state at time ¢ = 0 is uncorrelated with the environment pgs ® pp. Under this assumption the reduction of
the open system dynamics can be visualized by the following diagram [15] which lead to a description on the
level of the system

P101(0) = ps(0) & p5(0) —22  p10s () = Usor(Dp10: U, (1)
Trgl | Trp
p(0) pr=2N7A:p(0)

Ay

The time evolution of the reduced dynamics can be described by an approximation of the Schrédinger equation
or more precisely the von Neumann equation under the condition of short environmental correlation times.
Such times allow us to neglect memory effects and give a formulation in terms of a quantum dynamical semi-
group for the reduced system dynamics. This gives an efficient description of the reduced dynamics of the sys-
tem pg in terms of time-evolutions consisting of the one parameter semigroups. Such semigroups define linear
maps U(t) = eZ! with t > 0 which act on all possible initial density matrices of the system ps and describe
their evolution by ps(f) = U(#)ps at time ¢. This defines the following abstract equation of the reduced system
dynamics in the context of these maps by a generator £

dps(1)

ar =ZLps(1).

To end up in a physical correct description of the time-evolution of the system state, the generator has to fulfill

several formal conditions which can be shown intuitively. A primary consequence of an environment is that the
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dissipative effects transform the pure system states, projections onto the Hilbert space vectors to mixtures of
projections. This means that after a certain time the pure initial state of the system evolves to a generic density
matrix. These are operators with discrete spectrums consisting of positive eigenvalues summing up to one in the
context of the statistical interpretation of quantum mechanics. Thus any description of a reduced system must
include a map A; which fulfils the following properties with the assumption that the initial state is uncorrelated
(15].

* Linearity: A;(papa+papB) = pali(pa) +ppAi(pp),

* Positivity: A;(p)=0Vp =0,

e Complete positivity: 1,;® A;(p) = 0Vp = 0 and any size d of the trivial extension to a higher dimension
space,

* Hermiticity-preserving: A,(p)" = A;(p) for a Hermitian p

e Trace-preserving: Tr[A;(p)l=Trp=1.

The detailed mathematical proof for several conditions of the generator £ of a quantum dynamical semigroup
for the case of a finite-dimensional Hilbert space is given by Lindblad.

The reduced dynamics is a non-unitary dynamics which shows dissipative effects and thus cannot be evolved
backwards in time. For example, an excited atom which is in a thermal bath will radiate a photon and decohere,
but the bath will not return the atom back to its excited state. Thus if we consider a system influenced by a
thermal bath, the considered reduced system dynamics converges to a unique stationary state regardless of
the initial condition. The Lindblad equation describes the reduced system dynamics or more precise the long
time behavior, the asymptotic dynamics and the steady-state properties of the thermal occupation of the system
where we are interested in. The representation of a trace-preserving, strongly continuous, completely positive
semi-group leads to the first standard form of the generator and thus to the Linblad equation [17]

do . P R
T —i[Hs, p] +%C:alk(‘/iPVj - E{Vf Vz»P})
with the coefficient matrix (a;;) being hermitian and positive. The equation can be diagonalized with the help

of an appropriate unitary transformation u (uag;u'),

90— —itrs,p + X240, - A Axp - p A
The first term of the above representation is the unitary part of the dynamics generated by the system Hamil-
tonian Hg. The second term describes the influence of a perturbation, the coupling to an infinite reservoir
generates the dissipative dynamics, also known as the dissipator. The operators Ay introduced above are usually
referred to as Lindblad operators. Any Markovian master equation that fulfills the requirements of generating
trace-preserving and completely positive dynamics has Lindblad form.

3.2.3 Derivation of the master equation

For the derivation of the master equation we use the iterative method according to Breuer and Petuccione [15].
We consider a system of n degenerate qubits linearly coupled to a thermal bath with temperature T, where we
assume that the coupling is weak. The total Hamiltonian of the full system is then defined by the system Hs,
its environment Hp and a system-bath interaction H;: H = Hs + Hp + H;. The von Neumann equation in the
interaction picture has the form

d
Epl(t) =—i[H}, p' (1] (3.2.3.1)
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with the solution

t
p'(t)=p'©)-i fo [H{(s),p" (s)]ds.

The index I indicates the interaction picture representation of the Hamiltonian. We assume that Tr g ([ H II ), p'0)]) =
0, insert this expression into equation (3.2.3.1) and trace over the bath with its equilibrium distribution pé. The
first iteration of the von Neumann equation for the reduced density matrix pg =Trp(p") is then given by

d t
%pé = —fo Trg([HE (1), [H] (5), o' ()] ds.

This equation contains the Born approximation p(t) = ps(#) ® pp so that the influence of the system on the
reservoir can be neglected as a justification of the assumed weak coupling between the system and the bath.
The Markov approximation is justified by assuming that the bath correlation time 7 is small compared to the
relaxation time of the system 75 (75 << 1) and thus we can change the integration over s into one over ¢ — s and

evolve p at time ¢ only

d (o0)
—PsD) =—f0 Trg(LH] (8), [H[ (£ - ), p" ()] ds. (3.23.2)

The interaction Hamiltonian Hj for an n qubit system interacting with a thermal bath is described by the Jaynes-
Cummings model (3.1.0.3). To obtain a mathematically correct formulation for such a system, we introduce a

summation over the creation operator ¢ and annihilation operator 6_ of each qubit.

Hy = Z; di(6", by) +d; (6 b)), (3.2.3.3)
1

where the d; and d} describe the coupling between the system and the bath. The system operators are eigen-
operators of the system Hamiltonian Hg with a continuous spectrum of the frequency w. The corresponding
interaction picture system operators have the form

iHst A

Oie—LHst —iwt

e =e OA'i,
+
+

elet(?:_eﬂHst — zwtﬁ

The representation of the bath operators by and bz in the interacting picture is defined similar. In our derivation
we use the interaction picture representation of the interaction Hamiltonian (3.2.3.3) and insert it in the equation

of motion (3.2.3.2)
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Eps(t) = f dsTrgH[(t - s)ps(D)ppH (1) Hi(t - s)ps(H)pp + h.c

=f dsy. Y eI (djoVb(w, t-s)pstle” ' d; eV bl (w, 1)
0

i,j wo'

- ei“”td;a(ﬁ bz(w, e 9,0V by(w, t - $)ps(t) + h.c
+d; a(f) b;(a), t— s)pg(t)e_i“”djcr(_j) bi(w, )
o't g U(])bk(w e iwl- s)d*o(”bf(w,t—s)pg(t)+h.c]

=Y ¥y @ ‘“”f dse'*[(djoV br(w, t- 9)ps()d; oV bl (W, 1)

i,j wow

—d; o bl (@, 0d;j0 P b, 1 - )ps(6) + h.c.
+(d; oV b, t—s)pst)d;o Vbl (', 1)

—djoV b} (,0d; o bi(w, t- 9)ps(1) + h.c]
1

Z Z el “’)tf dse””s[(bT(a) Db (w, t—$)(d; oY pg(t)d* (’)—dfagj)dja(_j)ps(t))+h.c

i,j w,w'

+ (b, O] (,t =) (d;oPpstidjoV —d;oVd; o' ps(1) + h.c

—ZZ i dse’ws[<b*(w Db, t-)djoV psd} o —di oV djo P ps(0) + h.c.

i,j @

+ (b, Db} (@, t— ) (df oV ps(djoV - djoVdr o ps(1) + h.cl,
The one-sided Fourier transform of the reservoir correlation function is calculated with the formula

00 . 1
f dse " =nbe)s—iP~-
0 €

for both frequencies,

oo .
for w<0 l"kk/(w)zf dse"‘”(bzbk(w,t—s))
0

(e 9)
= N(wp) f dse'@kte)s
0

N(wg)
w+ Wi

o0
=N(wk)+i@f dwy
0

oo .
for w>0 l“kk/(w)zf dse“‘”(bkbz(w,t—s))
0

(S °] .
=1+ N(wk))f dse”@k=0)s
0

(1+ N(wg))

=1+ Nwyp)+ i@f dwy
0 w— W

Lo - —w

2Rotatmg wave approximation, averaging approximation over fast oscillations
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where & denotes the Cauchy principal value. The decomposition of these two transformations in the real and
the imaginary part define the contribution to the dissipative part y(+w) and the unitary part S(tw)

(1+ N(wg))
k w—Wg
N(wg)
w+og |

Yw) =1+ Nyg) Sw) 29‘[0 d

Y(—w) = N(wg) S(—w) = 9[0 d

With these definitions we finally arrive at the interaction picture master equation

d
E.Ds(t) =—i[Hrs, ps(D)] +2(ps(1)) (3.2.3.4)

with

His=Y Y [S-wdjoPd; o + Sw)d; 0P ;o]

tw i, j

2,@‘[ dwk
0

This term is often called the Lamb-shift Hamiltonian since it leads to a Lamb-type renomalization of the unper-

(1+ N(wg))
w—Wg

N(wk)

]Zdjdi*a(_j)crﬁf) .
Wk 175

(3.2.3.5)

]Zd* (i) (])+@f

turbed energy levels induced by the system-reservoir coupling. The dissipator of the master equation takes the
form

1 ) )
2(ps) =N(wp) (Y d;o,ps(t)djo - —Zd oVdra®ps(t) - Eps(t)Zdja(_])d;‘aﬁf))
ij ]
(1 +N(wk))(Zd o_ps()d; U(’) Zdi Ugf)dja(_])pg(t) - Eps(t)Zdi U(Jr’)dja(_])).
257 i,

The dissipator of the master equation describes thermally induced emission o (1 + N(w¢)) and absorption pro-
cess x N(wg). The master equation (3.2.3.4) can be considered in two different limits.

Spontaneous emission
In the limit of small temperatures T — 0, the system dynamics is dominated by spontaneous emission of energy
quanta into the bath modes. Therefore there is only the term of spontaneous emission

Y (w) = N(wg)

so that the system evolution is described by the following master equation

d . 21 S 1 T
Epg(t):N(wk) Zdi U+p5(t)dj0(_f)—52dj0(_])di Uﬂf)pg(t)—ipg(t)Zde(_f)di U(+” .
i,j i,j ij

This decoherence process is the fundamental limit for coherent atomic dynamics.
T infinity case

In the limit of large bath temperatures T — oo, N(wy) — 00, (1 + N(wg)) — N(wg) < oo, the emission and absorp-
tion rates are almost equal

N@p) T—o0
N(wg)




Decoherence-free subspaces 23

The T-infinity case is a process with equal probabilities for a jump from the ground to the excited state and vice
versa (bit-flips). The jump operators are

Y(-w)=N(wr) Y(w)=Nw)
and the master equation reads

Ep = N(wy)(d; Uff)ps(t)dja(_f) - Edja(—])di U(Jr’)pg(t) — Eps(t)dja(_’)di a$’

. TN . 1 . ,
+N(wk)(djcr(_])pg(t)di U(Jr’) - Edi Us_l)djO'(_])ps(t) - sz(t)dl- a(j)dja(_f)).

3.2.4 Calculation of the Lamb-shift integrals

The principal-value integrals need to be calculated for the numerical results of the master equation
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(3.2.4.1)
The integrals have the following dependence
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These integrals diverge for low and high frequencies, thus we have to introduce a correct approximation of these
integrals. G.S Agrawal [I8] introduced such an approximation in the context of two assumptions. The first as-
sumption is that the frequency dependent pre-factors of the Jaynes-Cummings interaction Hamiltonian
can be ignored by introducing the dipole approximation in the derivation. The second assumption is that the
spectral function J(w) is constant. Then it is possible to introduce the following cut-off and integrate only from
2w to w,

We

dwk
20w w—Wg

R

= ln( ” 1) ,

where o, is the cut-off frequency. With this property we end up with a logarithmic divergence of the principal-
value integrals which has a qualitative influence of the Lamb-shift. The values of the integrals can be estimated
as &2 = —3,2 whereby we set the integral 2%, = 1 and use the dependency (3.2.4.2) for the calculation of the
second integral.

3.3 Decoherence-free subspaces

So far, we have discussed the theory of an open system involving a single quantized mode of the field interac-
tion with atoms, described by the Jaynes-Cummings model introduced in section 2.1. As we saw in this model,
the transition dynamics between the two energy levels of the ground and the excited states are coherent and
reversible. In contrast to the reduced system dynamics of an open quantum system which is not reversible and
shows decoherence as a result of the interaction between the system and the environment. Decoherence can

be described as a transformation over the time of an initial system state into a classical mixture as a result of
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the interaction with an environment. Thus the degrees of freedom of the environment affect the state of the re-
duced system, and the information given by correlations of the originally state is lost. To prevent decoherence in
systems of open quantum systems we introduce decoherence-free subspaces and subsystems [19]. The theory
of such subsystems is based on the symmetry of the system-environment coupling. We have to consider two
different constructions of the decoherence-free subspaces and subsystems, because the symmetry is different
for an even or an odd number of qubits. We first discuss the decoherence-free subspace for an even number of
qubits which gives a fundamental description of the theory and then the more difficult description for an odd
number of qubits.

3.3.1 Decoherence-free subspaces for an even number of qubits

As remarked above, decoherence is the result of entanglement between the system and the thermal bath caused
by the interaction Hamiltonian Hj [20]. Thus a reduced system will show no decoherence when the interaction
Hamiltonian is zero. Then the system and the bath are decoupled and both evolve unitarily by their Hamiltoni-
ans Hg and Hp. Most physical systems cannot be described without interaction between the bath and the sys-
tem, and thus H; = 0 is not a satisfactory condition for a decoherence-free subspace. To obtain a decoherence-
free subspace of the full Hilbert space . without switching off the system bath interaction it must be possible to
attain a unitary evolution of the reduced system. This can be achieved by a set {| k)} of eigenvectors of the system

operators S, with the characteristic

Salky=cqlk) Va,lk), (3.3.1.1)

where the eigenvalue ¢, depends only on the index a of the system operator, but not on the state index k. If the
system Hamiltonian Hs leaves the subspace spanned by the degenerate eigenvectors ./ = Span [| k)] invariant,
the time evolution is unitary and the interaction Hamiltonian has no influence on the system Hamiltonian [20].

To prove this definition of the decoherene free-subspace we follow the derivation in [19]. The initial density ma-
trices of the system and the bath can be described in their basis p5(0) = }_,,.,, @mn |/ (7il and pp(0) = Y by V) <.
We define a combined Hamiltonian of the system and the bath as H¢ = Hg+ Hp which clearly commutes [ H¢, Hs]
with the system Hamiltonian Hg over the Hilbert space H. Thus the time evolution of both systems is unitary by

Us = exp(—iHgt) and U¢ = exp(—i Hc¢t). It can be written in the following way

Ullm) ®|v)] = Us|m) @ Uc V).

The initially decoupled state of the density matrix evolves then as psp () =Y ,n AmnUs | i) (7 U; ®Y vy by Us
[V (il U;. The reduced density matrix of the system is obtained by tracing out the degrees of freedom of the
environment ps(t) =Trplpsp(#)] = Usps(0) Ug. This shows that the system evolves completely unitary on H and
H is a decoherence-free subspace. Thus we end up with the following theorem of a decoherence-free subsystem
[20].

Theorem 1. Let the interaction between a system and a bath be given by the Hamiltonian H = Hs® lp + 15 ®
Hg + Hj. If Hs leaves the Hilbert subspace S = Spcm[{lfc)}] invariant and if we start within S8, then JE is a
decoherence-free subspace if and only if it satisfies the condition Sg |k) = co |k) Va,|k)

A decoherence-free subspaces can also be defined in the Lindblad-semigroup formulation which we introduced
in section 2.3. The Lindblad master equation describes the time-dependent evolution of the reduced system by
the unitary part and the perturbative part which lead to dissipative effects. It is obvious that the dissipative term
defined by the Linblad operators A, leads to decoherence of the subsystem.
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D(ps) = Zy&ﬂ AapSAﬁ 5 ﬁAapS pSAEAa. (3.3.1.2)

A necessary and sufficient condition for a decoherence-free subspace in the context of the Lindblad equation is
that the influence of the dissipator should not play a role. With this knowledge we can derive a mathematical
formalism of decoherence-free subspaces especially for the Lindblad master equation [20]. Let {Ik)}N be the
basis of an N-dimensional subspace .# < . and the density matrix given in this basis is

N

6= 2 pijll(l.

The Lindblad operators A, applied to the basis lead to Aq |k) = Y i=1
equation|3.3.1.2|can be rewritten in terms of this basis transformation in the following way

ck] |j>. The dissipator term of the master

D(ps) = Zyaﬁ > (Aapk]|k>(J|Aﬁ 5 AR Aapij ) (1 - pkjll"c><i|A;Aa)
k,j=1

= Yap 2 Pij (Aa|k><;|A*——A*Aa|k><J| |fc><i|Aj;Aa)
a,p k,j=1
B a

—ZYaﬁ ) Pk]( ]mcknlanl—ckmckn|m><JI—Cj,iC,i‘nlm><f|)
a,p k,j=1

with ¢! = cq0k, We get

_ = 7 *ﬁ 1 *ﬁ *ﬁ
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The last two terms of this equation can be rewritten as 5% 2
Ck

= + % =1 for a = B. Thus the dissipator P(pgs) is zero
and does notlead to decoherence of the reduced system when V\;e assume that there isno dependence on p j; and
every term of the dissipator vanishes separately. This is achieved by only one projection operator |71) (m|. The
unitary part of the master equation is a decoherence-free subspace when the system Hamiltonian Hs commutes
with the full Hamiltonian H over the N-dimensional subspace which is always fulfilled when there are no special
conditions on the reduced system. Thus we end up with the following theorem of a decoherence-free subspace

for the Lindblad master-equation [20]:

Theorem 2. If no special assumptions are made on the coefficient matrix yop and on the initial conditions py
then a necessary and sufficient condition for a subspace # = Spani{ k _,}1 to be decoherence-free is that all basis
states | k) are degenerate eigenstates of all the Lindblad operators { Ay}

Aglky = cqlky Va,lk). (3.3.1.3)

This theoretical description of decoherence-free subspaces for an even number of qubits can be clarified by
using the example of two qubits embedded in a thermal bath. The system operators are defined by the an-
nihilation o_ and creation operator o, of the qubits. For this system in the basis {|11),]10),|01),|00) there
is only one degenerate eigenvector |k) that fulfills the condition which is the entangled singlet state

Lk Fall) =Y cd, 1B and £ Fglfy =3 ¢f 1)
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|s) = \/Li (110y —01)). That this is an eigenvector can easily be shown by applying the interaction Hamiltonian H;
to the singlet state.

Hylsy =Y [df @ bg)+d;(@P b 1s)
ij

1 * *
= E(d1 0+ bi|10) + d3 0, by |10} + d1o_b]. 110} + dyo_b]. |10)
—d} 0, bi|01) +d; 0, b |01) + dyo_b] |01) + dyo_ b} 01))
1 * *
= ﬁ(dz —dy)|10) + (dl —d)|01)
=|s)

For equal coupling constants |d; | = |d»| the applied Hamiltonian to the singlet gives zero. Therefore, the interac-
tion Hamiltonian has no influence on this state, and is shown that there is a decoherence-free subspace for two
qubits.

3.3.2 Decoherence-free subspaces for an odd number of qubits

For an odd number of qubits there is no set {|k)} of eigenvectors of the system operator S, with the property
(3.3.1.1). Therefore, we must introduce another formulation for decoherence-free subspaces which is based on
the symmetries of the coupling between the system and the bath. Such a symmetric coupling to the thermal bath
can only be obtained by transforming the originally reduced system states to an encoded subspace with higher
dimensions. This definition of an encoded subspace allows a symmetric consideration of the bath’s influences
on the different states. To be more precise, as a result of the higher dimensions it is possible to encode the qubit
in different subclasses where the bath’s influences keep the state in there classes and thus this encoded space is a
decoherence-free subspace. Brooke et al [21] introduced such kinds of decoherence-free subspaces by encoding
anumber of qubits.

To obtain an intuitive understanding of decoherence-free subspaces of an odd number of qubits we consider the
case of one qubit encoded with the symmetry properties of the spin-half of three qubits. The total spin of three
qubits is either S = (%) orS= (%) with the spin projection mg = (%, _73, %, _71) The spin states in the basis | S, mg)
are defined as {|3,32),13,31),13, 3,13, 55,13, 30,13, 30,13, 2),13, $)1. The subsystem for the logical [1); and
|0), is obtained by writing the spin basis states I%, _71) , I%, %) in the Clebsch-Gordan basis.

Total spin S = 0 with spin projection m; =0
* 133) —10,0)®|3) = -5(1101) — [011))
* 133 —10,0)®13) = 55(1100) —|010))
Total spin S = % with spin projection m; = i%
H— /3L neld, 2 = Lo - 1o0n - jo11y)
-1 1 2 _ 1
) — L1010) +1100) - /21001) = L (~21001) +1010) + [100)

The qubit is therefore encoded as

ley = L (1010) - [100))
[1)p = ‘/12
|f) =75 (1011) - [101))

|by = L. (=21001) +]010) +100))
10),, = ve
ley = 76(2|110> —[101)—1011))
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The results are depicted in the following picture, where the states are labeled according to |S, m;) and the two
isolated subspaces are circled according to the logical basis.

lhy=13,3)
18)=13,3)
ldy=13,—-3)
by =13,-%) by =13,-%) — 2 2
—13 3
lay=13,-3)

Figure 3.1: Representation of the decoherence-free subspaces for one encoded qubit by three qubits [21].

That the encoded logical |0); and |1); define a decoherence-free subspace by their symmetry properties can be
proved by applying the interaction Hamiltonian to the encoded states. Thus we consider the effect of the thermal
bath to these encoded subspaces by superpositions of these states |1); = a|c) + f1f) and |0); = a |b) + fe) with
the normalization |a/|? + |B|? = 1. This gives for the logical |1);

3 X . 1
Hyllyp = Hi(ale)+ BN =Y [d} 0 by +djcVb))] E(oz(|010> —1100)) + B(1011) — [101)))
ij

= %(df(ﬁbk(—a 1100) — B1101)) + d; 0, by (@010) + B|011)) + d5 074 byc(B1011) — [101))
+d10_b! (@[010) + B|011)) + d20_b].(-a[100) — B]100)) + d3o_b} (a|010) — B]100)))

= é(a((dl +dy +ds)]010) — (dy + do + d3) [100)) + B((dy + dy +d3")1011) — (d + do +d3¥)|101))
=

and the calculation for the logical |0) is similar

Hr0)r =10),

Thus the interaction Hamiltonian has no influence when the qubits are coupled equally to the thermal bath
|d1| = |d2| = |d3|. The interaction Hamiltonian does not lead to transitions between states which have different
symmetry. This means the bath operators by, f); do not cause quantum information to decay from |1); to |0); or
vice versa. Thus these defined encoded subspaces are really decoherence-free subsystems.

But this definition of the decoherence-free subspaces has the disadvantage that the transformation to the en-
coded subspace with higher dimensions is necessary and thus this mathematical formalism cannot be used for
real physical systems.
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Chapter 4

Entanglement dynamics for two qubits

interacting with an environment

4.1 Theory of the entanglement dynamics for two qubits

The consideration of two qubits is the simplest model for entanglement; there is a fundamental description
of the full entanglement of these quantum systems. We consider a bipartite quantum system embedded in a
thermal bath, the interaction between the qubit system and the entanglement dynamics leads to an exchange in
energy and entropy and thus to entanglement effects. Such effects are related to the coupling constants d; and
d, which define the coupling between system and environment. The dynamics of this open quantum system is
described by the master equation which leads to the long-time behavior, the stationary solution of this reduced
qubit system. The stationary solution for two qubits depends on the pseudo-spin representation

S:=601+1®6,

where 6 represents the spin state by the corresponding Pauli matrices (2.1.0.1). In the z-component the pseudo-
spin S decomposes into a three-dimensional triplet and a one-dimensional singlet representation of SU(2).
These two representations of the pseudo-spin S define two different stationary solutions and thus two differ-
ent entanglement behaviors which can easily be shown.

For equal coupling-constants d; = d», the dimensionality of the spin representation of two qubits in a singlet
state |s) = \/LE (110 —101)) is conserved even by the dissipative dynamics of the master equation [H, $21=0. Such
states do not radiate into the environment and are also known as dark states. We have introduced the singlet
state |s) as a decoherence-free subspace in the previous section and shown that if cause a dependence of the
stationary dynamics on the initial states. The entanglement as a function of time remains constant for a singlet
state.

In general the thermal bath influences the evolution of an initially pure system state to a mixed state. To be
more precise, the initial occupation changes through this influence based on the energy and the rotating-wave
approximation. The rotating-wave approximation guarantees that no stationary coherence is possible between
states with different energies. Thus the non-degenerate coherences are decoupled from the rest of the density
matrix, particularly from the diagonal elements of the density matrix and decay. The initial populations of the
excited and the ground state are distributed into the degenerate diagonal elements due to the influence of the
bath. This process depends on the bath temperature. If the bath temperature is higher the qubit can receive
energy in form of photons which leads to a higher thermal occupation of the excited state. All degenerate single
excited states have the same energy which leads to an exchange of the thermal occupation between these states.
Thus every stationary solution of the master equation has the form

29
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a 0 0 0
o= b 2 0] 4.1.0.1)
0 z¢¥ ¢ 0
0 0 0 d

In review, the concurrence is given by the eigenvalues A; of p(o, ® 5,)p* (0 ® ) with C(p) = max{0,/A; -
Y i>1 VAi} = max{0, C(p)}. The concurrence modified C(p) of every general stationary solution is given by

C(p) =2(lz| - Vad).

Every time dependent solution of the master equation where the concurrence is C(p) < 0 for | z| < v'ad ends up in
a disentangled state. In summary, any state which is not an entangled state, shows a decay of the entanglement.

For example, we consider a mixed state which is defined by a superposition of a singlet state |s) and a triplet state
|£). The initial density matrix in the basis {|11),]10),|01),|00)} is then

p=pstpr=

o O O©O ©
S O N O
o N O O
oS O O ©

The coupling leads to a separated distribution of this initial occupation, namely for the singlet part it remains
constant. On the contrary to the triplet part where the occupation is distributed into the form of the stationary
solution. Thus a superposition of a singlet and a triplet state generates entanglement which remains constant

for the singlet part.

4.1.1 Entanglementsudden death

Quantum entanglement can be described in the context of nonlocal correlations which are stronger than all
other types of correlations. Such correlations always decay as a result of noisy backgrounds which cannot be
avoided. For example, if we consider the process of spontaneous emission of an atom into the vacuum, the
noisy degrading effects through its quantum fluctuations cannot be prevented and lead to spontaneous emis-
sion of the atom. It loses its excitation and comes to its ground state after the time 7. For two qubits this effect
leads to a degraded correlation and thus to a completely disentangled state.

Many experiments of two-atom spontaneous emission with an environment show that quantum entanglement
does not always obey the half-life law. Even a very weakly dissipative environment can degrade the correlations
between the atoms and thus the entanglement decreases to zero in finite time, rather than by successive halves.
This effect is known as entanglement sudden death (ESD) [22], also called early-stage disentanglement. In our
case, the ESD is provided by the weakly dissipative processes of spontaneous emissions through the coupling
of the thermal bath which has extremely short internal correlation times. Thus the time evolution of the entan-
glement depends on the dissipative dynamics, if the perturbation of the reduced system caused by the thermal
environment is stronger, the entanglement decays faster. This means, the dissipative effects lead to a mixed state
described by the stationary solution and as result of this the concurrence of this states shows ESD.

The effect of ESD can be prevented by isolating the information of the qubits from interacting with the environ-
ment. This is possible by introducing decoherence-free subspaces or by different symmetry properties as we
have shown in section 2.3.
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4.2 Numerical results of the occupation

We first consider the time-dependent occupation of a mixture of the states with zero excitation py = 0.5 and
with two excitations p, = 0.5, where the index of the occupation describes the excitation of the corresponding
state. We assume a temperature so that the expected value of the Planck distribution of the thermal bath is given
by N = 1. As we expected this initial occupation is balanced out in the diagonal elements. The occupation of
the excited state decreases as a result of the dissipative effects through the coupling to the thermal bath. As
a consequence of this the thermal occupation of the ground state increases. This effect depends on the bath
temperature. If the bath temperature is higher the qubits can receive more energy as photons from the thermal
bath and thus the thermal occupation of the excited state will be higher. The detailed temperature dependence

of the thermal occupation is discussed for one qubit embedded in a thermal bath in the appendix.
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Figure 4.1: Time-evolution of the occupation with the initial occupation of the state with two excitations py = 0.5
(violet) and the state with no excitation py = 0.5 (green) and the diagonal elements with one excitation p; (blue).

By comparing the distribution of occupation of the initial occupation of this state and the triplet state Figure 4.2,

we see that they reach the same occupation within time.
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Figure 4.2: Time-evolution of the occupation for two different initial states, the triplet-state (violet) and for an
initial occupation of a the state with no excitations py = 0.5 and the state with two excitations p, = 0.5 (green)
for (a) the state with two excitations, (b) the diagonal elements with one excitation and (c) the state with no
excitation.

Thus the numerical result coincides with our theory and shows that this occupation corresponds to the general
stationary solution of two qubits. This means, if the steady state between the qubit system and the thermal
bath is reached, the distribution of occupation remains constant. The numerical result of the time-dependent
occupation shows that the interaction of the qubits and the environment does not only lead to a loss of the
energy of the qubit system, it can also receive energy from the thermal bath which is shown by the degenerate
non-diagonal elements which increase.
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4.3 Numerical results of the concurrences

We first consider the singlet state |s) = \/LE (110 +101)) as an initial state and different couplings d;,d» of the
qubits to the bath.
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Figure 4.3: The time-dependent concurrences, when the singlet |s) is used as the initial state and different cou-
plings for (a) constant d; = 1 and d ranging from d, = 1.5 (violet) to d» = 4 (green) in steps of 0.5 and (b) constant
d; =1 and d, ranging from d, =1 (violet) to dy = 0 (green) in steps of 0.2.

For equal couplings d; = d, the singlet-state is a decoherence-free subspace. The numerical results show that
the thermal bath has no influence and the entanglement of this state remains. For different couplings d; # d> the
concurrence as a function of time decays, the initial singlet state becomes a mixed state through the influence
of the dissipative effects given by the thermal bath. This dissipative effects increase when the coupling between
one qubit to the thermal bath is stronger and thus the ESD effect of concurrences is stronger.

The entangled GHZ-state |GHZ) = \/% (IOO) +el® |11)) is difficult to generate experimentally [23], because it con-
sists of a superposition of the state with no excitation |00) and the state with two excitations |11). The local phase
factor e'? of this state decays exponentially as a result of the rotating wave approximation. As a consequence of
this the concurrence decays exponentially, because the thermal occupation of the ground and the excited state

are balanced on the diagonal elements and have no effect of the behavior of the entanglement dynamics.
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Figure 4.4: The time-dependent concurrences of the initial GHZ-state for (a) different phase factors and (b) a
constant coupling d; = 1 and d» varying form d, = 0.5 (violet) to dy = 1.5 (green) in steps of 0.1.

The numerical results of Figure 4.2(b) show that the concurrences of the initial GHZ-state decay exponentially
with the following dependence of the couplings e’ ? where I' = |d; |? +|d|2. Thus for different coupling constants
dy # dy the time evolution of the concurrences decay with different exponents.

The Werner-state |W) = \%2 (IlO) +el® IOI)) is another entangled state. The time-dependent concurrences of
this state depend on the thermal occupation of the non-diagonal elements of p given by the local phase factor
|z| = %ei“’, C(p) = 2|z| = 1. Thus the initial state is determined by the angle ¢ which describes the amount of
singlet admixture of the initial state. The time-dependent dynamics of the master equation splits into two parts,
for singlet |s) and for triplet states | ).
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Figure 4.5: The time evolution of the initial Werner-state for (a) different local phase factors ¢ ranging from ¢ =0
(violet) to ¢ = 27 (blue) in steps of 0.2 and (b) couplings for a constant d; = 1 and d, ranging from d, = 0.8 (violet)
to d, = 2 (green) in steps of 0.16.

For the situation with equal coupling constants d; = d, = 1, we find dark states which are singlet states and thus
are conserved by the dissipative dynamics. All other states are triplet states with a stationary solution (5.1.0.1)
where |z| > Vad and thus the concurrence shows entanglement sudden death. A slight perturbation of the
couplings d; # d, Figure 4.4(b) destroys the presence of the dark states and the concurrence decays.

In addition to entangled states which show dark states or entanglement sudden death another possibility is to
consider a mixed state of a singlet |s) and a triplet | #), a decoherence-free subspace and a non-decoherence-free
subspace. The theory of the thermal occupation of this state was already described in the theory section. The
numerical result of this initial superposition shows what we expected; it generates entanglement.
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Figure 4.6: Time evolution of the concurrences of the initial superposition of the singlet state |s) and the triplet
state | ) for a constant coupling d; = 1 and d» varying from d, = 1 (violet) to d, = 0.2 (green) in steps of 0.1.

Different coupling constants d, # d; destroy the presence of the decoherence-free subspace. The numerical
results show that the deviations of the coupling constants d, do not have the same influence for d» = 0 and
dy = 2 and thus we see two lines (the blue line for a weaker coupling and the green line for a stronger coupling)
for the decay of the concurrences. Slight perturbations in the couplings have less influence and the concurrence
decays linearly in contrast to strong perturbations which show that the concurrences decay faster.

4.4 Lamb-Shift contribution of the master equation

The general master equation of two qubits with the basis {|11),[1!),1]11),]l])} lives in a product Hilbert space
C? ® C? and the density matrix is given in this basis by

DA 1AL mndan ol
pg = D AT 1O 1mhdarn 1mh<d . 4.4.0.1)
N DA 1D an 1indll

LA DA DA [
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The Lamb-Shift contribution of the master equation is calculated by the standard derivation introduced in sec-
tion 2.3 with the creation operator o, and the annihilation operator o_ which are matrix representations of
tensor products with the 2 x 2 identity matrix

Zd;‘af)dja(f) =didi(cro_0)+d{dy(0,®0)+dyd1(0-®0,)+dyd2(1®010-)
i,j

r o 0 0
[0 I'n ri2 O
o oy, T2 o0

0 0 0 0

Zdja(_j)d;kagf) =didi(0-0,0)+d1d; (0-®04)+drd] (0 ®0_)+drd; (1®0_04)
i,j

0 O 0 0
_ 0 T2 72 O
0 YTZ F1 0
0 0 0 r

where we introduced the following definitions for the coupling constants I' = |d; 12 +|d,|% and Y12 = df d>. The
full expression for the Lamb-Shift Hamiltonian is

r 0 0 0 0 0 0 0
HLS:ngfoodw [M 0 I 72 0 +3¥’2foodw[N(wk) 0 T2 Y2 0O (4.4.0.2)
0 w-wr [|0 yj, T2 0 0 w+orllo ¥y, T1 o) o
~-3.2 0 0 0 0 ~1 0 0 0 T

with the calculated values of the principal-value integrals from section 3.2.4.

4.5 Numerical results of the pseudo-Spin representation of the Lamb-shift

The Lamb-shift contribution (4.4.0.2) of the master equation can be interpreted as a magnetic field in the pseudo-
spin representation

* *
YIZ 01 ’}/120’3 _03Y12

BxS=|y},|x|o2|=| Toy-oiT |,
r 03 Y1202 — 02Y12

where 0,3 are the coefficients of the Pauli matrices in the pseudo-spin picture. This pseudo-spin representa-
tion provides a geometric explanation on a special kind of the Bloch sphere for two qubits. The Bloch sphere
representation is limited to a two-level system, in general it describes the dynamics of one qubit. If we consider
a four dimensional qubit system where the dynamics can be represented in a two-dimensional Hilbert space
under the assumption that all other qubit states can be ignored, we can use the Bloch sphere representation to
represent this reduced dynamics. Such kind of Bloch spheres give a basic understanding of the unitary part of
the master equation by the representation of the pseudo-spin S.

The relation between the unitary dynamics and the pseudo-spin representation is illustrated by the following
initial state

ly) = cos(¢) [10) +sin(¢) |01). (4.5.0.3)
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This state is a mixture of a singlet or a triplet determined by the angle ¢. The numerical results of the concurrence
of the full master equation show what we expected. The concurrence as a function of time is constant for singlet
states, decays for triplet states and generates entanglement for superpositions of singlet and triplet states. When
comparing the whole master equation to the unitary part it is obvious that the dissipative part dominates the

dynamics.
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Figure 4.7: The time-dependent concurrences of the initial state |y) = cos(¢)|10) + sin(¢) |01) for (a) different
angles ¢ varying from ¢ = 0 (violet) to ¢ = 27 (green) in steps of 0.3. Concurrences as a function of time of only
the Lamb-Shift contribution and different couplings for (b) a constant d; and a varying d, from d, = 1 (violet) to
dy = 3 (green) in steps of 1 and (c) a constant d; and a varying d, from d, = 0.8 (violet) to d, = 1 (green) in steps
of 1.

The pseudo magnetic field defined by the Lamb-shift depends on the different coupling-constants and on the
pre-factors of the principal-value integrals. For equal coupling constants d; = d, the pseudo magnetic field lies
in the y-direction and leads to a rotation of the pseudo-spin S y = sin(2.2wt) which depends on the frequency of
the magnetic-field hence on the following coupling constants = 2T = 2(|d;| +|d,|?). For different coupling
constants d; # d the pseudo-magnetic field in the y-direction remains, but the difference in the coupling leads
to an additional pseudo magnetic-field in the x-direction. As a consequence of this additional pseudo magnetic
field the rotation of the pseudo-spin is defined by an overlap of both fields S = §y + Sy, where S, = sin(1.2Q1)
depends on the frequency Q of the magnetic-field in x-direction and thus on the coupling-constants Q =y, =
¥12. The dynamics of the pseudo spin S can easily be shown on the Bloch sphere representation by the two qubit
states [10) and |01).

[10> [10>
X AX
B
Y z z
_B‘zsvy
B
> Y >
BY
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Figure 4.8: Reduced Bloch sphere representation of two qubits for the states |01) and |10 of the pseudo spin S
with the influence of the pseudo-magnetic field defined by the Lamb-shift. For the left Figure a constant d; and
avarying d from d, = 1 (violet) to d, = 3 (green) in steps of 1 and in the right a constant d; and a varying d, from
dy = 0.8 (violet) to d» = 1 (green) in steps of 1.

The concurrence of the pseudo-spin S is defined by its rotation C(g) = |Sy| + I§y|. This dependency of the con-
currences and the rotation of the pseudo-spin S can easily be shown by the example of the initial state @5.0.3).
We assume that the angle ¢ is zero which means that the initial state is given by |10). The concurrence of this
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state is zero and the pseudo-spin S points along the x-axis. In the following, we consider the case with equal cou-
plings d; = d,. The concurrence is then defined by the rotation of the pseudo-spin around the y-axis C(p) = |S vl
to be more precise in the y-z plane. Because of the pseudo-magnetic field the pseudo-spin S passes through the
superposition |y) = \/LZ (110) +101)) where the concurrence reach the maximum possible value one and to the
state |01) with zero concurrence and finally returns to the initial state |10) while once again traversing through
superposition. It is obvious that for different couplings d; # d» the pseudo-spin dynamics changes as result of
the additional pseudo-magnetic field in x-direction. For all coupling constants d» > 1 the pseudo-magnetic field
in x-direction increases dramatically which means that the pseudo-spin rotation path is limited to the upper
hemisphere and thus does not reach the superposition. As seen in Figure 4.7(b) the amplitude of the concur-
rence decreases due to the higher coupling constant. When the coupling constant d, < 1 the pseudo-spin path
tilts slightly towards the y-axis and thus it is unable to reach the |01) state. In the numerical results, Figure 4.7(c),
we can see that the concurrence is only once zero for a full rotation and thus the concurrence reaches a local
minima half way through the rotation.

Another intuitive description of the dynamics of the Lamb-shift provides the following separable product state
lw) = |y lw;) = cos(g)? |00) + cos(¢) sin(¢p) [01) + sin(¢p) cos(¢) |10) +sin(¢p)? |11) which is a product of two equal
states |i;) = cos(¢) |0) +sin(¢p) |1). To obtain a fundamental description of this initial state defined by the angle
@, the degenerate diagonal elements with one excitation can be rewritten in terms of the triplet state | )

|ty = cos(¢) sin(g) (|]10) +]01)),

Thus the angle ¢ define a triplet state for cos(¢) sin(¢) # 0 which is the case for ¢ # {%* — 7} with n € Z. The nu-

merical result shows that these states generate entanglement. This generated entanglement given by the triplet
state decays after a certain time as a consequence of the dissipative effects which lead to a mixed state and thus
to a concurrence decay. Thus we see that a separable state which consists of a triplet part create transiently en-
tanglement. For all other states the concurrence as a function of time shows no entanglement and is constantly

Z€ero.
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Figure 4.9: (a) The time-dependent concurrences of the initial separable state |y) = |y;) ® |y;) and different
angles ¢ varying from ¢ = 1.5 (violet) to ¢ = 27 (green) in steps of 0.1. (b) The concurrences of only the Lamb-
shift contribution of the master equation and different angles ¢ varying form ¢ = 0 (violet) to ¢ = 27 (green) in
steps of 0.2.

The concurrence due to the Lamb-shift shows again the typical oscillations which depend on different angles
. But these oscillations cannot be represented on the Bloch sphere since it is impossible to reduce the four-
dimensional Hilbert space to a two-dimensional Hilbert space because we cannot ignore any qubit states.

In addition to a separable state which is a product of two equal states we consider the separable state |y) =
[wi)®|yj) = cos(¢) sin(¢) |00) +cos()?]01) +sin(¢)? |10) +sin(p) cos(¢p) |11) which is a product of the state |1;) =
cos(¢) [0)+sin(¢g) 1) and |y ;) = sin(¢) |0)+cos(¢) |1). For this state the non diagonal elements with one excitation
depend on different pre-factors
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101) = cos()? (1) +1s)),
110 = sin(¢p)? (1) — |s)).

The numerical result of the time-dependent concurrence shows what we expected: any angle ¢ defines a su-
perposition of the singlet and triplet state and thus any initial state generates entanglement. If the angle ¢ has

5 3’7”, 27, the initial state is defined by only one superposition of a singlet and a

one of the following values ¢ =0
triplet state. This has the consequence that in this case the occupation of the singlet part remains constant. Thus
the constant concurrence in the numerical result represents only the concurrence of the singlet part because the
triplet part decays. If we compare this result with the previous one, we notice that a superposition of a singlet
and a triplet generates more entanglement as a single triplet state.
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Figure 4.10: Concurrences of the initial separable state |y) = |y;) ® |y ;) and different angles ¢ (a) ranging from
@ =0 (violet) to ¢ = 7 (green) in steps of 0.12 and (b) is only the concurrences of the Lamb-shift contribution of
the master equation with the same angles ¢ as in (a).

The numerical result of the time-dependent concurrences show again oscillations which cannot be described
in the pseudo-spin representation as in the previous example. But we can see that there is only one angle ¢
which defines an initial state where the concurrence reaches the maximal value one once and for another angle
@ twice.
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Chapter 5

Entanglement dynamics for three qubits

interacting with an environment

5.1 Theory of the entanglement dynamics for three qubits

In the previous chapter we have seen that the entanglement dynamics for a bipartite qubit system embedded in
a thermal environment is fully understood. In the following we extend this bipartite system to a tripartite system
and study the entanglement effect induced by the dissipative dynamics. This gives us the distinction between
the entanglement behavior of a bipartite and a tripartite qubit system which we are interested in.

Any entanglement dynamics are based on the behavior of the system dynamics. Thus we begin with a discussion
of the dynamics of the tripartite system described by the Markovian master equation. As a consequence of the
non-existing decoherence-free subspace any initial pure system state of a tripartite system are always mapped
into separable mixtures. This means, on the one hand that it is impossible to prevent the entanglement from de-
caying and on the other hand that the master equation has only one stationary solution. Any initial occupation
is distributed under the same conditions as in the bipartite case. The rotating-wave approximation guarantees
again that the non degenerate concurrences are decoupled from the rest of the density matrix. This means that
all non-degenerate coherences decay and become zero with time. The occupation of states with maximal exci-
tation of three and no excitations is distributed in the diagonal elements as a result of the thermal environment.
This occupation of the diagonal elements shows the average excitation of the qubit system depending on the
temperature. The thermal occupation of the degenerated states with one or two excitation is equal for ¢ — co.
With this conditions every stationary solution of the master equation for three qubits has the following form

a 0 0 0O 0 O 0
0 b 21 0 ) 0 0
0 zf ¢ 0 zz3 O 0
0 0 0 d 0 Z4 X5 0
p= L (5.1.0.1)
0 2, 2z 0 e 0 O O
0 0 0 2z 0 f 2z O
0 0 0 z 0 z g O
0 0 0 0O 0 0 0 h

in the basis {|111),]110),|101),|100),|011),]010),|001),|000)}.

In contrast to the bipartite system a tripartite system provides a physical system where the entanglement dy-
namics is not fully understood yet. The main problem of such a system is that the influence of the thermal
bath leads to mixed states for which no description of the degree of entanglement exists [4]. But we can use the

39
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concurrence which gives a full description of the entanglement between each pair of qubits and consider the
bipartite entanglement of the tripartite system. This leads to a differentiation of the entanglement dynamics,
namely in pure tripartite entanglement and bipartite entanglement. The long-time behavior of the entangle-
ment dynamics between each pair of qubit is then given by tracing out the degree of freedom of the third qubit
of the stationary solution of the master equation and calculating the concurrences between the remaining two
qubits. Thus the three different concurrences Cgc, Cac and Cyp, where the indices denote the different qubits,
are given by

Concurrence Cpc between qubits B and C

a+e 0 0 0
0 h+f Z1+ Zg 0
Tr = =
APABC = PBC 0 Zik +zg ctg 0
0 0 0 d+h

C(p)=2(z1+z6| -V (a+e)d+h)

Concurrence C ¢ between qubits A and C

a+c 0 0 0
0 b+d 22+ 25 0
Trppapc=pac= .
0 2y +z; e+g 0
0 0 0 f+h

Clp)=2(lz2— z5| —\/(a+ ) (f + )

Concurrence C 45 between the qubits A and B

a+b 0 0 0
0 c+d z3+z4 0
Trcpasc=pas= .
0 z3+z, e+f 0
0 0 0 g+h

C(p) =2(lz3 + z4| — \/ (a+ b) (g + b))

and C(p) = max{0, C(p)}. The reduced density matrices p 4, pp and p¢ of the stationary solution have the same
form like the stationary solution for two qubits and thus we can easily calculate the corresponding concurrences.
In contrast to the behavior of two qubits, the consideration of three qubits shows another dynamics and thus

other bipartite entanglement effects as a result of the coupling to the thermal bath.

5.1.1 Lamb-shift contribution of the master equation

The dynamics of three qubits embedded in a thermal bath described by the master equation is not trivial which
can be shown by considering the coherent physics alone. The Lamb-Shift contribution of the master equation
has in general the following form
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The full calculation of this Lamb-Shift operator Hyg for three qubits is shown in the appendix 7.2.3. A funda-
mental description of this Lamb-Shift dynamics is given by the pseudo-spin representation as we showed for the
bipartite case. For the derivation of such a representation of the tripartite system we consider the degenerate
matrices of the Lamb-Shift contribution with one or two excitations

Ii+T2 yo3 Y13 It yi2 713
1 * 2 *
Hig=| vy TIi+l3 712 Hig=|v, T2 vy
Y13 Y12 I +13 Y13 Yoz I3

where the index defines the excitation. These matrices of SU(3) can be rewritten in the basis of the Gell-Mann
matrices[ﬂand the (3 x 3) identity matrix, equally the corresponding (3 x 3) density matrix p. Thus we obtain the
following representation of the Lamb-shift operator

d .
ZESiAiZ—i[HLs,p]=—lZHjSk[/1j,/1k], (5.1.1.1)
i ik

wherethe ) ; % SiA; is the spin-representation of SU(3) and H; defines the component of the generalized pseudo-
magnetic field. Thus the dependence between the pseudo-spin S=Y; %S ;A; and the unitary part of the master

equation interpreted as a pseudo-magnetic field can be achieved by the commutation relation of the Gell-Mann

matrices

A Aj1=iY fikAy,
3

given by the structure constants /¥ which are completely antisymmetric
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For a complete description of the pseudo-spin dynamics the pseudo-spin vector S must include the full infor-
mation of all possible spin interactions. Thus we define the spin interactions between each pair of qubits in the

following way
12 23 13
Syyz Siye and 87 .,

where the numbers of the indices define the involved qubits. These spin interaction can be expressed in the

context of the Gell-Mann matrices by

1Gell-Mann matrices

0o 1 0 0 -i O
A]:[l 0), ng(i 0
0 0 0 0

0

1

0

0
0
00 0
17:(0 0 —i), 182\/%(
0 i 0
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Then we rewrite the calculated commutation relations (5.1.1.1) in this nine-dimensional basis and obtain the
desired pseudo-spin representation

Si?) _% ((B13 x SIZ)Z + (BIZ x 813)2)
S§/3 (§23 x §23) _% ((Bx x Sx)23 + (By x Sy)ZS)
523 0

sy LBy x 0+ (By x §)%)

D < 1

dr Si (B xS%) 2 ((BrxS)P+(By x $))F)
sk 0
5)152 _% ((313 x 823)2 + (B23 x 813)2)
S}/Z (BIZ x 812) _% ((Bx x Sx)IZ + (By x Sy)lZ)
si2 0

This pseudo-spin representation shows another result as expected, we see that it gives an additional term which
cannot be written as a cross product of the pseudo-spin S and the pseudo-magnetic field B. Thus this dynamics
of the pseudo-spin shows that the spin interaction between each qubit pair has not the same effect which lead
to the assumption that the dynamics for three qubits embedded in a thermal bath is much more complicated as
in the bipartite case.

In the following, we discuss the time-dependent numerical results of the occupation and the concurrence on
this theoretical background.

5.2 Numerical results of the occupation

We first consider the time-dependent occupation of a mixture of the states with zero excitation py = 0.5 and
with three excitations p3 = 0.5, where the index of the occupation describes the number of excitation. The
numerical result shows what we expected, this initial occupation is distributed in the diagonal elements through
the dissipative effects.

Occupation
|
|
{

Time t

Figure 5.1: Time-evolution of the occupation with the initial occupation of the state with three excitation p, =
0.5 (violet) and the state with no excitation pg = 0.5 (green) and the degenerates diagonal elements with one

excitation (blue) and two excitation (blue)

Thus the occupation of the state with three excitations decays fastest because the probability that one excited
photon is emitted to a state with lower energy is greatest. These effects lead to an increase of the occupation of
the other diagonal elements, especially for the state with no excitation. As a consequence of photon emissions
from the excited states, the occupation of the degenerate state with one excitation is greater than the occupation
for two excitations. Thus the stationary solution shows the average distribution of the occupation within time
leads to a fundamental consideration of the excitations of the qubit system.

In the following, we consider the time-dependent distribution of the initial occupation of the state [100). The
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numerical result of this initial occupation shows two effects, a part of this occupation is distributed into the
diagonal elements with the same energy, namely |[010) and |[001) and the other part goes to the state with no
excitation as a result of the photon emissions processes given by the coupling to the thermal bath. Thus the sta-
tionary solution of the occupation shows that for equal couplings d; = d» = d3 the thermal occupation between
the state which the the same energy is equal.
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0.8 X b
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Time t

Figure 5.2: Time-evolution of the occupation with the initial occupation of an excitation of the first qubit given
by the diagonal element |[100) (100| (violet), [010) (010] and |001) (001|(green).

5.3 Numerical results of the concurrences

We first consider the GHZ-state |GHZ) = \/LZ 1000y +|111)) as an initial state and different couplings d,, d» and
ds of the qubits to the bath. The GHZ-state is a genuine tripartite entangled state. The numerical result of the
time-dependent concurrences shows that the bipartite entanglement of each pair of qubits remains constantly
zero Cyp = Cpc = Cac = 0. This means the coupling to the thermal bath does not change the genuine tripartite
entanglement to bipartite entanglement within time. Rather surprising is the fact that different couplings d; #
dy # ds have also no influence on the bipartite entanglement.

1 T T T T
0.8
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Figure 5.3: Time evolution of the concurrences of the initial GHZ-state and different couplings.

Another well-known pure maximally entangled state is the Werner-state |W) = \/Lg (1100) +1010) +|001)) which
consists of degenerate states with one excitation. This state is symmetric under permutations of the qubits and
the bipartite concurrence of this initial state for each pair of qubits is the same Cgc = C4c = Cap = % In contrast
to the GHZ-state this state has not only tripartite entanglement but also bipartite entanglement. The numerical
result, Figure 5.4, of the time dependent concurrence show that this initial bipartite entanglement between the
qubit decays. This decay is a result of the dissipative dynamics which maps the initial pure system state into
a separable mixture. Therefore the reduced density matrices ppc, pac and psp have a stationary solution for
which the concurrences decay. For equal couplings d; = d» = d3 the interaction between each qubit and the
environment is the same hence the bipartite concurrences decay equally. If one coupling constant, in our case
dy > 1, defines a stronger coupling of qubit A to the thermal bath the concurrences between this qubit and the
other two qubits B, C changes the same. The numerical result, in Figure 5.4 (b), of these two concurrences Cxp

and Cxc decay faster and show earlier ESD. In this case the decay is caused by the same effect as in the bipartite
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qubit system. But for the time-dependent concurrence Cpc and d; > 1 we see a decay which is caused by the
Lamb-shift. This shows that this bipartite entanglement is also affected by this varying coupling even though

there is no direct connection.
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Figure 5.4: Time evolution of the concurrences of the initial GHZ-state and different couplings, d, = d3 = 1 are
constant and d, are varying from d; =1 (violet) to dy =5 (green) in steps of 0.2 for (a) Cp¢ and (b) C4p and Cxc.

This can be shown by considering the entanglement dynamics of the Lamb-Shift contribution alone. The numer-
ical results of the time-dependent concurrences, Figure 5.5, show a different behavior as in the bipartite case. For
equal couplings constants d; = d» = ds = 1 the Lamb-shift operator has no influence on the differential equation
of the unitary part of the master equation % pw = —i[Hs, pw] = 0 and thus we see that the concurrence remains
constant at the initial value % For differing coupling constant, d; > 1, the concurrence of the Lamb-shift starts
to oscillate. As we expected the concurrences C,p and Cpc show the same entanglement dynamics. But these
oscillations show different entanglement behavior when compared to the bipartite case which is attributable to
the much more complicated dynamics of this unitary contribution to the master equation which we have shown
in section 5.1.1. If we consider for example the time-dependent concurrence oscillations C ¢ and Cyp it is ob-
vious that for a slight perturbation d; = 2 of the coupling the amplitude is much higher than for considerable
perturbations d, > 2 but never reaches an entangled or an disentangled state. Additionally we see local minima
at % In contrast to the time-dependent concurrence oscillation Ccp which reaches a disentangled state with
d; = 2 and remains below % But for d, > 2 the amplitude of the oscillations decreases. These oscillations of the
concurrence of the Lamb-shift appear in the numerical result for Cpc, Figure 5.4 (a), and explain the different

decays.
a) b)

1 T T T T T T T T

0.8
0.6

0.4
0.2

Entanglement E(p)

0 02 04 06 08 1 0 02 04 06 08 1

Time t Time t

Figure 5.5: Time evolution of the concurrences of the Lamb-Shift of the initial Werner-state and different cou-
plings, d» = d3 = 1 are constant and d, varying from d; = 1 (violet) to d, = 3 (green) in steps of 1 for (a) Cpc and
(b) Cag and Cxc.

A similar effect can be considered when the coupling constant d; < 1 describes a weaker coupling between the
qubit A and B, C, see Figure 5.6. As in the case above the concurrences C4p and Cyc have the same entan-
glement dynamics due to the coupling. The numerical results show, Figure 5.6 (b), that the time-dependent
concurrences C4p and C4¢ decay more slowly. This entanglement behavior is similar to the bipartite case which
means that we can consider the same entanglement dynamics in the context of the different coupling constants.
The concurrence Cpc shows again obvious influence of the concurrence of the Lamb-shift.
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Figure 5.6: Time evolution of the concurrences due to the initial Werner-state and different couplings, d, = d3 =1
are constant and d; is varying from d; = 0.8(violet) to d; = 1 (green) in steps of 0.2 for (a) Cpc and (b) C4p and

Cac.

The time-dependent concurrences of the Lamb-shift show lower frequent oscillations as a result of the weaker
coupling d; < 1. For both numerical results, Figure 5.7(a) and (b), we see that the amplitude increases for a
smaller coupling constant d, . For the time-dependent concurrences C,p and Cxc, Figure 5.7 (b), the oscillation
is localized below the initial value % in contrast to the time-dependent concurrence Cpc which is localized above
the initial value. The numerical results of the Werner-state show that a bipartite entanglement of a tripartite
entanglement has two additional effects compared to the bipartite system. The concurrence due to the Lamb-
shift show another entanglement dynamics and influences obviously the dissipative entanglement dynamics for
only one differing coupling constant.
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Figure 5.7: Time evolution of the concurrences due to the Lamb-Shift of the initial Werner-state and different
couplings, d» = d3 = 1 are constant and d; varying is from d; = 0.8 (violet) to d» =1 (green) in steps of 1 (a) Cpc
and (b) C4p and Cyc.

The consideration of the singlet state between two qubits of the three qubits gives an intuitive description of the
bipartite entanglement of three qubits. The qubits are invariant under permutation and thus it does not play a
role between which qubit pair we use to define a singlet-state. For example, the initial state of the bipartite sys-
tem is given by [s) = \/LZ (1100) —010)) which defines a singlet-state between the qubit pair A, B. The numerical
result, Figure 5.8, of equal couplings d; = dy = d3 shows that the concurrence C4p of the singlet-state remains
constant. Thus the singlet-state is once again a decoherence-free subspace for the bipartite entanglement of a
tripartite system. A small perturbation of the coupling between one qubit of the singlet-state and the thermal
bath shows that the presence of the decoherence-free subspace is destroyed similarly to the bipartite system.
Additionally we can see that different perturbation show the same decay as in the bipartite system, see Figure
4.3(a) and (b). This means that the reduced density matrices ppc, pac and p 4p have two stationary solutions
as in the bipartite qubit system. Thus we can observe two different entanglement dynamics for the bipartite

entanglement, namely a constant concurrence and a decay of the concurrence.
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Figure 5.8: The time evolution of the concurrence C4p of the initial singlet state |s) between the qubits A, B and
different couplings, dy = ds = 1 and d, varying from d; = 0 (violet) to d, = 2 (green) in steps of 0.1.

In addition to entangled states, we can consider the time evolution of the bipartite entanglement dynamics of
separable states. The simplest separable state is a product state consisting of three equal qubit states |¢) =
[y ®ly;) ®|y;) where [w;) defines the superposition |¢;) = sin(¢) |1) + cos(¢) |0). The numerical results of the
time-dependent concurrences Cgc, Cac and Cyp show for the same coupling constants d; = dy = ds3 the same
entanglement dynamics, see Figure 5.9. This means that the states with same excitations show identical occu-
pations all the time. As a consequence the occupation in the reduced density matrix also act the same and thus
the entanglement dynamics between the qubits equally. We see that this dynamics causes transiently entan-
glement between the qubits but which decays afterwards. From the numerical results of the bipartite system, in
Figure 4.9(a), we can conclude due to the time-dependent dynamics of the tripartite system that the triplet states
between the qubit pairs arise generating this entanglement. The fact that these states are indeed triplet states
can be checked by the numerical implementation of the occupation of the reduced density matrices, ppc, pac
and p 4p. This result shows as well that we can generate bipartite entanglement in the tripartite case with triplet
states between the qubits. But this generated entanglement is smaller as in the bipartite case because in a tripar-
tite system every qubit has two bipartite entanglements. Although the definition of these triplet states between
the qubits is not intuitive as the tripartite dynamic of the system reflects a more complicated dynamic.
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Figure 5.9: The time-dependent concurrences between all pairs of qubits Cpc, C4p and Cy4c of the initial sepa-
rable state |v) = |y;) ® |y;) ® |y;) and different angles ¢ varying form ¢ = 0 (violet) to ¢ = 7 (green) in steps of
0.2.

Additionally to this entanglement dynamics, we can consider the contribution of the concurrence of the Lamb-
Shift alone. The numerical result, in Figure 5.10(a), shows surprisingly a similar entanglement behavior for cer-
tain angles ¢ and the different angles only influence the amplitude of the oscillation. But once again the complex
dynamics of the tripartite system is included for different angles, Figure 5.10(b). We can see two additional min-
ima that merge into one. In contrast to the bipartite system we see that these Lambs-shifts oscillations have a
smaller amplitude. Although in this case the concurrence of the Lamb-Shift appears not obvious.
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Entanglement E(p)

Figure 5.10: The time-dependent concurrences due to the Lamb-Shift between all pairs of qubits Cg¢, Cap and
Cac of the initial separable state |y) = |y;) ® |[y;) ® |w;) and different angles ¢ varying for (a) from ¢ = 0 (violet)
to ¢ = 0.2 (green) in steps of 0.015 and (b) form ¢ = 0.8 (violet) to ¢ =1 (green) in steps of 0.015.

Another possibility is to consider the bipartite entanglement dynamics of an initial separable state which is
a product state of only two equal qubit states |[y) = |y;) ® [y;) ® |y ;) with |y;) = sin(g)|1) + cos(¢)|0) and
[y ;) = cos(¢g) |0) +sin(¢) [1). The numerical result, Figure 5.11, shows that for the same initial states of the qubit
B and C the concurrence show transiently entanglement. This can be explained with the tripartite dynamic of
the system which evolves such that the reduced density matrix pp¢ includes the occupation of a triplet which
decays again and thus the concurrence decays as well.

For the time-dependent concurrence with different initial states of the qubits AC and AB, we can see that entan-
glement is generated and remains constant for several initial conditions, see Figure 5.11. This can be explained
with the tripartite dynamics of the full system between the qubit pairs which generates a superposition of a
singlet and a triplet state. The singlet part is preserved by the dissipative dynamics and thus the entanglement
dynamics as well. By comparing the results with the same initial superposition of the qubits in the bipartite sys-
tem, Figure 4.10, we can see that the entanglement dynamics show again influence by the Lamb-shift. This can

be analyzed more precisely when looking at the concurrence of the Lamb-shift.
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Figure 5.11: The time-dependent concurrences of the initial separable state |[y) = [w;) ® [y ;) ® |y ;) and different
angles ¢ varying form ¢ = 0 (violet) to ¢ = 7 (green) in steps of 0.2 for (a) Cpc and (b) C4p and Cxc.

The concurrence due to the Lamb-shift shows distinctly that it is being influenced by the tripartite dynamics
especially if we consider the concurrence of the Lamb-shift Cgc which has a completely different entanglement
behavior as the Lamb-shift above, despite of same initial states and angles ¢. Thus we conclude that in this case
the concurrence of the dissipative part overweighs because we see in Figure 5.11 (a) a similar result as in Figure
5.9. If we consider the concurrences of the Lamb-shift C4p and C4¢ we can see strong concurrence oscillations
which depends on the initial state and thus on the angle ¢. Exactly these different oscillation can be seen in the
concurrence above, for an angle around 7 the Lamb-shift oscillates with the highest amplitude. But in this case
we can see the combination of the concurrence of the Lamb-shift and the dissipator very well as at the beginning
the Lamb-shift part dominates and later the dissipative part.
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Figure 5.12: The time-dependent concurrences of the initial separable state |y) = [y;) ® |y ;) ® |y;) and different
angles ¢ varying from ¢ = 0 (violet) to ¢ = 27) (green) in steps of 1.5 for (a) Cp¢ and (b) C4p and Cac.

From this point of view, the question comes up if it is possible to obtain a constant bipartite entanglement for
a product state of three different qubit states |y) = |y;) ® |y ;) ® [y} which define superpositions of singlet and
triplet states with different pre-factors given by the angle ¢. Therefore, we consider such a product state consist-
ing of the qubits state |y;) = cos(¢) |0) +sin(p) |1}, [y ;) = sin(¢) |0) +cos(¢) [1) and |y ) = \/% 10y +11)), see Figure
5.13. The numerical result shows what we expected, the concurrences Cgc, C4p and C4¢c generate entanglement
which remains constant for the singlet part. Here, we see again the influence of the entanglement dynamics due
to the Lamb-shift, particularly for the time dependent concurrence C4p. But the time-dependent concurrences
Cgc, Cac and Cyp of the bipartite entanglement dynamics do not show the same entanglement behavior. They
do not remain constant for the same angles ¢ which is a consequence of the non existing decoherence-free sub-
spaces for tripartite systems.
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Figure 5.13: The time dependent concurrences Cpc, Cac and C4p (from left to right) of the initial separable state
lw) = ly;) ® [y ) ® ly) and different angles ¢ for (a),(b) varying from ¢ = 2.15(violet) to ¢ = 2.6 (green) in steps
of 0.1 and (c) varying form ¢ = 2.85 (violet) to ¢ = 3.4 (green) in steps of 0.1.

In the context of decoherence-free subspaces we have introduced a decoherence-free subspace for one qubit
consisting of three qubits by the encoded states |y) = \/Lé (cos() [0y, +sin(¢) [1) ). The numerical result for equal
coupling constants d; = d» = ds = 1 shows asymptotic entanglement for differen angles ¢, see Figure 5.14. This
numerical result coincides with our theory of three different product states and also shows that it is impossible
for a tripartite system to obtain an equal bipartite entanglement for all three qubit pairs.
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Figure 5.14: The time evolution of the concurrences Cpc, Cac and Cap (from left to right) of the initial encoded
qubit state and different angles ¢ varying from ¢ = 0 (violet) to ¢ = 27 (green) in steps of 22.

In the last example we look at the time-dependent entanglement between the qubits B and C where at the be-
ginning qubit A has been excited. The numerical results, Figure 5.15, show that the constant concurrence Csp
between the qubits is preserved which allows us to conclude that a coherent transfer takes place between the
excitation of the first qubit and the other qubit states such that a singlet state is generated
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Figure 5.15: The time-dependent concurrence Cp of the initial state |y) = [100).

5.4 Theory of the entanglement dynamics of the three qubit chain

In the previous section we assumed that the coupling between each qubit and the thermal bath is defined by
the corresponding coupling-constant which leads to a symmetric coupling of the qubit system and the thermal
bath. A different approach would be to define the coupling-constants in such a way that the coupling between
the system and the thermal bath is not symmetric, but a chain.

In general, all possible coupling constants of a three qubit system can be represented by the following matrix

' yi2 73
Diss=|ya1 T2 723,
Ys1 Y32 I3

where the couplings are defined by I'; = dd;,y;j = d; d; and the indices of this couplings denote the corre-
sponding qubits. A qubit chain can be obtained by assuming that the coupling constants which describe a cou-
pling of the qubits A and C to the thermal bath is zero, y13 = y3; = 0. This can only be done under the allowance
that the coefficient matrix of the master equation remains positive semidefinite. The values of the coupling con-
stants must be chosen so that the eigenvalues of the coefficient matrix remains positive. The following coupling
representation is one possibility which fulfils this condition

1 05 0
Dis=]05 1 o05].
0 05 1
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But the decoherence-free subspace is destroyed by the different coupling constants. This means the stationary
solution of the master equation has only a unique solution for which the concurrence decay. Thus all numerical
results of the chain representation must show ESD. However, the arrangement of three qubit in a chain leads to

another occupation distribution which we will see in the following numerical result.

5.5 Numerical result of the thermal occupation

In the following, we consider the time-dependent distribution of the initial occupation of the state again with
an excitation on the first qubit p = [100) (100]. This allows us to compare the influence of the couplings of dif-
ferent qubit system representations. The numerical result of the time-dependent occupation shows a different
stationary solution as for equal couplings. This result reflects the symmetry of the chain representation, the two
qubits at the edge of the chain have the same coupling and hence an equal occupation within time. In contrast
to the qubit in the middle which has a higher thermal occupation given by another coupling to the thermal bath.
Thus this numerical result show that different couplings of the qubits to the bath influences the distribution of
the occupation.

Entanglement E(p)

Time t

Figure 5.16: Time-evolution of the thermal occupation with the initial thermal occupation of an excitation of the
first qubit given by the diagonal element |100) (100]| (violet), |010) (010| (blue) and |001) (001]| (green).

5.6 Numerical results of the concurrences

We first consider the entangled Werner-state |W) = \/% (1100) +|010) +1001)) in the chain representation, Figure
5.17. If we compare the numerical result of the symmetric coupling to the chain coupling, the concurrences Cgc
and Cy4p decay faster which is a result of the stronger coupling between these pairs of qubits and the thermal en-
vironment. The time-dependent concurrence of the two qubits on the edge of the chain decays slower, because
of its weaker coupling to the thermal bath. But both numerical results show ESD as we expected.
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Figure 5.17: The time-dependent concurrences of the initial Werner-state in the chain representation for (a) C4c
and (b) Cgc and Cyp.

The numerical result of the encoded qubit Figure 5.16 contains the same effect of the chain representation, the
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concurrence Cxc decays always weaker as the concurrences Cpc and Cxc. The decoherence-free space for one
qubit is destroyed by the different coupling constants and thus the concurrences decay.
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Figure 5.18: The time-dependent concurrences of the initial encoded qubit state in the chain representation and
different angles ¢ varying form ¢ = 0 (violet) to ¢ = 27 (green) in steps of 0.1 for (a) Cpc (b) C4c and (c) Cap.

Another consequence of the different couplings constants is that the concurrences of the Lamb-Shift contribu-
tion starts to oscillate. The numerical result of the time-dependent concurrence of the Lamb-Shift Figure 5.18
shows that the concurrences Cgc and Cap oscillate above and below the initial value. In contrast, the numeri-
cal result of the time-dependent concurrence C4¢c shows a small oscillation around the initial value. Also these

result show that the tripartite dynamics is much more complicated as in the bipartite system.
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Figure 5.19: The time-dependent concurrences of the Lamb-Shift of the initial encoded qubit state in the chain
representation and an angle ¢ = 0 for (a) Cp¢ (b) Cac and (c) Cyp.
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Chapter 6

Conclusion

In the second chapter the mathematical definitions of entanglement in the context of bipartite and multipartite
systems were discussed. We found that for mixed states the Schmidt decomposition is not a sufficient criterion
for separability and thus we have introduced two additional criteria, namely an operational separability, the
partial transpose criterion (PPT) and a non-operational separability criterion, the criteria of positive map. The
main part of this chapter was to present the theory of entanglement measure which started with the definition
of entanglement. As a consequence that the entanglement is a special type of correlation, the properties of en-
tanglement measures were studied in the context of different correlations. Then we defined the concurrence
which is a correct entanglement measure for the bipartite case. For a tripartite system we saw that there is no
formulation for the entanglement for mixed states.

In chapter 3 we introduced a fully quantum mechanical model: the Jaynes-Cummings model which describes
the atom-field interaction. In the following the theory of open quantum systems was treated. We began with the
unitary dynamics of a closed system and advanced this theory in the context of the semi-group formulation and
under the Markovian assumptions to the dynamics of an open quantum system. This derivation of the Marko-
vian master equation showed that the influence of the environment lead to an perturbation of first ordering. In
the next section we used this general description of the open quantum system and derived the master equa-
tion in the Lindblad form for our qubit systems under the assumption that the coupling between the system
and the bath is weak so that the Markovian assumptions were valid. After we noticed that the dynamics of an
open quantum system consists not only of a unitary part but also of a dissipative part, we dealt with how it is
possible to prevent the information given by the entanglement from decohering. In this context the theory of
decoherence-free subspaces was discussed. This theory required a distinction between qubit systems with odd
and even qubits. For an even number of qubits it is easy to find a component of an initial state which remains
constant under the dissipative dynamics. This effect is only possible for decoherence-free subspaces which are
fully conserved. We showed that the singlet state is such a decoherence-free subspace for a two qubit system
because the interaction Hamiltonian has no influence on this state. For an odd number of qubits we found that
it is not possible to define such a decoherence-free subspace. Thus we described another method to define a
decoherence-free subspace. This can be done by encoding the information in another dimension. We gave the
example of one qubit encoded by three qubits and showed that this subspace provides really the information of
decoherence.

In chapter 4 the dynamics of two qubits embedded in a thermal environment described by the master equa-
tion was considered. We started with a discussion of the long-time behavior the steady state between the qubit
system and the thermal bath. This demonstrated that the distribution of any initial occupation based on the
energy of the states and the rotating-wave approximation. Further the theory of the entanglement dynam-
ics was discussed and it was shown that the concurrence remains constant for the decoherence-free subspace
alone, all other states have a stationary solution for which the time-dependent function of the concurrences de-
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cays. In the following we described a typical effect which comes up in the context of dissipative dynamics; the
entanglement-sudden death. Afterwards we studied the numerical results with this theoretical background and
we saw that these results coincide with the theory. It proved that the entanglement dynamics is always influ-
enced by different couplings of the qubits to the thermal bath. For a stronger coupling to the thermal bath the
concurrence decays and shows entanglement-sudden-death as a result of the increasing dissipative dynamics.
For a weaker coupling the concurrence decays slower. Additionally, a different coupling destroys the presence
of the decoherence-free singlet state. In the context of entanglement dynamics we determined that the environ-
ment cannot only destroy the entanglement but also create it. For instance, a separable state which has a triplet
part transiently generates entanglement. A superposition of a singlet and a triplet part generates entanglement
which remains even constant as a consequence of the singlet part. Thus, the singlet state is the one and only
state for which the concurrence and the thermal occupation remains constant. In the last part of this chapter
we discussed the coherent physics, to be more precise the unitary part of the master equation. To obtain an in-
tuitive description of this part we made use of the pseudo-spin representation which interprets the Lamb-Shift
as a magnetic field. This allowed a geometrical illustration of the pseudo-spin on the Bloch sphere. We showed
that the concurrence due to the Lamb-shift is given by the oscillation of the pseudo-spin caused by the pseudo-
magnetic field.

In chapter 5 we extended the bipartite system in a tripartite system. We started with a discussion of the stationary
solution of this master equation which showed that the initial occupation distributes under the same condition
as in the bipartite case, the energy difference of the states and the rotating-wave approximation. Three qubits
have a unique stationary solution as a consequence of the non existing decoherence-free subspace. To obtain an
intuitive description of the dynamics of this system, the pseudo-spin representation of the Lamb-shift contribu-
tion of the master equation was derived. It turned out that the dynamics are much more complicated as in the
bipartite system, because the spin interactions between the different qubits behave not equally. In the following
we considered the bipartite entanglement between each qubit pair which allowed a differentiation of the entan-
glement dynamics, namely in tripartite entanglement and bipartite entanglement. The numerical results of the
bipartite entanglement revealed some unexpected facts. The tripartite entanglement of the GHZ-state does not
change into a bipartite entanglement through the influence of the thermal bath. Another unexpected entangle-
ment dynamics shows the concurrences due to the Lamb-shift contribution of the master equation. Because of
the numerical result of the Werner-state we recognized for different couplings that the much more complicated
tripartite dynamics affected the entanglement dynamics of the coherent physics as a consequence of the non-
trivial concurrence oscillations due to the Lamb-shift. In contrast, the concurrence of the Lamb-shift remains
constant for equal couplings. The singlet state between two qubits of the tripartite system led to another inter-
esting fact. The time-dependent concurrences of such a singlet state have the same entanglement behavior as
in the bipartite system even for different couplings. Therefore this state is again a decoherence-free subspace for
the bipartite entanglement of the tripartite system. The numerical results of different separable product states
reflected the theory of the bipartite entanglement: we found that a triplet state between two qubits transiently
generates entanglement and a superposition of a singlet and a triplet between two qubits generates entangle-
ment which remains constant for the singlet part. Furthermore, we noticed the influence of the Lamb-shift part
in the numerical result of the separable states with two different qubit states which is also a typical sign of the
tripartite dynamics. The numerical results of the logical state and the product state of different initial states
supported the fact that there are no decoherence-free subspaces of tripartite systems because it is impossible to
obtain an equal concurrence between all qubit pairs. In the last part of this thesis we considered a chain repre-
sentation of the qubits defined by different couplings. This allowed us to compare the dependency between the
couplings and the occupation and the concurrence. The numerical result showed that any initial concurrence
decays as a result of the unique stationary solution. Moreover, we saw that the thermal occupation changes for
different couplings.



Chapter 7

Appendices

7.1 General separable state

We consider a general density matrix p which is defined as

a 0 0 0

p=|® 2 =0 (7.1.0.1)
0 z8% ¢ 0
0 0 0 d

with two different solutions for the concurrence

2lz—vad|, for ad<bc+z
Clp) = .
-2vbc<0, for bc+z<ad

Hence, the mixed state is separable for bc+ z < ad and can be written as a product state of all pure-state decom-
position, p =Y i pi lwi) (wil. To show that we consider a general state

Wapys) : = (@]0) + BI1)) @ (y10) +61))
= ay|00) + a|01) + By|10) + 5 [11),

with the corresponding density matrix p = |y) (y|
layl®>  lalPys*  lyPap*t ay(BO)*
lal26y*  |abl?  ad(Bp*  |16Pap?

ly?Ba*  By@d)*  1Byl>  1BI*yS*
BSay)* 161%ya* 1BI26y*  1Byl?

The important observation is the following

[11) p (00| = B&(ay)™ and |10y p (01| = By(ad)”
100) p (11| = ay(Bd)* and |01) p (10| = ad(By)"

Hence, if we set either value afyd = 0 other entries vanish. The other off-diagonal terms are not affected, be-
cause they are all in an absolute square. This will be used to set the respecting entries to zero.
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We are looking for two separable states whose convex combination (with p; = 1 yieldsto |11) p (00| =0, |10) p (01| =
zand |00y p(11] =0,]01) p (10| = z*. The starting point are two states which are defined as [Wapys) and |abcd).
Then the following relations are fulfilled

(1) By(@d)* + belad)* =z
(2) Bé(ay)* + bd(ac)* =0.

Now, to be more precise, assume z € IR and let

a=—b
2 2

then the equations (1) and (2) read

1 ] 1 j
) E,Boc* + %cd* =z ()" Eaﬁ* - édc* =z",
(2)1ﬁ L 02" 2 B* Led” =0
—Ba* +—-dc* = —af*—=cd” =0.
2 2 2 2
The real part is given by (1) + (2)* © Re(af*) = z. Thuslet a = \/Lie""’,ﬁ = a* then the real part can be written as
Re(af*) = 1 cos 2¢) = z with

| =

= 2= arccos (2z).
The imaginary part is given by (1) — (2)* & Im(cd*) = —z. Again let ¢ = \/%e“/’, d = c* then the imaginary part
can be written as Im(cd)* = § sin (2y) with
1 .
Y=- E arcsin (2z).
Therefore we fix the following values to the corresponding states
[y 5):>aziei‘/’ p=a* yzézi
aﬁy \/z ’ ’ \/z
1 1 ;
Wapea) > a=—=,b=ia,c= —e ¥, d=c".
abc \/z \/E
The convex decomposition of this two states is given by
~_p
p= 1 W apys) (Wapys! + 1 Wabcad (W abcall
1 1 e*v iy 1 e 2V —i —ie-2iy
p 1 1 e¥e ey e*v 1 —ie?V —i
T16||e2iv 2o VT i e 1 e 2iv
e | 1 ie?tv i e?iv 1
2 1+e72V v —i QP9 —je2iV
p 1+ &%V 2 @20 — j 1Y el —j
16| e%e 4 e 2P 4 eV 2 1+e72¥
e 2l 4 j 2y e 2P 4 1+ %V 2

the additional non-diagonal elements are
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e (00]p101) = £(lal?6y* +lal?dc*] = £ (1 + V)
* (001p110) = £ lIyP*pa’ +Ic’ba’] = 5 (i + ™)
* [01)p(01] = 5101 a” +1d*ba’] = {51+ ™%
* 110) p(11] = L1126y * +|bl*dc*] = 5 (1 +€2¥).
This non-diagonal terms can be generated to zero by adding the following decompositions of pure states:

P
p2 = g[lillAlBlchJ (W a,B,CiDy | + W A,B,CoDy) W AB,CoD, 1],

with —C; =D; = L

T51=Ca = D; = -=e"'V because B p =0, A1, =1

V2

1 -1 00 1 e?v 0 0
Pll-1 1 0 o e?tv 1 00
2 T61lo o0 o ol o o o0 o0
0 0 0 0 0 0 0 0
2 —1+e72Y) 0 0
_ P |-(+e*Y) 2 0 0
" 16 0 0 0 ol
0 0 0 0

thus p, does generate the off-diagonal elements (10| p2 |11) = 0 and (11| p» |10) = 0. But to the diagonal elements
(11] p2111),(10] p2110) the factor P/8 is added.

P
p2 = 3 (W a3B3C3D3) (W A3 B3 C3 D3 | + 1WA, By CaDs? W A4ByCaDu ],

with —B3 = A} = Lze"'"’, iBy=-A; = \/% because C34=1,D34 =0

1 0 —-e¥ o 1 0 i 0
p 0 0 0 0 0 00 0
P3=T6|| e 2iv o ol l=i 0 1 o
0 0 0 0 0 00 0
2 0 —(e®?—-i) 0
P 0 0 0 0
T 16| -2 +i) 0 2 ol
0 0 0 0

Thus p3 does generate the off-diagonal elements (01| p3|11) = 0 and (11| p3|01) = 0. But to the diagonal elements
(11| p311),¢01| p3101) the factor P/8 is added.

P
P4 = 3 (W AsBsCsDs) (W A5 BsCs Ds | + 1W A Bs Cs D) W AgBs Co Ds ]

with —A; =B = \/Lée_""’, Ag=1iBg= \/LE because Cs56=0,D56=1



58 Chapter 7 Appendices

0 0 0 0 0 0 0 0
P|lo 1 0 —e? 0 1 0 i
P1=16 {o o o o |[Tlo o oo
0 —e?% o 1 0 —i 0 1
0 0 0 0
_P|o 2 0 —(e?¥—1)
“ 160 0 0 0 '
0 —(e%+i) 0 2

Thus p4 does generate the off-diagonal elements (00| p4|10) = 0 and (10| p4 |00) = 0. But to the diagonal elements
(00| p4100),¢10| p4110) the factor P/8 is added.

P
ps=g W A2B:Cr D7) (W 47 B2Cr D2 | + W Ay By Cy D) (W g B CaDs 11,

with—-D;=C; =L, —Dg = Cq = L ¢i¥ because A78=0,B7g=1

vz V2

00 0 0 0 0 0

_P|lo o 0 . 0 0 0 0

P5=T6lo o ~1[ o o 1 —2e72iV

0 0 -1 1 0 0 —2e72W 1
0 0 0 0

_Plo o 0 0

“16]0 0 2 —(1+2e7 2wy |
0 0 —(1+26%%) 2

Thus p5 does generate the off-diagonal elements (10| p5|11) = 0 and (11| p5|10) = 0. But to the diagonal elements
(11| p5111),¢10| p5110) the factor P/8 is added. Therefore it is shown that the given mixed state is separable and
can be written as a decomposition of the pure states defined above.

p=p1+p2+p3+pPps+p5
- % 1Wapys) Wapys|+1Wabea) (W abeall
= %[W’AlBlClDl) W a,8,C,y |+ W 4, B,CoD0) (W A,8,CoD, ]
- %[WA3B3C3D3> (W A3B3C3D3 | + 1WA, ByCy Dy (W A4 By Cy D, 1]
= %[|WASBSCSD5> (W A5 B CsDs | + W A BsCoDe ) (W Ag BsCoDg ]

Ps
= §[|WA7B7C7D7> (W 4;B,C7 D7 + W 43 By Ca D ? W A5 By Cy Dg ]

6 0 0 (€9 +ie V)
p 0 6 (217 — V) 0
" 16 0 (€729 + je=2iV) 6 0
(729 4 je*iV) 0 0 6

with ¢ = 3 arccos (2z) and y = § arcsin (22)
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Every mixed state in the form (7.1.0.1I) which is not entangled can be represented as

P =p1p + p2<00[[00) + p3 (11[|11) + p4 (01[|01) + p5 (10[10),

with the assumption %pl +p2+ps+ps+ps=1.
For example, a separable density matrix

o o o um
o {5~ o
ogk~n ©
v o © o

can be decomposed in pure states by choosing the probabilities as p; = %, Pas = %, P23 = %.

7.2 Results for one qubit

7.2.1 Analytical result for the master equation for one qubit interacting with a thermal
bath

The master equation for only one qubit coupled with a thermal bath is an analytically solvable problem. The
Lindblad operators are defined by the annihilation and the creation of the two-level atom operators Ay =6 _, A;rc =
G +. We introduce the definition of super operators to simplify the representation of the differential equation of
the reduced system[[]

Hp— (He1)p
pH— (1o H )p.

This super operators define a transformation of the Hilbert space # to the Hilbert space #®2 which leads the
P11 P12

P21 P22
P =(p11,P12,P21,P22) T The unitary contribution of the master equation, the Lamb-shift is given by [H s, p] with

His=dd*oy0- +d*do_oc;, where d defines the coupling between the qubit and the bath. In the definition of
the super operator the Lamb-shift reaches

dynamics of the reduced system pgs unaffected, because the density matrix p = ( ) is transformed to

P11 dd 0 0 0 \(pu

* 1 .

HLS:(HLS®]]-)p: da*d 0 ® 0 P12 _ 0 d*d 0 0 P12
0 d*d 0 1 021 0 0 d*d 0 021

b2z 0 0 0 ddf\px

The calculation of p Hrs = (1 ® HT)p gives the same result and thus the Lamb-Shift for one qubit is zero

=[Hys,pl = Hsp— pHps =0.

Iproof of the super operator representation
Assertion: The super operator of Hp has the form H ® 1 in every dimension.
Proof: p — ¥ ; pl?"l’””” ® e; (Definition of the super operator)
Hp — zi(Hp)lqalumn ®ej=(Hol)Y; plqolumn ®e;
Assertion: The super operator of p H has the form 1 ® H' in every dimension .
Proof: p — ¥; ; ® p}°" (Definition of the super operator)
pH—’ zi 91‘ ®p;0er0w — (]l ® HrDLU)Zi ei ®p;’OW = (]1 ® HT)ZZ_ plqolumn ® ei
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Thus the reduced qubit system embedded in a thermal bath can be described by first-order perturbation the-
ory of the thermal bath. The dissipative contribution of the master equation described these dissipative per-
turbation effects by spontaneous emission processes N(wy) and thermally induced emission and absorption
processes (1 + N(wg)). In the super operator representation the dissipator is given by

1 1
2(ps) = N(wp)(d* 6,pd6_ — Edﬁ_d*(up— Epdﬁ_d*th)

1 1
+(1+Nw))(do_pd* 64— zd*(mdcﬁp - Epd*(nd(r,)

0 0 0 dad* —d*d 0 0 0\ (o1
1 0 -idar 0 0 0 -id*a 0
= | Ny 2 o +(1+ Ng) 2 e Pz
0 0 -idd 0 0 0 —id*a ol||px
0 0 0 —dd* dd* 0 0 0))\p2
The full master equation is then given only by the dissipator
p11(8) -1+ Nw)I' 0 0 NwT \[p1n1
d @ _ 0 ~3(N@QT + (1 + N@)T) 0 0 P12
dt | pa1 (1) 0 0 —2(N@QT + (1 + N@p)) 0 p21 |’
p22(1) 1+ N(w)l 0 0 —N(wT' | \p22

where we introduced the following relation for the coupling-constants I' = dd*. This differential equation of the

master equation can be easily solved and is

(Np)+e 1 2NO L N ) e T 2N@N Cp N(wg) (~1+eC12N@1N G,

p11(t) 2Nwp T+2N(@p) r11(0)
plZ(t) 3 67(_1_2N(wk)tC3 P12 (0)
= Lo )
PZl(t) ez( 1 21\/'(wk)tc3 PZI(O)
f _ U+N@p(-1+eT172V@Rh o 14N+ Nwg)e12V@hc,
p2(t) T+2N(p) + T+2N(wp) p22(0)

where Cj, C,, C3 and Cy are integration constants.

7.2.2 Time-dependent occupation of the ground and the excited state for one qubit em-
bedded in a thermal bath

In this section we discuss the change of the thermal occupation caused by the dissipative effects of the thermal
bath. For only one qubit the general density matrix can be expressed by the system operators, the annihilation

operator 6_ and the creation operator 6 ;

10 +(os))  (o-_(1)

(1= .
P @ ) La-osmy

The matrix elements of this general density matrix represents the thermal occupation of the ground state pg(f) =
%(1 — (03)) and the excited state p,(?) = %( 1+ (o3)). We introduced the pre-factors yg to obtain a formulation of
the total transition rate of the spontaneous emission processes yo N (wy) and the absorbtion processes (1+N(wg))

1We used for the first terms of the dissipator the following super operator representation
P11 P11
P12 A XA _ (A xa Ty | P12
) anddo_pd 64+ =(d6-®1)(1e(d*04)")
P21 P21
P22 P22

d*6.pdé_=d* 6+ 01)(ledsT
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Y=Y 2N(wk+1),

where N = N(wy) is the Planck distribution of the transition frequency w¢. The time-evolution of the thermal

occupation can be derived by inserting the general density matrix into the dissipative contribution of the master
equation

_1 1 _
%P(t):Y0(1+N(wk))( 1l+¢o3()  (o-(1) )+ ON(w)(Z“ (o3(0))) (@_()

(04(0) 31 +(o3(0)) (04(0) -3 —(o3()))
_[-ros@ -yo 5o
~Lo @)y ylos)+yo)

which leads to the following differential equations of the different matrix elements

d
o0 = —%aﬁ(t)
d

—02(0)= —gtfz(t)

d
Elfs(f) =—yd3(t) - Yo,

The solutions of this differential equations, the stationary solutions of the master equation describes the thermal
occupation of all states. The off-diagonals (o (£)), (o_(¢)) are coherent states which decay exponentially by the

rate y/2. Thus the stationary solution of these matrix elements is given by

(01)s=(02)s=0.

The inhomogeneous solution of the differential equation of the ground and excited state is given by

(@3(0) =ce " =12,

and thus we obtain a solution for every initial condition (o (0))

o) _ 0
(@3(0) = («rg(o» + 7—) e 10
Y Y
The factor % =- ﬁ is the average photon occupation. The stationary thermal occupation of the ground and
the excited state can be calculated by this average photon occupation and by the corresponding matrix elements
of the master equation

1 N
pe(0) = 5 (I+<{o3)s) = m

1 2N
Pe@ =3 (109 = .

where p, + pg = 1. With these definitions any thermal occupation of the ground and the excited state has the
following time-dependent evolution

Yo —ye Y
pg(t) = pg(0) (<ag(0)>+7°)e w_70,

_Y

Yol —yt
o) = e(O)(<a (0))+—)e v
p p 3 y y
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The expectation value of the mean particle count of the thermal bath is defined by the Planck distribution

1
Nwo) = ————
efsT 7k —1

where the energy of the system is defined by Ej. = hwy and kp is the Boltzmann constant. Thus the particle count
is related to the temperature

rT=—k _
kpIn(N+1)
If the temperature of the thermal bath is zero, all the thermal occupation is in the ground state after a certain
time. This situation changes for higher bath temperatures, then the qubit can receive energy form the thermal
bath which leads to a higher occupation of the excited states. The numerical results show what we accepted
for the detailed temperature dependency for the different initial thermal occupations, for the ground state it
decreases and for the excited state it increases for higher temperatures.

Thermal Occupation

Time t Time t

Figure 7.1: Time-dependent thermal occupation for the initial thermal occupation of the excited state p, = 1 and
different temperatures in the context of the Planck distribution of the thermal bath for N =1 (violet) to N = 10
(green) in steps of 1 for (a) the excited state and (b) the ground state.

Thermal Occupation

1

Time t Time t

Figure 7.2: Time-dependent thermal occupation for the initial thermal occupation of the ground state pg = 1 and
different temperatures in the context of the Planck distribution of the thermal bath for N =1 (violet) to N = 10
(green) in steps of 1 for (a) the excited state and (b) the ground state.

For example, we assume a temperature for which the expected value of the Planck distribution is one N(wg) =
1, then the time-dependent thermal occupation is given by the solution of the differential equation with the
corresponding initial conditions

Maximal thermal occupation of the ground state pg = 1.

t—o00 1
- -

Pe(t) = pe (1+e—yt) 3

_ —oo 2
pe(D)=pgy(1+e " (y+70) Ioo, 3
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Maximal thermal occupation of the excited state p, = 1.

—oo 1

pelt) = Pe(l + e*Yt) f=oo) 3
_ —0o 2
pg(t)=pg(l+e ”(Y—Yo))t—w’é

The numerical results coincide with the analytical results, see Figure 7.2 and Figure 7.3 the violet lines and show
that the thermal occupation of the ground and excited state is balanced through the influence of the thermal
bath between these two states in the context of the stationary solution of the thermal occupation.

7.3 Calculation of the Lamb-Shift contribution for three qubits

The coherent physic of three qubits embedded in a thermal environment is given by the Lamb-shift contribution

of the master equation. This term can be calculated by the standard derivation introduced in section 2.3.

The eigenoperators and simultaneously the Lindblad operators of the qubit system are the annihilation and
creation operators

A(loh)=d (6-elel)=doV

Ar(lw)=do(1®6_®1)=dro?

As(w)=ds(leles ) =dso®
A (loh) = Al (),

where 1 is the (2 x 2) identity matrix and d; defines the coupling between the qubits and the bath. This repre-

sentation in the Linblad operators splits the Lamb-Shift in two contribution -diagonal and non-diagonal terms

His =Y SloDA] (o)Al (w) + Al(w) Az (o) + Al (10)) A3 (l0))
tw
+ Al (o) A2 (I0]) + A (loD) A (jw]) + A] (w]) A3 (lo]) + Al (l0) A; (0]) + A (o) A3 (lo]) + AL () A2 (o)),
where S(|w|) is the unitary part of the reservoir correlation function. In the following we calculate the two sums
of the Lamb-shift contribution in the context with these Lindblad operators.
Y d;di (47 (- 4; (D) = d} di (4] (o) A1 (D) +d} da (4] (0D 4 (@) + d} ds (4] () 43 ()
L]

+d dy (A (D) Ay () + d da (4] (0]) 42 () + d3 ds (4] (w]) 45 ()

+djdy (A} (oD A1 (o)) + d5 d> (A] () A (|w|)) +d3ds A () 43 ()

r 0 0 0 0 0 0

0 1“1 + 1“2 Y23 0 Y13 0 0 0

0 )/;3 I'1+I3 0 Y12 0 0 0
_|o 0 0 D] 0 Yiz Y13 0
oy Y, 0 TI,+Is 0 0 0

0 0 0y, O Ty 7y O

0 0 0, 0 ¥y T3 0

0 0 0 0 0 0 0 O
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Y did; (A (o) A] (o)) = did; (A1 (o) A] (0D) +did; (A1 (o) Af (o)) +did; (A1 (o) A} (o)
i,j

+dydy (A1 (Io]) A} (Iw)) + didy (A1 (@) A} (@) + didy (Ar (@) A} (@)
+dd; (A (w)) AT (lwD) + didy (A1 (lw]) A} () + did; (Ar (o) AT (w)
T 0 0 0 0 0 0 0
0 F1 +F2 Y23 0 Y13 0 0 0
0 )/;3 I'+I'3 0 Y12 0 0 0
_|0 0 0 I 0 Yiz Yz O
0 Yik?, Yikz 0 I'o+13 0 0 0
0 0 0 YTZ 0 rg Y23 0
0 0 0y, 0 Y3 Ts 0
0 0 0 0 0 0 0 0
The full expression for the Lamb-Shift Hamiltonian is then given by
T 0 0 0 0 0 0 0
0 I'i+Iy Y23 0 Y13 0 0 0
0 Y;I% I'+I3 0 Y12 0 0 0
© 1+ N 0 0 0 r 0 0
HL5=91f do ( ( k))] X ) 1 Yi2 Y13
0 w—Wg 0 Y13 Y12 0 Ip+T13 0 0 0
0 0 0 v, 0 T2 ym3 0
0 0 0 Yis 0 Y3 Iz 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0
0 T3 73 0 Y13 0 0
0 7’;3 I, Y12 0 0
o N 0 0 0 Ty+T 0 0
+‘O])2f do (k) 2+13 Y12 Y13 _
0 W+l |0 Y3 Y 0 I 0 0 0
0 er 0 I'i+I'3 Y23 0
0 0 ’}’13 0 723 Fl +1"2 0
0 0 0 0 0 r
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