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Abstract

The cosmological principle - the assumption of homogeneity and isotropy - is fundamental in

the standard model of cosmology. Building on this assumption, anisotropies in the observable

number density of galaxies on the sky are constrained. The anisotropy on the largest scale is

referred to as the cosmic matter dipole. Next to matter density fluctuations which lead to an

intrinsic dipole, Doppler effects and relativistic aberration due to our motion with respect to the

observed galaxies cause an additional contribution to the dipole. The amplitude and direction of

this kinematic dipole are extremely well constrained if the cosmic microwave background dipole

is interpreted as a purely kinematic effect, such that our velocity can be inferred from it.

Several studies of the dipole in the distribution of radio sources and quasars as tracers of the

matter distribution have been conducted. They give evidence that the amplitude of the cosmic

matter dipole is larger than predicted by the standard model of cosmology, while its direction is

consistent with expectations. This challenges the assumption of isotropy as well as the exclusively

kinematic interpretation of the cosmic microwave background dipole. It is therefore important

to investigate this discrepancy further.

In this master thesis, first, the relevant theory of the cosmic matter dipole is studied. Sec-

ondly, a catalog of radio sources and a sample of quasars as two different tracers of the matter

distribution are analysed with regard to the dipole. Thereby, it is found that the main systematic

uncertainty originates in the intrinsic dipole. For this reason, thirdly, a new method is proposed

to distinguish the intrinsic dipole from the kinematic dipole. This is achieved by involving not

only the flux or magnitude but also additional properties of the observed sources such as their

size or redshift. The potential of this new method is demonstrated by showing how it can be

applied in two different future galaxy and radio surveys. By simulations, we confirm that the

velocity and the intrinsic dipole can indeed be measured separately.
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The figure on the English title page shows the distribution of radio

sources observed by the NVSS.

The figure on the German title page shows the distribution of the

quasar sample from [27]

The distributions are smoothed in such a way that only the dipole is

visible.
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1 Introduction

The standard model of cosmology, our current understanding of the history of the universe,
is based on two fundamental assumptions, isotropy and homogeneity. This is often referred
to as the cosmological principle [1]. In this work, the isotropy of the matter distribution
in the universe is investigated. Since in our local neighbourhood, the universe is certainly
not isotropic, in order to test the isotropy, one needs to probe the distribution of very
distant, hence cosmic matter. To do so, catalogues of 105–108 radio sources, quasars, or
in general galaxies are analysed. Their distribution on the sky serves as a tracer of the
matter distribution which is analysed carefully to find small, . 1% deviations from the
mean number density.
This thesis focuses on the anisotropy on the largest scale. Expanding the matter distri-

bution in spherical harmonics, the largest scale is characterized by the first multipole, the
dipole. The anisotropy in the distribution of distant matter on the largest scale is thus
referred to as the cosmic matter dipole. Studying the dipole instead of for example the
quadrupole or even higher multipoles is particularly interesting because relativistic aber-
ration and Doppler effects due to our motion with respect to the observed galaxies also
give a dipole contribution to first order in the velocity.
Both, this kinematic dipole as well as the intrinsic fluctuations in the matter distribution

are extremely well constrained by the standard model of cosmology. However, previous
studies have found evidence that the amplitude of this dipole is larger than expected.
Therefore, investigating the cosmic matter dipole serves as an important test of the model.
Put simply, this work is aimed to answer two elementary questions:

Is there a direction on the sky defining a hemisphere that has significantly more
matter in it than the opposite hemisphere?

How fast and in which direction are we moving with respect to the mean rest
frame of distant galaxies?

The following sections make the assumption of isotropy more precise and discuss the ex-
pected velocity from observations of the cosmic microwave background (CMB). The end of
this introduction puts this work into the context of previous studies concerning the dipole
in the matter distribution.

1



1.1. Cosmological Principle 2

1.1 Cosmological Principle

The simplest model of the universe is a spherically symmetric and homogeneous one,
where no direction and no point in space is special. Therefore, it is reasonable that the
standard model of cosmology builds on the assumption that the universe is isotropic and
homogeneous, the cosmological principle.
There is also a weaker assumption, the Copernican principle, which states that we are

not a special observer in the universe. The two principles are related in the following way.
If we observe isotropy, by invoking only the Copernican principle, one should also observe
an isotropic universe at other points in the universe. Since from isotropy at more than
one point in space follows homogeneity [2], the weaker Copernican principle together with
isotropy thus leads to homogeneity and therefore the cosmological principle (see also the
discussion in [3]). However, homogeneity does not imply isotropy. A constant velocity
field, for example, is homogeneous but not isotropic.
It is important to precisely state what is meant by homogeneity and isotropy. First, the

universe is certainly not exactly homogeneous and isotropic but only statistically, in the
sense that averages over a certain volume or solid angle will have the same value every-
where. Secondly, on small distances, the universe is not homogeneous and isotropic even
when averaged. For example, we can observe a highly clustered distribution of galaxies
in our local neighbourhood [4]. In large-scale structure surveys, homogeneity up to 1%

is only found at scales larger than ∼ 100Mpc (e.g. [3, 5]). Thirdly, as a consequence of
special relativity, two observers with a non-zero relative velocity observe their surround-
ings differently. Thus, the cosmological principle cannot hold for all observers. However,
there should exist one reference frame, where homogeneity and isotropy apply. Hence, the
cosmological principle can be meaningfully formulated as

There exists a reference frame, where the universe is homogeneous and isotropic
when averaged over large enough scales.

A consequence of the cosmological principle is that the CMB and the large-scale structure
in the universe share the same rest frame. If this was not the case, then there would not
be a reference frame where both large-scale structure and CMB look isotropic, since both
of them are affected by Doppler effects. The cosmological principle thus implies that we
can infer our velocity with which we are moving with respect to the mean rest frame of
distant galaxies from the velocity with which we are moving with respect to the CMB.

1.2 Cosmic Microwave Background Velocity

The CMB is found to be isotropic up to the level of ∼ 10−5. However, this is not the
case on the largest scale, where an anisotropy of ∼ 10−3 is observed (see Figure 1.1).
This is the CMB dipole which is generally interpreted as the effect of our motion with
respect to the surface of last scattering [8]. The Doppler shift of the frequencies leads
to a boost of the temperature, so a moving observer with velocity v/c in units of the
speed of light perceives the temperature T at an angle θ to the direction of motion
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Figure 1.1: Left: The temperature sky map from 4-year DMR data of the COBE
mission [6]. The maximum temperature fluctuations are ∆T = ±3.353mK around the
mean of 2.73K. Credits: NASA and the COBE Science Team.
Right: The 2018 Planck map of the temperature anisotropies of the CMB [7] after
removal of the dipole. The gray line shows the extent of the masked and inpainted
region, mostly around the galactic plane. The maximum temperature fluctuation is
∆T = ±300µK. Credits: ESA and the Planck Collaboration.

T (θ) ∝
√

1− v2/c2/(1− (v/c) cos θ). The intrinsic CMB dipole in the standard model
of cosmology is expected to be much smaller (∼ 10−5) and therefore typically neglected.
Thus, our velocity βCMB = v/c and the direction of our motion (here given in galactic
coordinates (l, b)) with respect to the CMB can be directly obtained from its dipole. A
precise measurement by the Planck mission [7] yields

βCMB = (1.23357± 0.00036)× 10−3

(l, b) = (264.021± 0.011, 48.253± 0.005)° ,
(1.1)

which corresponds to v = (369.82 ± 0.11)km/s. To be more precise, ‘our motion’ means
the motion of the Solar System barycenter. The motion of the Planck satellite around the
Earth and Earth’s orbit around the Sun are extremely well known and not part of this
result. To infer the velocity, the following assumption was used:

The intrinsic CMB dipole is negligible and the observed CMB dipole is only
caused by our motion with respect to the surface of last scattering.

There is some evidence that this assumption is true. An analysis of the Doppler effects on
smaller scale CMB fluctuations confirms the measurement of our velocity independently
of the dipole [9]. However this measurement of βCMB has an uncertainty of approximately
50%. It is thus by far not as good as the precision with which the dipole is measured.
As established in the previous section, a consequence of the cosmological principle is that

the velocity found through the CMB dipole is also the one with which we are moving with
respect to cosmic matter. Therefore, the velocity and direction from (1.1) determine the
amplitude and direction of the kinematic contribution to the cosmic matter dipole. Hence,
an analysis of the cosmic matter dipole tests two assumptions, the cosmological principle
and the kinematic interpretation of the CMB dipole.
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1.3 Previous Work

We give a short overview of the literature on the cosmic matter dipole and put this thesis
into context. A first analysis [10] of the dipole in the distribution of radio sources has been
performed with the NVSS [11] catalog, where consistency between data and theory was
found. 9 years later, [12] finds a 3σ discrepancy in the same data. In this and subsequent
analyses, the direction is found to be consistent with the CMB dipole whereas the dipole
amplitude clearly exceeds the expectations [13–20]. The dipole in the source distribution of
several other surveys such as the 2MASS [21], 2MRS [22] in [13], the NVSS + SUMSS [23]
in [17] and the TGSS [24] in [25] have also been analysed. In most of these studies, the
excess of the dipole amplitude in the distribution of radio sources has been found to be
significant at approximately 2–3σ. A recent analysis of the SUMSS, WENSS [26], TGSS
and NVSS radio sources dipoles and a compilation of different previous results is found
in [20].

In this work, we first present the relevant theory of the cosmic matter dipole in Chapter 2,
focusing on radio sources as a tracer of the matter distribution. In doing so, we present
new aspects and methods to approach the topic, especially concerning the statistics of the
expected dipole amplitude and direction.
Next, two data sets are examined, beginning with a detailed discussion of the dipole in

the distribution of NVSS radio sources in Chapter 3 and continuing with a brief analysis
of the dipole in a sample of quasars in Chapter 4. The latter is very interesting since
in the recent publication [27] of the quasar sample and its dipole, a divergence from the
assumptions of the cosmological principle and the exclusively kinematical interpretation of
the CMB dipole is found at 4.9σ.

With these two analyses, we find that the ignorance of the intrinsic dipole amplitude
is the main systematic uncertainty. Similar conclusions have been drawn in [18] and [28].
Therefore, in Chapter 5, we go beyond the dipole in the number density and introduce a
new method to analyse the cosmic matter dipole. To to so, we extend the idea of [15] by
also including additional properties of the sources, such as their sizes or redshifts. This
new method allows to distinguish the intrinsic clustering dipole and the kinematic dipole.
We then forecast the new method’s potential in future large scale surveys. The results are
summarized in Chapter 6.

We denote spatial three dimensional vectors as bold letters, e.g. β. The amplitude of the
vector is denoted by the letter itself, e.g. |β| ≡ β, whereas its unit direction is indicated
by a hat as in β/β ≡ β̂. Throughout this work, we use approximate Planck values for the
present day matter density, dark energy density and the Hubble constant,

Ωm = 0.31 ΩΛ = 1− Ωm H0 = 67.6km/s/Mpc , (1.2)

and refer to the standard model of cosmology as the ΛCDM model with dark energy (Λ)
and Cold Dark Matter.



2 Theory of the Cosmic Matter Dipole

This chapter introduces all the relevant theory behind the cosmic matter dipole. In par-
ticular, we focus on the dipole in the distribution of radio sources, also referred to as the
cosmic radio dipole. The results derived here can equally be applied to observations at
other wavelengths. To start, let us briefly connect the observations with their final product,
a catalog of radio sources (see descriptions in e.g. [11, 24]). A radio telescope measures
the intensity of radiation in a frequency range from a direction n̂. This is the flux density
S(n̂) = dE/dΩdAdνdt, the energy received per solid angle Ω, per area of the telescope
A, per frequency ν and time t. From the flux density field, sources - meaning compact
regions where the flux density clearly exceeds the background noise - are extracted with
elaborate fitting methods (e.g. [11, 29, 30]). These sources can be different astronomical
objects, typically different types of radio galaxies or star forming galaxies (see e.g. [11, 31,
32]). For the cosmic matter dipole, they are not distinguished and generally referred to as
sources. For this chapter, only two properties of each source are considered. The first is
the flux

F =
dE

dAdνdt
, (2.1)

integrating the flux density over the angular extension of the source. Flux is measured in
Jansky, 1Jy= 10−26 Wm−2Hz−1. The second property is the position of the source, which
is given by two coordinates, in short denoted by the direction n̂. Other observations of
each source, such as its angular size are considered in Chapter 5.
From a list of the positions of all the radio sources, one can compute the number count

density dN/dΩ(n̂). Since no telescope is able to detect all sources, a lower flux limit Fmin

is necessary, above which the survey is considered to be complete.
Finally, we are able to introduce the cosmic matter dipole as the dipole dN in the number

density. To do so, we write the number density in the form

dN

dΩ
(> Fmin, n̂) = (1 + dN · n̂)N +O(n2

j ) , (2.2)

where N is the average number density. O(n2
j ) denotes the presence of higher multipoles

such as the quadrupole, octopole, etc., which are ignored until Section 3.4. All the im-
portant concepts of the expansion in spherical harmonics, and its relation to multipoles
and the dipole are found in Appendix A. The cosmic matter dipole is thus observed as the
number density dipole or equivalently the dipole in the number counts. The true matter

5
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distribution is of course not observable. Therefore, a tracer of it is needed. Here, the tracer
is galaxies, or to be more exact, sources that are fitted to images of the sky.
There are three contributions to the number count dipole

dN = dNkin + dint + dNSN +O(d2) , (2.3)

the kinematic dipole due to our velocity with respect to the observed sources, the intrinsic
dipole in the matter distribution and a shot noise dipole which is caused by the sources
being a discrete sample of the true field. These three contributions are presented in detail in
Sections 2.1, 2.2 and 2.3. The effect of incomplete sky coverage is discussed in Section 2.4.
Section 2.5 explains how the three dipoles combine into one and Section 2.6 briefly discusses
how to compare the expectations with an observation to characterize the agreement or
disagreement between the two. Finally, an estimator to measure the dipole is presented in
Section 2.7.

2.1 Kinematic Dipole

Starting from the assumption of isotropy, we concluded in the introduction that our Solar
System is moving with respect to the observed sources at the velocity inferred by the CMB
dipole. Assuming a purely kinematic interpretation of the CMB dipole, this velocity, de-
noted by the vector β with amplitude and direction given in (1.1), is very precisely known.
Hence, a clear prediction of the kinematic dipole in the number counts of galaxies can be
made, which is derived in the first Section 2.1.1, following [33]. Afterwards, the equiva-
lence between this expression and a fully general relativistic expression of the dipole [34]
is shown.

2.1.1 Standard Derivation

Special relativity has two important consequences on the observation of radio sources of
a moving observer. Firstly, as a result of a Lorentz transformation, the position of each
source in its rest frame n̂rest is aberrated to the observed position n̂. The angle θrest

between the direction of motion and the source position changes to the observed angle
θ = arccos

(
n̂ · β̂

)
by [35]

cos θ =
cos θrest + β

β cos θrest + 1
. (2.4)

We denote observed quantities without any subscript, while quantities in the rest frame of
the source are indicated so explicitly. From (2.4), we find the transformation of the solid
angle element

dΩ

dΩrest
= δ(n̂)−2 , (2.5)

where we defined
δ(n̂) =

1 + β cos θ√
1− β2

≈ (1 + β cos θ) +O(β2) . (2.6)
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From (2.4), we see that each position is aberrated towards the direction of motion. There-
fore, more sources are observed in the forward direction. (2.5) shows this equivalently and
quantifies this effect. An area containing a fixed number of sources is perceived differently
by a factor of δ−2(n̂). Hence, the observed number density is changed by δ2(n̂).
The second special relativistic consequence is the Doppler effect on the flux. To quantify

this, we assume a power law behaviour in the frequency dependence of the source’s flux
and in the number density of sources with a flux larger than Fmin

F ∝ ν−α (2.7)
dN

dΩ
(> Fmin, n̂) ∝ F−xmin . (2.8)

If the telescope measures the flux in a small frequency band, a power law is a good fit for
the dependence of the flux on the frequency. In fact, different sources have different values
of the spectral index α. However, using the average of these values is sufficient. Typically,
α = 0.75 is assumed [33]. We will return to a more detailed discussion about the value
of the spectral index for the sources observed in the NVSS in Section 3.2.2 as well as for
the sample of quasars in Section 4.1. Concerning the power law in the cumulative number
counts, the value of x can be fitted by the data and is typically x ≈ 1 (see Section 3.2.2).
Most of the sources have a flux value close to Fmin, therefore, we are only interested in the
behaviour of dN/dΩ in a small region around Fmin, where a power law is a good fit.
The received flux is Doppler boosted by a factor of δ(n̂) as can be seen from (2.1),

inserting dE/dErest = dν/dνrest = δ(n̂) and dt/dtrest = δ−1(n̂). Additionally, the Doppler
shift of the observed frequency ν = δ(n̂)νrest also changes the received flux. In total, using
the power-law (2.7), the observed flux is

F ∝ δ(n̂)Frest

(νrest

ν

)−α
= δ1+α(n̂)Frest . (2.9)

Therefore, using (2.8), the number of sources observed is changed by δx(1+α)(n̂). Combin-
ing aberration and the Doppler effect, one finds

dN

dΩ
(> Fmin, n̂) =

dN

dΩrest
(n̂)δ2+x(1+α)(n̂) . (2.10)

Ignoring any intrinsic anisotropy in the source distribution in the rest frame, which is
studied in Section 2.2, we can write dN/dΩrest(n̂) = N and find to first order in β

dN

dΩ
(> Fmin, n̂) =

(
1 + [2 + x(1 + α)]β cos θ

)
N +O(β2) . (2.11)

Here, one recognizes the kinematic dipole in the number counts, first derived in [33]

dNkin = [2 + x(1 + α)]β . (2.12)
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Using typical values of x and α, we can conclude that the amplitude of the kinematic
dipole is

dNkin = [2 + (1 + α)x]β ≈ 3.75β ≈ 4.6× 10−3 . (2.13)

2.1.2 General Relativistic Derivation

So far, only special relativity has been used. Here, we explicitly show that a fully general
relativistic expression of the kinematic dipole is equivalent to first order. We start with the
formula for the general relativistic redshift dependent amplitude of the kinematic dipole
in the observed galaxy distribution given in [34] (see also [36–38])

dNkin(z) =
[
3 +

Ḣ

H2
+ (2− 5s)

1 + z

rH
− fevo

]
β +O(2) (2.14)

with the evolution bias

fevo(z, F ) = −∂ ln[(1 + z)−3N (z,> F )]

∂ ln(1 + z)
(2.15)

and the magnification bias

s(z̄, F ) =
∂ log10N (z̄, < m)

∂m
= −2

5

∂ lnN (z̄, > F )

∂ lnF
. (2.16)

Only first order terms are included. A dot refers to a derivative with respect to physical
time and r is the comoving radial distance. a = (1+z)−1 is the scale factor andH = ȧ/a the
Hubble parameter. N (z,> F ) =

∫∞
L(z,F ) dL′ns(z, L

′) is the background comoving number
density of sources with flux exceeding F . It is given by integrating the luminosity function
ns(z, L

′) over the range of luminosities that are observed with a flux larger than F . A
perfect flux-limited telescope would observe dN/dΩdz ≡n(z,> F ) = (r2a3/H)N (z,> F )

sources per solid angle and per redshift. We rewrite the evolution bias in terms of n,
also making the dependence on the redshift explicit by introducing partial derivatives with
respect to L

fevo(z, F ) =
Ḣ

H2
+

2

arH
− ∂ ln n̄(z,> F )

∂ ln(1 + z)
(2.17)

=
Ḣ

H2
+

2

arH
− d ln n̄(z,> F )

d ln(1 + z)
+
∂ ln n̄(z,> F )

∂ lnL

∂ lnL

∂ ln(1 + z)
. (2.18)

One recognizes the magnification bias s(z) = −2
5
∂ lnN
∂ lnL since a derivative w.r.t. the loga-

rithm of the flux is equal to one w.r.t. the logarithm of the luminosity [38]. A flux cut
corresponds to a cut in luminosity, which depends explicitly on the redshift by [39, equation
(B11)]

L(z) = 4πF (1 + z)1+αr2 , (2.19)
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where a power-law in the frequency dependence of the luminosity L ∝ ν−α is assumed. We
find the explicit redshift dependence of the luminosity

∂L

∂ ln(1 + z)
=

2

rHa
+ (1 + α) . (2.20)

Using this equation in (2.18), we find for the dipole amplitude in (2.14)

dNkin(z) =
[
3 + x(1 + α) +

d ln n̄(z,> F )

d ln(1 + z)

]
β . (2.21)

Here, we reintroduced x from (2.8), which is related to the magnification bias by s = x/2.5

(compare (2.8) to (2.16)). Averaging over the full redshift range, the dipole amplitude of
the projected source density is

dNkin =
1

N

∫ ∞
0

dz dNkin(z)n(z,> F ) = [2 + x(1 + α)]β . (2.22)

This assumes that 〈α(z)x(z)〉z = 〈α(z)〉z〈x(z)〉z. It is used that n(z) as well as z × n(z)

vanish for both z → 0 and z →∞. N is the total number of sources, N =
∫∞

0 dz n(z,> F ).
With this, we have found the equivalence of the special relativistic result for the kine-

matic dipole amplitude (2.13) of [33] and the corresponding general relativistic expression
(2.14) of [34]. To be more precise, we have shown that there are no new leading order con-
tributions from the fully general relativistic treatment of the kinematic dipole amplitude
when averaged over the full redshift range. This short calculation can serve as a starting
point for the inclusion of second order corrections to the kinematic dipole.

2.2 Intrinsic Dipole

The assumption of isotropy in the cosmological principle is a statistical one, meaning that
no direction is expected to be preferred. However, each realization such as our observed
universe deviates from isotropy. The standard model of cosmology describes and quantifies
the expected deviations from isotropy by the angular power spectrum, denoted by the
multipole coefficients C int

l . In the following, we briefly show how these are related to the
matter density fluctuations δm, following [40].
The fluctuations in the source density dN/dΩrest around its mean N = 〈dN/dΩrest〉 are

∆(n̂) ≡ dN/dΩrest(n̂)−N
N

. (2.23)

The fluctuations on the sky are related to the observable fluctuations in the source counts
in three dimensional space δs(r) by

∆(n̂) =

∫ ∞
0

dz n(z)δs
(
r(z)

)
, (2.24)

where we introduced the normalized redshift distribution n(z) of the sources.



2.2. Intrinsic Dipole 10

The fluctuations on the sky can also be expressed in terms of spherical harmonics with
coefficients (see also Appendix A.1)

aint
lm =

∫
dΩY ∗lm(n̂)∆(n̂) . (2.25)

The angular power spectrum is defined to be the variance of the spherical harmonic coef-
ficients

C int
l = 〈|aint

lm|2〉 . (2.26)

Initial conditions and perturbation theory lead to an expression for the fluctuations δm in
the matter density. Neglecting perturbations (see discussion below), δm can be related to
the observable fluctuations in radio sources by the bias factor b [41].

δs(r) = b(z)δm(r) . (2.27)

We allow the bias to depend on the redshift z, but approximate it to be scale independent.
We rewrite δm(r) = δm(r, z = 0)D+(z), introducing the growth factor D+(z), which

characterizes the growth of structure over time. We also use the Fourier transformation
δm(r, z = 0) =

∫
dk3/(2π)3 exp(ik · r)δm(k) of the matter density fluctuations at z = 0

and the power spectrum P (k, z = 0), defined by 〈δm(k)δm(k′)〉 = δ(3)(k − k′)(2π)3P (k, z = 0).
The Dirac-delta distribution δ(3) is a consequence of homogeneity and isotropy [42].
Collecting all these expressions and using the identity (A.5), we find for (2.26)

C int
l =

2

π

∫ ∞
0

dk k2P (k, z = 0)W 2
l (k) , (2.28)

Wl(k) =

∫ ∞
0

dz n(z)b(z)D(z)jl
(
kr(z)

)
, (2.29)

where the spherical Bessel function jl is used. This is the relation between the amplitude of
density fluctuations on different scales k which is characterized by the power spectrum and
the amplitude of fluctuations in the density on the sky on different scales l characterized
by the angular power spectrum.

In fact, (2.27) is only an approximation to the fluctuations in the source counts. Various
other effects such as redshift space distortions, lensing and distortions due to gravitational
potentials influence the relation between the observed fluctuations in the source counts
and the matter density fluctuations [36, 37] (see also [42]). Since the purpose of this
section is only to show how fluctuations in the matter field are related to anisotropies in
the distribution of galaxies, we do not discuss these effects here. Only the redshift space
distortions (RSD) are addressed since these have a sizeable effect on large scales and are
thus relevant for the dipole.
For all calculations throughout this work, we use the full expression of the angular power

spectrum. This is done with the public code class [43] modified to classgal [38] which
includes all perturbations to the angular power spectrum. We give some intuition about
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the perturbations in Figure B.1, where we show how different effects modify the angular
power spectrum.
In this section, we only show how the most important effect on large scales, the RSD,

enter the expression for the angular power spectrum. To do so, we follow [42]. The
approximation (2.27) is extended to include perturbations of the volume element

δs = b(z)δm +
δV

V
. (2.30)

The volume element is
V = r2(z)dΩdr = r2(z)dΩ

dr

dz
dz . (2.31)

The observed volume element is perturbed through different effects. One of them originates
in the peculiar velocity of the sources V p. The background redshift z̄ which is related to the
distance r(z̄) =

∫ z̄
0 dz′/H(z′), where H = ȧ/a is the Hubble parameter and a = 1/(1 + z̄)

is the scale factor, is not directly observable. Instead it is changed due to the Doppler
effect to

z = z̄ + δz = z̄ + (1 + z̄)V p · n̂ . (2.32)

An observer does not measure the background redshift indicating the distance but the
perturbed redshift. Inserting (2.32) into the derivative in (2.31), one finds (see Equation
(8.7) and (8.8) in [42])

δV

V
= V p · n̂+

1 + z̄

H

dV p · n̂
dr

. (2.33)

These two terms influence the observed fluctuations through (2.30). The second term
dominates over the first one on small scales since then, H−1d/dr ∝ k/H is large. It is
referred to as the RSD. Numerical calculations with class show that the RSD have the
largest effect on large scales after the density fluctuations δm themselves (see Figure B.1).

Finally, we can discuss the intrinsic dipole amplitude dint. The ΛCDM model only predicts
the multipole coefficient C int

1 , which we have calculated above. The amplitude of the
intrinsic dipole itself is not exactly predicted. As a consequence of isotropy there is also
no preferred direction. Instead, the dipole is expected to point in a completely random
direction. The C int

l is related to the variance of the dipole amplitude by (A.15)

〈d2
int〉 =

9C int
1

4π
. (2.34)

The dipole amplitude that we observe is expected to be a random variable following a χ(3)

distribution (A.17) (see discussion in Appendix A.3).

We call dint =
√

9C int
1 /(4π) the typical dipole amplitude. Its value is displayed for

different C int
1 in Figure 2.1. For the calculation of the C int

1 , different tophat windows as
the redshift distribution are used, so sources have equal probability to be observed between
zmin and zmax and zero probability otherwise (in fact, this window is slightly smoothed to
avoid artefacts from numerical integration).
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Figure 2.1: The intrinsic dipole dint =
√

9C int
1 /(4π) of galaxy number counts as ex-

pected in the ΛCDM model. A smoothed tophat window between different zmin and
zmax is used for the calculation with class. The magnification bias is set to s = 0 and
the bias to b = 1.5. For comparison, the kinematic dipole amplitude is approximately
5× 10−3.

In Figure 2.1, one can see that the closer the sources and the smaller the bin, the larger
the intrinsic dipole. This is why cosmic sources distributed over large distances are most
interesting for the dipole analysis. There, anisotropies are expected to be smallest.
In this work, different surveys will be considered. Depending on their redshift distribu-

tion, we will find different typical intrinsic dipole amplitudes, ranging between

dint ∼ (0.5–5)× 10−3 . (2.35)

2.3 Shot Noise

The third contribution to the cosmic dipole is a natural consequence of measuring point
sources. Point sources are a random discrete sample of the underlying field. Thus, the
field can be inferred precisely only in the limit of observing N −→∞ sources. Since we are
limited to a finite number of sources, we analyse the effect of shot noise (also Poissonian
noise) on the number count dipole. In this section, shot noise on a full sky coverage is
discussed (see also [14, 44]). In Section 2.4, the effect of a partial sky coverage is considered.
Let us consider a field of N point sources whose positions n̂i are random and independent

following an isotropic distribution

f(n̂) =

N∑
i

δ(2)(n̂− n̂i) , (2.36)

where δ(2) is the Dirac-delta distribution. The underlying distribution is perfectly isotropic
and its angular power spectrum vanishes naturally. For the field that consists of a sample,
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however, this is not the case as we will show. To do so, we calculate the angular power
spectrum of f(n̂) following Appendix A. The spherical harmonic coefficients (A.1) are

alm =
1

N

N∑
i

Ylm(n̂i) . (2.37)

The prefactor 1/N , where N = N/4π is the mean source density, ensures the convention
used throughout this work. That is, spherical harmonic coefficients, the dipole (compare
to (2.2)) and the multipoles Cl all characterize the fluctuations relative to the field. The
multipoles are (A.8)

CSN
l =

1

N2

1

2l + 1

l∑
m=−l

N∑
i,j

〈Ylm(n̂i)Y
∗
lm(n̂i)〉

=
1

N2

1

2l + 1

l∑
m=−l

 N∑
i

〈|Ylm(n̂i)|2〉+

N∑
i 6=j
〈Ylm(n̂i)Y

∗
lm(n̂j)〉


=

{
1/N , l > 0

4π , l = 0 .

(2.38)

Here, we used (A.3) as well as (A.4) and identified the ensemble average in (A.8) as the
average of over all sources’ possible positions, 〈...〉 =

∫
dΩi

∫
dΩj/(4π)2 ...

We find that the shot noise power spectrum is non-vanishing and constant

CSN
l = 1/N , l ≥ 1 . (2.39)

In the limit of N → ∞, the field would be perfectly sampled and the shot noise angular
power spectrum vanishes. As explained in Appendix A.3, the shot noise dipole amplitude
is random and follows a χ(3)-distribution similar to the intrinsic dipole amplitude. From
(A.15), we see that the typical shot noise dipole (still on the full sky) is

dNSN =

√
9CSN

1

4π
=

3√
N
. (2.40)

For 106 sources this is 3 × 10−3 and therefore comparable to both the kinematic dipole
(2.13) and the intrinsic dipole (2.35).
So far, we have only discussed the intrinsic dipole and the shot noise dipole on the full

sky. In the next session, the effect of an incomplete sky coverage on these two dipole is
discussed.

2.4 Effect of Incomplete Sky Coverage

It is very difficult to observe the full sky. Earth-based telescopes are often not able to
see the a north or south region since it is blocked by the Earth. Even for space-based
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telescopes, the view into the cosmic distance is partially blocked by the Milky Way. Often,
a mask is constructed that covers regions which are not observed or that are known to be
noisy (see Section 3.1.2). The part of the sky which is not observed or not taken into the
analysis for other reasons is therefore also called the masked region. In this section, we
will discuss how an incomplete sky coverage complicates matters and show how the results
derived in the previous two sections for a full sky coverage can nevertheless serve as an
approximation if a part of the the sky is masked.
To begin, let us consider a quadrupole field with l = 2, m = 0, f(n̂) ∝ cos2 δ, which is

only observed on the northern half of the sky, i.e. with declination δ > 0. The southern
hemisphere is masked. Therefore, we only see a maximum at the north pole and a decreas-
ing value of the field towards the equator. To an observer not knowing that the field is
mirrored on the southern hemisphere, this resembles a dipole. The dipole estimator used
in this work fits a dipole to the observed field. The best fit model in this case would not
be a vanishing dipole, but a dipole pointing towards the north. This example shows how
fluctuations on smaller scales than the dipole can look like a dipole on a masked sky. We
call this the leakage effect.
Since a mask in general breaks the spherical symmetry, it is intuitive that the leakage also

changes the distribution of random dipoles. On the full sky, the dipole direction of both
the shot noise dipole and the intrinsic dipole is random following an isotropic distribution.
The probability density functions (PDFs) of the dipole’s declination δ and right ascension
α are

P (δ) = (sin δ)/2 , P (α) = 1/(2π) . (2.41)

On a masked sky, this is not necessarily the case because of leakage from higher intrinsic
multipoles to the intrinsic dipole and leakage from higher shot noise multipoles to the
shot noise dipole. To summarize, the leakage can change both the distribution of dipole
amplitudes and the distribution of directions.

To illustrate this, we begin with a discussion of the shot noise dipole. To do so we fix the
total number of observed sources Ntot and let N = Ntot/(4πfsky) vary with the observed
fraction of the sky fsky. This means a smaller fsky corresponds to a larger number density
and thus a smaller shot noise angular power spectrum CSN

l = 1/N . On the other hand,
we anticipate that the leakage increases with decreasing fsky.
We test these two opposing effects for three simple example masks, displayed in Fig-

ure 2.2. The Tetrad Mask covers all of the sky except for four small regions (1/48 of
the sky each) that are separated as far as possible from one another. These four regions
correspond to the the four corners of a tetrahedron inscribed in a sphere, which motivates
the name Tetra Mask. The Half Mask covers half of the sky (α ∈ [0, π]). This is an in-
teresting scenario, since many earth-based telescopes only observe the sky above or below
a certain declination (see for example the NVSS mask in Figure 3.4 or the LSST mask in
Figure 5.2). Here we rotate such a mask by 90° for a better visualisation of the results.
A third test is done with the Quad Mask, where two distinct quarters of the sky are not
masked (resembling the m = 0 quadrupole, hence the name). This mask is motivated by
the one used in the quasar analysis (see Figure 4.1).
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Figure 2.2: From left to right: Mollweide projection of the Tetrad, Half and Quad
masks with sky coverages of 8%, 50% and 50%, respectively. Grey indicates the ob-
servable regions and black the masked regions.
The middle of the plot corresponds to zero right ascension and zero declination. Dec-
lination increases towards the top and decreases towards the bottom. Right ascension
increases towards the left. Note that in this projection of the sky, any point on the left
is neighbouring the point on the right with the same declination.
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Figure 2.3: Comparison of the distributions of amplitude, declination and right ascen-
sion of the shot noise dipole for different sky coverages (see Figure 2.2). The obtain
these, shot noise simulations are used (see Appendix A.2), where the number of sources
Ntot = 106 is the same in the observable region, i.e. the source density is not equal for
the different sky coverages. The theory curve is a χ(3) distribution with 〈d2〉 = 3×10−3

for the amplitude d, (sin δ)/2 for the declination δ and 1/(2π) for the right ascension.

The distributions of random shot noise dipole amplitudes and directions are tested by
simulations. For each of the three masks as well as for the full sky, we simulate the shot
noise of Ntot = 106 sources distributed on the unmasked regions following Appendix A.2.
The source density N = Ntot/(4πfsky) is larger for smaller sky coverages. We then measure
the dipole in the shot noise field using the estimator described in Section 2.7, which is not
biased due to incomplete sky coverage. Any directional biases that we observe are the result
of the shot noise dipole and not the estimator. The distribution of dipole amplitudes and
directions found in 10 000 simulations is shown in Figure 2.3 and discussed in the following.
First, the full sky distribution of the amplitudes agrees perfectly with the theory, which

is a χ(3) distribution (see Appendix A.3) with typical amplitude (2.40) dNSN = 3/
√
Ntot.

Also, the random directions agree with the isotropic PDFs (2.41).
We continue to discuss the results of the partial sky coverages. We notice that the

resulting distribution of amplitudes of the Tetrad Mask is very similar to the full sky one.
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This is because on this particular mask, the increasing number density exactly cancels
the increasing leakage for smaller sky coverages. It is remarkable that the distributions
of amplitudes and directions of shot noise dipoles found when applying the Tetrad Mask,
where fsky = 1/12, are nearly the same as the ones where the same number of sources is
distributed on the full sky instead of the four small patches.
This is not the case for both the Quad Mask and the Half Mask. There, we find that

the amplitudes are larger and the direction is biased. Hence, we conclude that directional
bias and the amplitude of shot noise on a masked sky do not necessarily correlate with the
fraction of the observed sky, when the total number of sources is fixed.
In the middle and right panels of Figure 2.3, we see how the Quad and Half Masks

change the isotropic distribution. The random dipoles in the Half Mask tend to point
towards the center of the masked region or in the opposite direction, which corresponds to
a right ascension of 90° or 270° and zero declination. The sky coverage of the Quad Mask
covers the full range of the right ascension for the observed declination range. Therefore,
there is only a bias in the declination. Due to the special symmetry of this mask, a random
quadrupole has no effect on the dipole. Only an octopole or larger multipoles can induce
dipole leakage. The absence of leakage from the quadrupole explains why the distribution
of amplitudes from the Quad Mask follows the full sky distribution more closely than the
amplitude distribution of the Half Mask.

By inspecting the amplitude distributions in Figure 2.3, we find that the leakage increases
the typically observed shot noise dipole only slightly, if the same number of sources is
distributed in the observed region. Therefore, we state that the shot noise dipole power
observed on a reasonably masked sky C̃SN

1 is related to the shot noise dipole power with
the same number density on the full sky CSN

1 by

C̃SN
1 = CSN

1 + leakage & CSN
1 /fsky = 4π/Ntot . (2.42)

‘Reasonable’ means either a sky coverage of fsky > 50% or a mask like the Tetrad Mask,
where very distinct directions are observed. It is important to observe at least four distinct
directions since four parameters need to be estimated, the monopole and the three dipole
components. If we observed less than four small patches, the shot noise dipole amplitudes
and directional biases would be found to be much larger.
Having discussed the shot noise leakage, we continue with the leakage of the intrinsic

clustering. Similar to the result (2.42), we approximate the dipole power expected on the
masked sky C̃ int

1 by the dipole power in the full sky angular power spectrum C int
1 as

C̃ int
1 = C int

1 + leakage & C int
1 /fsky . (2.43)

Here, we rely on the angular power spectrum being relatively smooth, i.e. higher multipoles
are of the same order as the dipole power C int

1 , which is usually the case (compare for
example to Figure 3.5).
In writing (2.42) and (2.43), i.e. replacing the full sky dipole power with a larger dipole

power on the masked sky, we neglect any directional bias through leakage. Also, these two
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expressions are by far not accurate but rather serve as a rule of thumb how the typical
intrinsic dipole amplitude depends on the sky coverage

dint &

√
9C int

1

4πfsky
(2.44)

as well as that the typical shot noise dipole amplitude is better specified by the total
number of sources than the number density

dNSN &

√
9

Ntot
. (2.45)

In order to be exact when comparing the expectations of the cosmic matter dipole to the
distribution of observed sources, we use simulations with the same survey sky coverage.
In the next section, when discussing how the different parts of number count dipole

combine, we use (2.42) and (2.43) as an approximation, such that the results also serve as
an approximation for incomplete sky coverages.

2.5 Combined Dipole

We established the three contributions of the number count dipole

dN = dNkin + dint + dNSN . (2.46)

Since we only observe the total number count dipole dN and want to compare it to ex-
pectations from the ΛCDM model, in this section, we discuss how the kinematic dipole
combines with the two random dipoles. This is non-trivial because we cannot simply add
the amplitudes of the contributions dNkin, dint and dNSN found in the previous sections but
have to consider their directions. In the following the probability density functions (PDFs)
for amplitude and direction of the dipole are derived. Additionally, we give the formulas
for the mean and standard deviation that can be inferred from the PDFs.
As described in Section 2.2 and Section 2.3, both the intrinsic clustering and the scatter

due to shot noise are characterized by the angular power spectrum. In particular, for the
dipole we only need the respective first multipoles C int

1 and CSN
1 , if we consider a full sky

coverage. As discussed in Section 2.4, when dealing with a partial sky coverage, there is
leakage from higher multipoles, so we use C̃ int

1 and C̃SN
1 as an approximation (see (2.42) and

(2.43)). Doing so, we ignore biases in the random dipole direction. The results therefore
only hold for the full sky, but also serve as an approximation for partial sky coverages with
fsky > 50%.
In Appendix A.3, it is shown that the components of both random dipoles can be de-

scribed by independent Gaussian variables with zero mean and variance 3C1/(4π), see
(A.16). The vanishing mean is a consequence of isotropy. The variance follows from the
definition of the multipoles Cl ≡ 〈|alm|2〉. In the case of the intrinsic clustering, non-
linearities are small on large scales (compare to Figure B.1), so a Gaussian distribution of
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the alm is a good approximation. For the shot noise, which follows a Poissonian distribu-
tion, it is safe to invoke the central limit theorem since we are interested on the large scale
distribution of many sources Ntot > 105. Therefore, fluctuations in the number density
can also be considered as Gaussian.
In summary, the dipole components of the shot noise and the intrinsic clustering dipole

are well described as normally distributed independent variables with zero mean and vari-
ance

σ2
SN =

3C̃SN
1

4π
=

3

Ntot
(2.47)

σ2
int =

3C̃ int
1

4π
=

3C int
1

4πfsky
, (2.48)

respectively. This is exact for fsky = 1 and an approximation otherwise.

PDF of Amplitude and Deviation Angle
Before including the kinematic dipole, we first combine the two dipoles from intrinsic clus-
tering and shot noise into one random dipole, denoted as dr = dNSN +dNint. Its components
are also normal variables with zero mean and variance

σ2
r = σ2

SN + σ2
int . (2.49)

The random dipole amplitude is distributed accordingly to a χ(3)-distribution (A.17)

P (dr) =
d2
r

σ3
r

exp
(−d2

r

2σ2
r

)√ 2

π
(2.50)

(for a visualisation, see ‘Theory’ in the left panel of Figure 2.3 where σ2
r = 3 × 10−6).

Since we assume a full sky coverage, the random dipole’s direction follows an isotropic
distribution, just like its two constituents, the intrinsic and the shot noise dipole. Instead
of considering both the declination and right ascension, we can describe its direction by the
angle θr relative to the kinematic dipole, where cos θr = d̂kin · d̂r (for readability, we drop
the superscript N of the kinematic number count dipole in the remainder of this section).
There is no preferred direction of the random dipole, hence

P (cos θr) = 1/2 . (2.51)

To specify the direction of the combined dipole d = dkin + dr, we define the deviation
angle θ between the kinematic dipole and the combined dipole

cos θ = d̂kin · d̂ = (dr cos θr + dkin)/d . (2.52)

Since the only special direction is defined by the kinematic dipole, it is sufficient to consider
only the deviation angle. The amplitude of the combined dipole is

d =
√
d2
r + d2

kin + 2drdkin cos θr , (2.53)
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Figure 2.4: In both panels, the contour lines show where the PDF P (d, θ) of dipole
amplitudes d and deviation angles θ is 90%, 60% and 13% of its maximum. The cross
marks the example discussed in the main text of dobs = 0.016 and θobs = π/8.
Left: The orange region shows all values, which occur with a probability smaller than
the probability of the example dipole and deviation angle.
Right: The blue and green region together show all values with an amplitude larger
than the observed one. The green region shows all the outcomes with an amplitude
larger and a deviation angle smaller than the example dipole and deviation angle.

Using (2.50) to (2.53), we find for the PDF of combined dipole amplitude and deviation
angle

P (d, θ) = sin θP (dr)P (cos θr)

∣∣∣∣d(dr, cos θr)

d(d, cos θ)

∣∣∣∣ = sin θP (dr)P (cos θr)
d2

d2
r

=

= sin θ
d2

σ3
r

exp
(
−
d2 + d2

kin − 2 cos θddkin

2σ2
r

)√ 1

2π
.

(2.54)

To give some intuition about this result, Figure 2.4 displays P (d, θ) with dkin = σr =

0.005 (the colored regions in this figure will be relevant in the next section). These values
are motivated by the data analysis in Section 3.2. It is clearly visible that the resulting
dipole is not expected to point exactly in the direction of the kinematic dipole, but rather
at some angle θ ≈ π/4. Also, the amplitude is biased to larger values d ≈ 0.01 than the
kinematic amplitude. This bias immediately follows from (2.53). If the random dipole
which consists of shot noise and intrinsic dipole points in the same direction as the kine-
matic dipole, then the resulting amplitude is larger. On the other hand, if the random
dipole points in the opposite direction, the resulting dipole amplitude is smaller. This
explains the anti-correlation between amplitude and deviation angle that can be seen in
Figure 2.4.

PDF, Mean and Variance of the Dipole Amplitude
Let us define the coordinate system for this section in such a way that the kinematic
dipole points in the z-direction. The components of the random dipole are normally
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distributed with zero mean. The components of the combined dipole, however, also include
the kinematic dipole. Therefore, the mean of the z-component is not zero

dx,y ∼ N (0, σ2
r ) , dz ∼ N (dkin, σ

2
r ) . (2.55)

The PDF P (d) of the combined dipole’s amplitude d =
√
d2
x + d2

y + d2
z is the non-central

χ(3)-distribution, being displaced by the kinematic dipole amplitude in comparison to the
central χ(3)-distribution. It can be expressed as [45]

P (d) =

√
2

π

d

dkinσr
exp
−(d2 + d2

kin)

2σ2
r

sinh
(
dkind/σ

2
r

)
. (2.56)

Integrating (2.54) over all θ also gives this result,
∫

dθP (d, θ) = P (d). In the limit
dkin → 0 the non-central χ(3)-distribution (2.56) reduces to central one (2.50) using
limx→0 sinh(ax)/x = a.

The mean and the variance of d can be computed [45, 46] and expressed with the
associated Laguerre function L as

〈d〉 = σr

√
π

2
L

1/2
1/2

(
−
d2

kin

2σ2
r

)
≈
√

8σ2
r/π + d2

kin

σ2
d = 3σ2

r + d2
kin − 〈d〉2 ∼ 0.4σ2

r .

(2.57)

The approximation in the first line is motivated by the fact that the random dipole alone
has an expected amplitude of 〈dr〉 = σr

√
π/2L

1/2
1/2(0) = σr

√
8/π. The naive approach

of 〈d〉 ≈
√
〈dr〉2 + d2

kin turns out to be a good approximation and is accurate for all
σr, dkin < 0.1 within 3%. The approximation in the second line of (2.57), however, can be
arbitrarily bad as it concerns the difference between two larger numbers. Throughout this
work, we use the exact results in (2.57).

Mean and Variance of the Deviation Angle
One can integrate P (d, θ) over all d to find the PDF of the deviation angle P (θ) =∫

ddP (d, θ). However, the resulting analytic expression is lengthy and therefore not stated
here. Instead, we directly skip to the mean and variance of θ. They can be computed nu-
merically like

〈θ〉 =
1

2

∫ 1

−1
d cos θr

∫ ∞
0

ddrP (dr) θ

σ2
θ =

1

2

∫ 1

−1
d cos θr

∫ ∞
0

ddrP (dr) (θ − 〈θ〉)2 .

(2.58)

There is no analytic expression available for these two integrals.

Conclusion
To give some intuition about the results (2.57) and (2.58), we show the mean and variance
of the combined dipole amplitude and the deviation angle in Figure 2.5. Additionally,
we compare these results to simulations. To do so, we use the methods described in
Appendix A.2, which include the intrinsic clustering and shot noise. Also a kinematic
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Figure 2.5: Comparison of the theoretical results (2.57) and (2.58) for mean and
standard deviation of the combined dipole’s amplitude d and deviation angle θ =
arccos d̂kin · d̂ with simulations for different number of sources Ntot. The kine-
matic dipole is included pointing towards declination δ = 90° with an amplitude
dkin = 5 × 10−3. Only in the left column, intrinsic clustering is included with
C int

l = 10−5 for l ≤ 20 and zero otherwise. The Half Mask is displayed in Fig-
ure 2.2. For the theory, when only half of the sky is observed (solid and dashed blue
lines), (2.43) is used to approximate the leakage effect. In the right column, the theory
of the full sky is the same as for the half sky since the same number of source Ntot

are distributed on the observable region (2.42). The simulations follow the procedure
described in Section 3.2.2 and also include the kinematic dipole (see main text).

dipole with dkin = 0.005 pointing towards δ = 90° is included. To do this, we replace each
pixel value

mp → mp(1 + dkin cos δp) . (2.59)

The details of these simulations are not relevant here. They are explained in more depth
in Section 3.2.2. We compare the results obtained with an intrinsic clustering, Cl = 10−5

for l ≤ 20, to the results setting C int
l = 0. Both contain the shot noise and we let the

total number of sources Ntot vary. Lastly, in Figure 2.5, one can also see the difference
between a full sky coverage and a partial sky coverage, in this case using the Half Mask
from Figure 2.2.
We begin to discuss the results of the full sky coverage. First, we notice that the theory

agrees perfectly with the simulations. This confirms the calculations leading to (2.57) and
(2.58). We see that an increasing amount of sources reduces the shot noise as expected.
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Therefore, for increasing Ntot, the mean of the dipole amplitude converges to the kinematic
dipole amplitude dkin = 0.005, the standard deviation decreases and the deviation angle
becomes smaller.
Through the presence of intrinsic clustering, the combined dipole does not approach

the values from the kinematic dipole for Ntot → ∞. Instead, the standard deviation of
the dipole amplitude and the deviation angle converge to a fixed value. Without intrinsic
clustering, the standard deviation of the amplitude and the deviation angle continue to
decrease with increasing Ntot. Thus, intrinsic clustering limits the precision with which
the kinematic dipole amplitude and direction can be determined.
Next, we turn our focus to the results from the analysis where half of the sky is masked.

To obtain the theoretical values for this case, we use the approximation (2.43) to include
leakage. When C int

l = 0, the theory of the full sky is the same as the one of the Half Mask,
which is a consequence of the approximation (2.42), i.e. the fact that the same number
of sources Ntot is distributed in the observed region. Obviously, the agreement between
simulations and theory is not as good as for the full sky analysis. This is especially visible
for the deviation angle, which is due to the fact that in this approximation, directional
biases are completely neglected.
At this point, the consequences of the ΛCDM model on the number count dipole have

been completely quantified. We have derived the full ΛCDM prediction for the number
count dipole in the form of a PDF for amplitude and direction.

2.6 Evaluation of the Significance

Whenever measuring a quantity, one would like to characterize the agreement or disagree-
ment between observation and theoretical expectation in one number. Typically the num-
ber of standard deviations σ between the two values is used. For example in particle
physics, 5σ corresponds to a discovery and 3σ is considered evidence. In this section, we
deal with the question how to analyse the significance of the observed dipole.
When observing the dipole, its amplitude as well as its direction are computed. Again,

instead of considering two coordinates for the direction, it is sufficient to only consider the
deviation angle θ ≡ arccos

(
d̂
N
kin · d̂

)
between the kinematic dipole dNkin and the observed

dipole d. Amplitude and deviation angle are not independent (see (2.54)), so they need to
be analysed together.
In order to fully include the effects of the partial sky coverage, we use simulations to

assess the significance of the observations in Chapter 3 and Chapter 4. This means that
many (103 ∼ 107) mock catalogs with all the properties that are relevant to the dipoles are
generated. The dipoles of all mock distributions are computed and counted in small bins
to find the distribution P (d, θ) which gives the probability to observe a dipole amplitude
d and a deviation angle θ given all the assumptions by the ΛCDM model. This is a better
approach than using the PDF (2.54), which only approximates the effect of the incomplete
sky coverage.
Here, the PDF (2.54) serves as an example of P (d, θ) usually obtained through simula-

tions. The kinematic dipole amplitude is set to dkin = 0.005 and the contributions from
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intrinsic and shot noise dipoles are characterized by σr = 0.005. In Figure 2.4, where the
PDF is shown, a cross marks an example observation dex = 0.016 and θex = π/8 (moti-
vated by the analysis done in Chapter 3). We first assess the significance of this particular
outcome by the p-value, which is defined as the probability to obtain an outcome as ex-
treme as the observed one. This means the p-value is the integral of P (d, θ) over the region
where P (d, θ) ≤ P (dex, θex). This is indicated in the left panel of Figure 2.4 by the orange
region.
Commonly used in the literature is another way of obtaining the p-value. Noticing that

in this example as well as in later data analyses, the deviation angle by itself matches our
expectation very well, one can consider the excess in amplitude only. This corresponds to
integrating P (d, θ) over the blue and green region shown in the right panel of Figure 2.4.
In other words, the p-value is the number of simulations, where the amplitude is found to
be at least the observed amplitude, divided by the total number of simulations.
In the recent analysis of the dipole in the distribution of quasars [27], yet another ap-

proach is taken. Only simulation outcomes with an amplitude larger than the observed
one and a deviation angle smaller than the observed one are counted to obtain the p-value.
This corresponds to the green region in Figure 2.4.
The p-value is then converted to a number s of standard deviations σ, as if the distri-

bution was a Gaussian one. For the first discussed case, the relation is

p(s) =

∫ 2π

0
dφ

∫ ∞
sσ

drg(x, σ)g(y, σ) = exp
−s2

2
, (2.60)

where r =
√
x2 + y2 and g(x, σ) is a Gaussian PDF with zero mean and standard deviation

σ. When the p-value is determined by the amplitude only, it depends on s by

p(s) =

∫ ∞
sσ

dxg(x, σ) =
1

2
[1− erf(s/

√
2)] , (2.61)

using the error function. In the quasar dipole analysis [27], this expression is used as well.
Inverting above expressions gives

s(p) =
√
−2 ln p (2.62)

s(p) =
√

2 erf−1(1− 2p) . (2.63)

Returning to our example, we compute these values for the different approaches and find

(orange, ‘as extreme’) : p = 0.25 → s = 1.7 (2.64)

(blue + green, ‘only amplitude’) : p = 0.05 → s = 1.7 (2.65)

(green, ‘amplitude and angle’) : p = 0.01 → s = 2.3 . (2.66)

The first two methods agree on 1.7σ, because the significance arises only due to the large
amplitude. However, with the third method, one would conclude a larger significance of
2.3σ. In the data analysis of Chapter 3 and Chapter 4, the second method is used, since
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only the amplitude exceeds the expectations. However, the first method is applicable to
all outcomes and should be used, if both amplitude and deviation angle differ from the
ΛCDM model expectations.

2.7 Dipole Estimator

In this section, the estimator that is used throughout this work to measure the dipole is
introduced. The estimator returns the best fit values of the dipole for a given field.
We use the estimator provided by the fit_dipole method in healpy (a Python package

based on HEALPix) [47, 48]. HEALPix provides a pixelisation scheme on the sphere, where
each pixel covers the same area. The field of observed sources is computed by counting
the number of sources Np within the flux cut in each pixel p. From this pixelised field, the
estimator minimises the quantity ∑

p

(Np −D · rp)2 (2.67)

to find the best fit variables for the monopolem and the three dipole components denoted as
the vectorD = (m,Dx, Dy, Dz). The sum runs over all unmasked pixels p; the components
of rp = (1, r̂p) are one and the coordinates of the pixel p on the unit sphere. The minimum
of (2.67) is determined by the linear equation

D = M−1
∑
p

rpNp , Mij =
∑
p

rp,irp,j . (2.68)

Since we define the dipole in (2.2) to be the fluctuation relative to one, we need to divide
by the monopole. Our estimator for the number count dipole is therefore

dNest = (Dx/m,Dy/m,Dz/m) . (2.69)

Instead of this estimator, one can also consider the estimator advocated in [20] which
minimises the quantity χ2 =

∑
p[Np − D · rp]2/(D · rp) and thus only differs by the

normalization of the summand. This is more appropriate to use, if the number of sources
per pixel differs significantly from pixel to pixel, because the normalization properly takes
into account the shot noise variance. However, in our case, the number of sources per pixel
varies very little, since the dipole and other fluctuations are small. Since the minimum
of the χ2-expression cannot be found analytically, a numerical minimisation needs to be
performed, which involves a larger computational effort. Therefore, we prefer the simpler
version with a linear solution.
We tested the two estimators for both complete and incomplete sky coverages. On

simulated shot noise fields, the dipole amplitudes found by the two estimators agree for
each realization of shot noise within on average 6% and the directions within 5°. Also, the
mean and variance of all observed outcomes are equal for both estimators. Therefore, we
conclude that they are unbiased with respect to each other and work equally well.



3 NVSS Radio Sources Dipole

Having presented all the relevant theory, in this chapter, actual data is analysed. A survey
conducted with the Very Large Array (VLA) of the National Radio Astronomy Observatory
(NRAO) between 1993 and 1996, called NRAO VLA Sky Survey (NVSS) [11] is yet the
most suitable radio survey to analyse the cosmic matter dipole. There are several reasons,
why the source catalog of the NVSS is more suitable than other catalogs of radio sources.
Firstly, the NVSS covers the full region above declination δ = −40° and thus a large fraction
of the sky. Secondly, the survey has a high sensitivity, such that one expects fainter radio
sources at cosmic distances to dominate over the local structure. In this chapter, we will
discuss the survey in more detail and estimate the dipole in the distribution of sources
of the NVSS catalog. We simulate mock catalogs, which include the intrinsic dipole, the
kinematic effects and shot noise, in order to compare the observed dipole with theory.

3.1 Measuring the Dipole

To analyse the dipole, a subsample of the full catalog that is free of any observational
artefacts needs to be created. Therefore, in this section, we discuss possible contaminations
and how to eliminate them.

3.1.1 Data

The NVSS provides a catalog1 of approximately 1.8×106 sources. Each of these is described
by its flux F as well as the right ascension α and the declination δ in the J2000.0 equatorial
coordinate system to express its position on the sky. Additionally, estimated uncertainties
in the flux σF and in the two positional coordinates σα, σδ are specified for each source.
However, there is no estimate of the redshift. Thus, the distance to each source is not
known but only the direction is. This becomes an issue when calculating the expected
angular power spectrum in Section 3.2.1.
The distribution of the sources’ fluxes and the distribution of the relative uncertainties

are shown in Figure 3.1. The distribution of the sources’ positions is well visualized by a
Mollweide projection (see left panel of Figure 3.2). One can clearly see the higher density
of sources in the galactic plane which appears like an arc in equatorial coordinates. Also,
there is a horizontal stripe at around δ = −12° (see also right panel of Figure 3.2). Due

1available at ftp://ftp.cv.nrao.edu/nvss/CATALOG/FullNVSSCat.text
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Figure 3.1: Left: The cumulative source count of all sources in the NVSS catalog.
Right: The distribution of the relative flux uncertainties of all sources with a flux larger
than 15mJy.
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Figure 3.2: Left: The distribution of the positions of all sources in the NVSS catalog
in equatorial coordinates. Each of the 49, 152 equal area pixels shows the number of
sources in that pixel. For the conventions used in the projection, see Figure 2.2.
Right: The error bars show mean and standard deviation of the relative fluctuations
in the surface density in declination bins of 20°. The sudden change at δ ≈ −12° is
eliminated by setting a lower flux limit.

to different telescope array configurations at different declinations [10], there are surface
density fluctuations that are an observational artefact. Therefore, even though the NVSS
is estimated to be 99% complete above a flux of 3.4mJy, a larger minimum flux cut needs
to be applied, such that these observational anisotropies vanish. In the following analysis,
we consider two different cuts

F > 15mJy

F > 20mJy .
(3.1)

In previous works, an upper flux cut of 1000mJy is often applied, in order to suppress the
contribution from sources that are very close to us. Since it is not possible to distinguish
between a very luminous but faint or less luminous but closer source, we do not apply this
cut. Imposing this upper cut would lead the observed dipole amplitude to be 2% larger.
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Figure 3.3: The histograms show the distribution of numbers of sources per pixel for
Mask 1 in the left panel and Mask 2 in the right panel after applying the flux cut
F > 15mJy. Also shown is a Poissonian fit to the distribution. The pixels that are
removed because of sidelobe contamination as described in the main text are colored
blue.

3.1.2 Mask

The NVSS does not cover the full sky, but only the region with a declination larger than
δ = −40°. In addition, the Milky Way blocks the view of distant sources. Both of these
regions cannot be used in the analysis, hence a mask is introduced. The mask covers the
region south of δ = −40° as well as the region within ±10° around the galactic plane.
The masks are created using the HEALPix pixelisation scheme [47, 48]2. No parts of
the unmasked HEALPix pixels should lie in the region that is desired to be masked. To
ensure this, all masks are created slightly larger than with the values stated above. For
the resolution parameter Nside = 16 and Nside = 64, this corresponds to an offset of 3.8°
and 0.95°, respectively.
In Figure 3.3, we show a histogram of the number of sources per pixel after masking

the galactic plane and the part of the sky not covered by the NVSS. For nearly all pixels,
it closely follows a Poissonian distribution. However, a few outliers contain much more
sources than expected. As detailed in [49], these outliers are likely to be a survey artefact.
The observing beam has sidelobes (see Fig. 16 of [11]), such that bright sources could lead
to false detections of artificial sources. We identify two regions around (δ, α) ≈ (−7.2°, 84°)
and (12°, 186°) in which several bright sources with S > 2.5 Jy are found. It is very likely
that these lead to the contamination as indicated by the unexpectedly large pixel counts in
this region. Thus, we exclude an area of ≈ (3.7°)2 around both of these regions to eliminate
the artificial sources. If these two regions were not masked, the observed dipole amplitude
would be approximately 10% larger.
The regions south of δ = −40°, within ±10° around the galactic plane and these two

additional patches constitute Mask 1. For it, a resolution of Nside = 16 is chosen, such
that there are Npix = 3 072 pixels, sufficient to resolve a dipole.
We additionally introduce a second mask, following [17]. The goal of the second mask

is to remove as much of the local structure as possible, and thereby to eliminate a large
2http://healpix.sf.net/

http://healpix.sf.net/
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Figure 3.4: Distribution of NVSS sources in equatorial coordinates after applying the
cut F > 15mJy and masking with Mask 2. Mask 2, which covers 35% of the sky is
shown as black pixels. Mask 1 is very similar, covering as well the region south of
δ = −40°, the galactic plane, which appears as an arc and the two large patches. The
difference aside from the higher resolution is that Mask 2 additionally covers 108 small
regions to suppress the influence of local structure.
Left: Number of sources per pixel.
Right: Each pixel shows the average of all unmasked pixels within 20° to make the
dipolar distribution visible. The figure on the English title page shows the same data in
galactic coordinates averaged over all unmasked pixels within 90°, i.e a full hemisphere.

fraction of the intrinsic dipole. Since this involves covering many small regions, we increase
the resolution to Nside = 64 with Npix = 49 152 pixels, such that masks can be applied
more precisely.
Again, the regions south of δ = −40°, within ±10° around the galactic plane and the two

additional patches are masked. We then exclude the pixels within a disc of 0.1° around 8
local superclusters (see Table 1 of [17]). Secondly, we mask the same small discs around
575 local and bright (F > 213mJy) radio galaxies, catalogued in [50]. Both of theses steps
together mask an additional 904 pixels and thus 1.8% of the sky. This mask is called Mask
2 in the following and is displayed in Figure 3.4 together with the distribution of the final
sample of sources. A detailed discussion about different masks is given in [17]. There, it
is found that additional masks to remove local sources or masking the supergalactic plane
does not change the observed dipole significantly.
The remaining number of sources for the two flux limits (15mJy and 20mJy) and the

two masks (Mask 1 and Mask 2) are

NM1
15 = 310128 , NM2

15 = 322076 ,

NM1
20 = 242012 , NM2

20 = 251252 .
(3.2)

Even though Mask 2 covers more distinct patches of the sky, more sources remain than in
Mask 1, because the applied cuts are more precise due to the higher resolution.



3.1. Measuring the Dipole 29

Mask Fmin/mJy d/10−2 δ [°] α [°] θ [°]

1 15 1.32± 0.05 2.3± 2.7 147± 2 23.5± 2.5
1.30 −1.0 146 22.9

1 20 1.53± 0.06 −15.7± 2.4 150± 2 20.6± 2.2
1.58 −16.6 148 24.0

2 15 1.25± 0.04 9.3± 2.6 150± 2 24.3± 2.3
1.23 6.3 148 23.6

2 20 1.43± 0.05 −12.1± 2.4 154± 2 14.8± 2.0
1.47 −12.4 152 16.8

dNkin 0.43–0.44 -6.944 167.942 0

Table 3.1: NVSS dipole amplitude and direction for different masks and flux cuts.
The last column shows the deviation angle θ between the dipole and the velocity
direction (1.1). The first line in each row shows the mean and standard deviation of
the values observed in 500 random catalogs including the flux uncertainty. The second
line shows the original value observed in the NVSS data. For comparison we also show
the values for the kinematic dipole (3.7) as expected from the CMB (1.1) .

3.1.3 Results

In our dipole analysis, we also include the uncertainty in the observed quantities of each
source. The mean relative uncertainty in the flux is 4.4% (Figure 3.1). The uncertainty of
the positions are of order σα,δ . 1 arcsec. The effect of the latter on the observed dipole is
tested to be negligible (< 0.1%) compared to the effect of the uncertainties in the sources’
fluxes. These are included into the analysis, similar to the method of [28].
From the original catalog, we create a random new catalog by replacing each flux with

a random Gaussian variable. Its mean is the original flux and the standard deviation is
the flux uncertainty. For this new catalog, the amplitude and the direction of the dipole
is measured using the estimator described in Section 2.7. This procedure is repeated 500

times to get an estimate how the flux error influences the observed dipole amplitude and
direction.
Table 3.1 lists the mean and standard deviation of amplitude and direction from the

500 random catalogs, as well as the value obtained with the original data. As discussed
in Section 2.5, the two coordinates can be combined into the deviation angle θ between the
dipole direction and the CMB dipole. While there is no significant difference between the
two masks, there is a difference between the two flux cuts. First, the amplitude is larger
for the flux cut of 20mJy. This trend is expected because the shot noise contribution is
larger due to a smaller number of sources. Secondly, we note a change in the declination
between the two flux cuts. This is possibly an artifact of residual biases due to the different
telescope configurations (see right panel of Figure 3.2).
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3.2 Simulations

In order to compare the observed dipole to the expectations from the ΛCDM model,
we simulate mock catalogs including the same sky coverage, kinematic effects, intrinsic
clustering and shot noise. These mocks are intended to mimic all the relevant properties
of the NVSS. Next to the intrinsic dipole, higher multipoles of the intrinsic angular power
spectrum can also affect the observed dipole because of the incomplete sky coverage (see
Section 2.4). Therefore, we start by computing the angular power spectrum.

3.2.1 Angular Power Spectrum

To calculate the angular power spectrum with class (see Section 2.2), we need to estimate
the bias relation b(z), which can depend on the redshift z, and the redshift distribution
n(z). For the bias, we use the model given in [51]

b(z) = 1.6 + 0.85z + 0.33z2 . (3.3)

Since the radio telescope does not measure the redshift of the sources, it is very difficult
to estimate n(z). This is the main systematic uncertainty in the analysis. One way to
overcome this problem is finding NVSS sources in catalogs of other surveys, that provide
information on the redshift. This was done in [15, 51], where the NVSS catalog was
crossmatched with the Combined EIS-NVSS Survey as well as the Hercules survey. 131
sources brighter than 10mJy with spectroscopic redshift measurements were found in these
surveys that cover a much smaller fraction of the sky of ∼ 10deg2. To these redhifts, the
function

n(z) ∝ za1 exp[−(z/a2)a3 ] (3.4)

has been fitted, finding the parameters a1 = 0.74 , a2 = 0.71 , a3 = 1.06 . In the fitting
procedure, also higher multipoles observed in the distribution of NVSS sources have been
used. Fitting only the redshifts of the crossmatched sources yields an angular power
spectrum which is approximately two times smaller on large scales.
In this work, we follow a different approach and use the simulation T-RECS [52] to

estimate the redshift distribution. Catalogs produced with T-RECS provide a realistic
model of the observable radio sky. We use both the simulated star forming galaxies (SFG)
as well as the active galactic nuclei (AGN) of the publicly available ‘wide catalog’3 to find
the redshift distribution of all sources above the two flux limits (3.1), respectively. The
distribution of the redshifts is shown in the left panel of Figure 3.5. AGN dominate at
large redshifts, whereas a small amount of SFG dominate at smaller distances. We compare
this distribution to the fitted function (3.4), which we call the N&T fit after the authors
A. Nusser and P. Tiwari [51]. The multipoles Cl are calculated with class and the result
is seen in the right panel of Figure 3.5. Note that the local kinematic dipole due to our
velocity is not part of this calculation.

3http://cdsarc.u-strasbg.fr/viz-bin/qcat?VII/282

http://cdsarc.u-strasbg.fr/viz-bin/qcat?VII/282
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Figure 3.5: Left: Comparison of different redshift distributions. For T-RECS, all
sources above F = 15mJy have been used. The blue lines show the N&T fit (3.4) [51].
The logarithmic scaling of the redshift axis better illustrates the differences in the
amount of local sources.
Right: The corresponding angular power spectra calculated with class. The result for
T-RECS with the flux cut F = 20mJy is very similar. For the computation, the bias
given in (3.3) is used. The magnification bias is set to s = x/2.5 = 0.85/2.5, motivated
by the fit of x in (3.6). The evolution bias is set to zero. For an overview of the different
contributions to the angular power spectrum, see the discussion in Appendix B and in
particular Figure B.1.

Comparing the redshift distributions and the corresponding angular power spectra, we
notice that the anisotropies on the largest scales l < 10 strongly depend on the amount
of local sources. We make this explicit by imposing a redshift cut of z > 0.005 to the
T-RECS redshift distribution. The existence of very few sources closer than this cutoff
changes the intrinsic dipole C1 by a factor of 2. Since removing local sources for example
by masking the supergalactic plane does not change the dipole significantly [17], we argue
that such sources with redshift smaller than zmin = 0.005 are successfully removed in the
NVSS data. Therefore, in the following analysis we use the angular power spectrum found
with the redshift distribution of simulated T-RECS sources above zmin = 0.005. Even
so, the small number of local sources with 0.005 < z < 0.1 which make up 1.5% of all
T-RECS sources and are not present in the N&T fit lead to an increase of the angular
power spectrum on large scales by a factor of 5. To compare to previous studies, we will
therefore also discuss the results using the fit of N&T.

3.2.2 Mock Catalogs

The mock catalogs are simulated in such a way that they represent what we would expect to
observe assuming the ΛCDM model. Thus, they include the intrinsic clustering calculated
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Figure 3.6: The fitted logarithmic slope x of the cumulative source count
N(> F ) ∝ F−x at different minimum flux cuts F . For both flux cuts 15mJy (blue) and
20mJy (red) we take x to be the average over the shaded region. Here, the analysis is
done for all sources not covered by Mask 1. The results are the nearly the same for
Mask 2.

above, the kinematic dipole with the velocity and direction inferred from the CMB (1.1),
shot noise and are masked in the same way as the data.
The kinematic dipole is given by (2.12) dNkin = [2 + x(1 + α)]β. In order to calculate

its amplitude, we need to know the frequency dependence of the flux F ∝ ν−α to find the
spectral index α and the slope of the cumulative source counts with flux larger than Fmin

to find x.
By crossmatching sources from the LOFAR [53] survey (150MHz) with sources from the

NVSS, the median spectral index α is found to be α = 0.78 ± 0.015 [54]. Crossmatching
NVSS with SUMSS [23] (843MHz) sources gives a distribution of spectral indices 0.83 ±
0.35 [55]. Typically, α is simply set to 0.75 [33]. To include the remaining uncertainty, we
use

α = 0.78± 0.05 . (3.5)

The parameter x can be found in the data itself. Figure 3.6 shows a fit of the logarithmic
slope of the number of sources N(> F ) ∝ F−x using all sources that are not masked. For
Fmin = 15mJy and Fmin = 20mJy, we average the slope in the interval [Fmin/1.25, 1.25 ×
Fmin] (see Figure 3.6) and find

x15 = 0.84± 0.05 , x20 = 0.89± 0.05 . (3.6)

In previous works, an average of the slope over the full flux range F > Fmin has been used.
Since the slope increases towards larger fluxes, values of x ≈ 1.0–1.1 are found (e.g. [14,
28]). However, we argue that the slope at the flux cut is the relevant one, since this is
where a source might enter or leave the catalog due to Doppler effects. We are confirmed
by the fact that using a more sophisticated fitting function than a power law [15, 20] leads
to results similar to (3.6). In conclusion, we expect the kinematic dipole to be

dNkin = 4.3× 10−3 (Fmin = 15mJy) and dNkin = 4.4× 10−3 (Fmin = 20mJy) . (3.7)
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With that, we are able to create the mock catalogs. To do so, we follow the procedure
described in Appendix A.2, but also list all the relevant steps here. First, we generate
a realization of the angular power spectrum by using the method synfast provided by
HEALPix, where random normally distributed alm are drawn, such that 〈|alm|2〉 = Cl (see
(A.7)). With these alm, the intrinsic fluctuations ∆(n̂) on the sky are calculated as in
(A.2). Each pixel value is set to

mp = [1 + ∆(n̂p)]Ntot/(Npixfsky) , (3.8)

where Ntot is given in (3.2). This ensures that the total number of sources after masking is
the same as for the NVSS data. Next, shot noise is included by replacing each pixel value
with a random Poissonian number with the mean given by the original pixel value

mp → P(mp) . (3.9)

Lastly, the effect of our local motion is simulated by multiplying each pixel value by the
expected change of the number density (2.10). In order to include the uncertainty of the
spectral index and the logarithmic slope, we draw random Gaussian variables αr and xr
for each mock catalog

αr = N (α, σα) (3.10)

xr = N (x, σx) (3.11)

mp → mpδ(n̂p)
2+xr(1+αr) ≈

(
1 + [2 + xr(1 + αr)]β cos θp

)
mp , (3.12)

where the bar and σ denote the mean and uncertainty as given in (3.5) and (3.6), respec-
tively.
For both masks, for both flux cuts and for the two angular power spectra, this procedure

is repeated 10 000 times to create a large number of mock catalogs for each of the 8 cases.

3.3 Results

For each simulated mock catalog, the dipole amplitude d and the deviation angle θ between
the dipole and the direction of our velocity is computed using the estimator described in
Section 2.7. The results of all mock catalogs are shown in Figure 3.7. We display the results
for the two different flux cuts as well as for two different input angular power spectra using
Mask 2 (Figure 3.4). The results for Mask 1 are not shown, since they are very similar.
We proceed to compare the observed dipole amplitude and direction in the distribution

of NVSS sources (see Table 3.1) with the results from the mock catalogs. In general, the
angle between the NVSS dipole and the CMB dipole agrees well with the simulations.
Therefore, we focus only on the amplitude of the NVSS dipole. Comparing the results
for the two different flux cuts, the observed dipole amplitude is smaller for the flux cut at
15mJy than for the cut at 20mJy. The same is true for the mock catalogs. The higher
flux cut leads to less sources and thus a larger shot noise contribution, so that the mock
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Figure 3.7: The results of 10 000 simulations in a two dimensional histogram showing
the distribution P (d, θ) of mock dipole amplitudes d and deviation angles θ in a loga-
rithmic scale. The results are shown for the two flux cuts (left and right column) and
using the different angular power spectra, T-RECS with z > 0.005 (top row) and the
N&T fit (3.4) (bottom row).
In each figure, the upper and right side panels show the histogram of the amplitudes
d and the deviation angles, respectively. The cross in the main panel and the dashed
lines in the side panels mark the values of d and θ observed in the distribution of NVSS
sources. The ellipse shows the mean and 3σ contour of the observed dipole including
flux errors as listed in Table 3.1.



3.4. Higher Multipoles 35

Cl T-RECS N&T

Fmin 15mJy 20mJy 15mJy 20mJy

Mask 1 2 1 2 1 2 1 2

p in % 13 12 7.2 6.7 2.9 2.1 1.5 1.3
# of σ 1.1 1.2 1.5 1.5 1.9 2.0 2.2 2.2

Table 3.2: p-value and significance in numbers of standard deviations σ for the different
analyses. This shows the (dis)agreement between theory and observation. The p-value
is obtained by counting the number of mock catalogs with a dipole amplitude larger
than the one observed in the NVSS data. It is converted into the number of σ for a
one-sided distribution with (2.63).

dipoles then to be larger. We also compare the results using the angular power spectrum
computed from the T-RECS simulation with z > 0.005 (solid black line in Figure 3.5)
with the results using the N&T fit (blue line in Figure 3.5). Since the intrinsic clustering
is smaller in the latter, the dipole amplitudes found in the mock catalogs also tend to be
smaller.
This has a strong impact on the comparison between theory and observation. Because

the observed deviation angle θ agrees well with the mock catalogs, we decide to only use
the amplitude of the results to evaluate the significance. Counting the number of mock
catalogs with a dipole amplitude larger than the one in the NVSS data and dividing by
the total number of mock catalogs gives the p-value. This is converted to the number of
standard deviations for a one-sided distribution by (2.63). The results for the different
scenarios are listed in Table 3.2.
In conclusion, the consistency between the dipole observed in the distribution of sources

of the NVSS and the ΛCDM model, in particular the cosmological principle and the exclu-
sive kinematic interpretation of the CMB dipole, depends strongly on the presence of local
structure. If there are sources closer than z ∼ 0.1, the intrinsic dipole is expected to be so
large that the observed dipole amplitude is consistent with the theory with 1.1 to 1.5σ. If
this local structure does not play a significant role, then the observed dipole amplitude is
larger than expected at 1.9 to 2.2σ. In both cases, the observation is not very significant,
since the typical shot noise dipole is as large as the kinematic dipole. We find that more
sources and a different way to deal with intrinsic clustering are needed. An attempt to
overcome the second problem is analysing the angular power spectrum on smaller scales,
i.e. higher multipoles.

3.4 Higher Multipoles

Estimating multipoles with l > 1 serves as a meaningful check of the dipole analysis.
Ideally, we would like to decide on the question how much local structure is observed,
since this not only causes a large intrinsic dipole but also a large quadrupole, octopole
etc. (see right panel of Figure 3.5). For sure, we are able to test whether the dipole has an
outstanding excess of power or if other higher multipoles are equally large.
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Figure 3.8: The angular power spectrum observed in the NVSS source distribution
after subtracting the simulated shot noise (with the same mask and number of sources
as NVSS). The grey line and the grey band show mean and standard deviation of the
angular power spectrum of 100 simulations after subtracting their mean. The dots show
each multipole in the NVSS data (Fmin = 15mJy and Mask 2). The error bars show
the mean and standard deviation of 9 neighboring multipoles, starting with l = 2. The
dipole is not included, its value minus shot noise is observed to be C1 = 25×10−5. For
comparison, we also show the angular power spectra used in the NVSS dipole analysis
from the right panel of Figure 3.5.

We use the estimator for the multipoles presented in Appendix C based on [56]. We
simulate 100 mock catalogs containing only shot noise with the same number of sources
and the same sky coverage as the NVSS to compare their angular power spectrum to
the observation. From both the simulations and from the data, the mean shot noise
CSN = 2.6 × 10−5 of the simulations is subtracted. This mean shot noise agrees with
the expected shot noise (2.39) of 4πfsky/Ntot within 5%. The remaining angular power
spectrum of the simulations is therefore scattered around zero. The residuals in the angular
power spectrum of the NVSS source distribution contain only the intrinsic clustering and
the kinematic dipole. In Figure 3.8, we show the results for Fmin = 15mJy and Mask 2.
The results for the other scenarios with different flux cut and mask are similar. First of
all, we notice that the angular power spectrum is on average indeed larger than only shot
noise. Due to the large shot noise and incomplete sky coverage, there is a lot of scatter in
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the individual multipoles. We approximate the mean of the multipoles for different ranges
of l (including the results from other masks and flux cuts)

2 ≤ l ≤ 10 : 〈Cl〉 ≈ (1.5–2.5)× 10−5 (3.13)

10 < l < 90 : 〈Cl〉 ≈ (6.5–7.5)× 10−6 . (3.14)

The observed dipole power, however, ranges between C1 ≈ (23 ∼ 34) × 10−5 and is thus
more than 10 times larger than the multipoles for l > 1. The dipole is confirmed to be
the outlier and is not fully explained by the expected kinematic Ckin

1 = 4π(dNkin)2/9 =

2.7× 10−5.
The angular power spectrum found in this work is compatible with the results of [40]

as well as [57]. Due to the large amount of scatter, it is not possible to differentiate
between the two different angular power spectra used in the analysis of the dipole (see
Figure 3.8). Both the one motivated by T-RECS sources and the N&T fit are consistent
with the observed multipoles. A new method to overcome the issue of intrinsic clustering
is presented in Chapter 5. Before that, in the next chapter, a catalog with four times the
number of sources is analysed, thus reducing shot noise by a factor of 2. This allows for a
more significant determination of the cosmic matter dipole.



4 Quasar Dipole

In [27], a subsample of the CatWISE 2020 source catalog [58] based on data from the WISE
mission [59] is created. The sources have been observed in the near-infrared at wavelengths
of a few micrometers and instead of the flux, their magnitudes have been measured. The
theory presented in Chapter 2 can nevertheless be applied converting the magnitude of
each source to a flux (see [27]). In [27], a magnitude limit and a sophisticated mask have
been applied to create a sample of distant quasars suitable for the analysis of the cosmic
matter dipole. This means to ensure that there are no observational effects in the sample
that create an artificial dipole as well as to remove local sources with z < 0.1 as well as
possible. The dipole was analysed and a discrepancy between its large amplitude and the
assumptions of isotropy and the kinematic interpretation of the CMB dipole was found at
4.9σ.
In this chapter, we first apply the methods described in detail when analysing the NVSS

data in Chapter 3.2.2 to this sample of quasars, confirming the excess in dipole amplitude.
The procedure to create the sample described in [27] is not studied here. Instead, we use
the final sample that is publicly available [27]1. We show the distribution of sources and
the mask in Figure 4.1.
In Section 4.2, we study the angular power spectrum on smaller scales. With this,

we test the assumption that the intrinsic clustering dipole is negligible which is made in
[27]. Finally, a possible intrinsic dipole is included into the analysis and its impact on the
significance discussed.

4.1 Dipole

To begin, we will discuss the amplitude the kinematic, intrinsic and shot noise dipole. To
compute the expected kinematic dipole amplitude (2.13), x and α are needed. Fitting
a power law to the cumulative source counts at the flux cut corresponding to a cut of
W1 < 16.4 (W1 is the magnitude in the 3.4µm band) yields x = 1.75. Since the quasars are
observed at different wavelengths, it is possible to estimate α for each source by comparing
the magnitude measurements at these wavelengths [27]. The mean value of the spectral

1https://zenodo.org/record/4448512
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36 110 66.5 70.3

Figure 4.1: The distribution of quasars in galactic coordinates. The mask developed
in [27] is shown as black pixels. It covers 53% of the sky. Most notable is the mask
around ±30° of the galactic plane. Galactic longitude and latitude are zero in the
center. The former increases towards the left and the latter increases towards the top.
Left: Number of sources per pixel in the final catalog.
Right: Each pixel shows the average of all unmasked pixels within 20° to make the
dipolar distribution visible. The figure on the German title page shows the same data
when averaged over all unmasked pixels within 90°, i.e a full hemisphere.

index of all sources in the final catalog is α = 1.26. Therefore, we can estimate the
kinematic dipole amplitude to be

dkin = [2 + x(1 + α)]β ≈ 7.4× 10−3 , (4.1)

where β is again the velocty infered from the CMB dipole (1.1).
In the original analysis, the intrinsic clustering dipole is estimated to be C int

1 = 8×10−8.

Therefore, it is claimed that typical intrinsic clustering dipole dint =
√

9C int
1 /(4π) =

2.4 × 10−4 is negligible compared to the kinematic dipole amplitude. As we have seen in
Section 3.2.1, the amount of local sources strongly influences the intrinsic dipole. Therefore,
even though the sources are in general very distant, z ∼ 1, it might be possible that there
are some local sources leading to a notable clustering. Nevertheless, we first follow the
original analysis neglecting the intrinsic clustering dipole. This topic will be addressed in
Section 4.2.
With a total amount of Ntot = 1.3 × 106 sources distributed on fsky = 47% of the sky,

the shot noise dipole is approximately (see (2.40) and (2.42))

dSN & 2.6× 10−3 . (4.2)

The observed quasar dipole amplitude and deviation angle between the dipole and the
CMB dipole are found with the estimator from Section 2.7

d = 1.55× 10−2 (4.3)

θ = 27.8° (4.4)
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Figure 4.3: The PDF of dipole amplitudes
and deviation angles P (d, θ) (2.54) with
dkin = 7.4 × 10−3, σSN = 1.5 × 10−3 and
σint = 3C̃ int/4π, where C̃ int is zero (black),
2×10−5 (orange) and 10−4 (blue). The black
dashed line shows P (d, θ) for zero intrinsic
clustering but twice the CMB velocity, thus
dkin = 14.8 × 10−3. The red cross and the
red lines in the side panels mark the dipole
observed in the distribution of quasars. Each
set of three lines shows the contours where
P (d, θ) is 90%, 60% and 13% of its maxi-
mum.

For comparison, we simulate 105 mock catalogs using the methods described in Sec-
tion 3.2.2. The resulting distribution of the dipole amplitudes and deviation angles found
in the mocks is shown in Figure 4.2. The dipole amplitude observed in the data clearly
exceeds the expectation. An amplitude as large as the observed one was not found in
any mock catalog. Also, the deviation angle is larger than expected. To evaluate the
significance, we focus on the excess in amplitude and fit the probability density func-
tion from equation (2.56) to the distribution of mock amplitudes. The fitted values are
dkin = 7.3×10−3 and σr = 1.3×10−3, corresponding to dSN =

√
3σr = 2.3×10−3, in good

agreement with equations (4.1) and (4.2). The remaining difference in the shot noise dipole
amplitude is due to the effect of masking. Integrating the fitted probability function, we
find that an amplitude as large as the one found in the quasar sample only occurs with a
probability of p = 8 × 10−8, corresponding to 6σ. This is an even stronger disagreement
than the one found in [27].
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Figure 4.4: The angular power spectrum observed in the distribution of quasars after
subtracting the simulated shot noise (with the same mask and number of sources as
the quasar sample). The grey line and grey band show mean and standard deviation
of the angular power spectrum of 100 simulations after subtracting their mean. The
dots show each multipole of the quasar distribution. The error bars show the mean
and standard deviation of 9 neighboring multipoles, starting with l = 2. The dipole is
not included, its value minus shot noise is C1 = 26 × 10−5. For comparison, we show
the angular power spectra used in the NVSS dipole analysis from the right panel of
Figure 3.5.

4.2 Intrinsic Clustering

To test the assumption that the intrinsic dipole and hence clustering is negligible, we
examine the higher multipoles of the angular power spectrum of the quasar distribution.
Using the same method as in Section 3.4 and the estimator described in Appendix C, we
find an angular power spectrum which is shown in Figure 4.4. Even though the estimator
is not very precise for individual multipoles, we can estimate the average of the multipoles
after subtracting the shot noise contribution to be

2 ≤ l ≤ 10 : 〈Cl〉 ≈ 6× 10−6 (4.5)

10 < l ≤ 64 : 〈Cl〉 ≈ 2.3× 10−6 (4.6)

64 < l < 90 : 〈Cl〉 ≈ 1.1× 10−6 (4.7)

The observed dipole power is much larger with C1 ≈ 2.6 × 10−4. It is also worth noting
that in the original data not shown here, a very large quadrupole with C2 ≈ 6 × 10−4 is
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observed. This is an artefact of the WISE scanning pattern which is corrected for in [27].
The correction which removes this quadrupole has nearly no effect on the dipole, since the
quadrupole is symmetric and the mask is nearly symmetric under a parity transformation,
whereas the dipole is antisymmetric.
Our estimate of the intrinsic angular power spectrum yields values much larger than the

estimate of C1 = 8×10−8 made in [27]. Hence, neglecting the intrinsic clustering might not
be a good approximation. Therefore, we study the impact of intrinsic clustering by using
the formalism derived in Section 2.5. Motivated by Figure 4.4, multipoles with l < 10

can be as large as 10−5. Including leakage from higher multipoles due to the partial sky
coverage by a factor of 1/fsky as in (2.43), a realistic choice of the intrinsic clustering is
C̃ int

1 = 2 × 10−5. Using equation (2.54), we plot the resulting PDF P (d, θ) in Figure 4.3.
Additionally, we also show the case if the intrinsic clustering is even larger than expected,
C̃ int

1 = 10−4. For C̃ int
1 = 0, C̃ int

1 = 2 × 10−5 and C̃ int
1 = 10−4, amplitudes larger than

the observed one are expected with a probability of p = 4.8 × 10−8, p = 2.2 × 10−3 and
p = 0.13, corresponding to 5.3σ, 2.8σ and 1.1σ, respectively.

In summary, we find that care needs to be taken when there is the possibility of local
structure that causes a large intrinsic dipole. By including a realistic intrinsic dipole into
the analysis, the tension between the fundamental assumptions of the ΛCDM model and
the dipole observed in the quasar distribution is alleviated from over 5σ to 2.8σ. A 5
times larger clustering dipole power of order C̃ int

1 ∼ 10−4 would be necessary to completely
explain the excess in dipole amplitude.
Another possible explanation for the excess in dipole amplitude is that the velocity is

larger than expected through the kinematic interpretation of the CMB dipole. In Fig-
ure 4.3, we show the expectations if we were moving with twice the velocity inferred from
the CMB dipole. One can see that to be consistent with the observed deviation angle, the
direction of motion would have to be different than the CMB dipole direction by ≈ 30°.
In order to be consistent with the observation of the CMB dipole, there would have to be
an equally large ∼ 10−3 intrinsic CMB dipole to compensate the kinematic dipole, which
is not expected within the ΛCDM model.
With this kind of analysis, it is not possible to decide which of these two resolutions,

a larger amount of clustering or a different velocity vector is the true one. The method
presented in the next chapter is aimed to resolve this issue.



5 New Method with Weighted Dipoles

Elaborating on an idea suggested in [15], this chapter presents a new method to separate
the kinematic dipole from the intrinsic clustering dipole. As we have seen in the analysis
of the distribution of NVSS radio sources and CatWISE quasars, the intrinsic dipole can
strongly influence the number count dipole analysis. Especially so, if there are no redshift
measurements of the sources and the amplitude of the intrinsic dipole is hence hardly
known. Therefore it is of great advantage if the intrinsic dipole can be distinguished and
measured independently of the kinematic dipole.
In [15], the dipole in sky brightness was computed, i.e. the dipole in the distribution

of sources weighted by their flux. In both this dipole and the number count dipole, the
intrinsic dipole is the same. In contrast, the kinematic dipole enters differently, as we
will discuss in the following section. Measuring both the dipole in sky brightness and
the dipole in number counts, they can be used to infer the kinematic contributions to the
dipole, and thus our velocity β, and the intrinsic dipole dint independently. As it turns out,
the kinematic dipole in sky brightness is very similar to the kinematic dipole in the number
counts. This is a consequence of the cumulative number density above a flux threshold
N(> F ) ∝ F−x following a power law very closely (see Eq. 11 in [15]). We will discuss
in Section 5.4 and Section 5.6, why therefore, the uncertainty in estimating β and dint is
large.
In this work, the idea is extended by using that not only the flux and the positions of the

sources are affected by Doppler effects and aberration, which leads to the kinematic number
count dipole, but also other properties are measured differently by a moving observer.
These other properties are used to gain more information about the intrinsic dipole and
our velocity.

5.1 Possible Weights

To begin, we list the effects of our motion on some other properties than the flux and the
observed position. The Doppler boost of the flux and the aberration have been studied
in Section 2.1. As before, observed quantities are denoted as the bare variables, while
quantities in the rest frame of the source are indicated so explicitly.

43
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The redshift z of a source in direction n̂ is changed because of the Doppler effect,
(1 + z) = δ−1(n̂)(1 + zrest), where we define the factor

δ(n̂) = (1 + β cos θ)/
√

1− β2 (5.1)

and cos θ = β̂ · n̂ as usual. Spectroscopic or photometric redshift measurements thus yield
biased results in different directions because of our local motion. This is one of the signals
that we use in the following to distinguish the kinematic from the intrinsic dipole.
Also, the projected angular size of a sources is changed because of special relativistic

aberration as can be seen in (2.5), so A = δ−2(n̂)Arest. This similarly concerns the
projected one dimensional extension of a source. We refer to it as the length L, the angle
under which a one dimensional object is seen on the sky. If L � 1, then the aberrated
length is L = δ−1(n̂)Lrest to first order in β. To see this, let us consider a small one
dimensional source whose centre is positioned at an angle θrest to the direction of motion.
The source’s endpoints are defined to be θ1

rest and θ2
rest and lie in the plane spanned by the

midpoint of the source and the direction of motion (in other words the azimuthal angles of
the two endpoints are the same). The rest frame length of the source is Lrest = θ1

rest−θ2
rest.

To lowest order in β, the two endpoints are aberrated like θ1,2 = θ1,2
rest−sin θ1,2

restβ. To lowest
order in L and β, the observed length is

L = θ1 − θ2 = Lrest(1− β cos θ) . (5.2)

Since we know that the area is changed to lowest order by the factor (1 − 2β cos θ) from
(2.5), we can conclude that a source oriented perpendicular to the one we just examined
(endpoints at same angle θ but at different azimuthal angle) must change in the same way
(5.2). For L� 1, the length of a source oriented in any direction can be written with these
two orthogonal directions. Hence, it must follow for all sources that for a moving observer,
their one dimensional extension is changed by (1− β cos θ) for L� 1.

We summarize how flux, redshift and length are changed due to our motion depending
on the angle θ between our direction of motion and the direction of observation:

{F, 1 + z, L} = δF,z,L(n̂){F, 1 + z, L}rest

δF (n̂) = δ(n̂)1+α ≈ 1 + (1 + α)β cos θ

δz(n̂) = δ(n̂)−1 ≈ 1− β cos θ

δL(n̂) = δ(n̂)−1 ≈ 1− β cos θ .

(5.3)

From the second line of this equation also follows for the apparent magnitude m =

−2.5 log(F/F0) defined by some reference flux F0 that

m = mrest − 2.5 log δF (n̂) ≈ mrest −
2.5

ln 10
(1 + α)β cos θ . (5.4)

There may also be other observables that are interesting to consider (for example flux
measurements at various frequencies where the spectral indices α are different) but we focus
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on these four only. In the next section, the field of sources weighted by these properties
and its dipole are studied.

5.2 Weighted Dipole

Let us consider the distribution of sources weighted by some functionW , which can depend
on any combination of properties that are measured for each source. Thereby, we extend
the number density dN/dΩ(n̂) to the weighted field

dNW

dΩ
(n̂) ≡

∫
cut

dN

dΩ
(n̂, F, z, L, ...)W (F, z, L, ...) (5.5)

=
∑
i∈cut

Wi(Fi, zi, Li, ...)δ(n̂i − n̂) (5.6)

= (1 + dW · n̂)NW +O(n2
j ) . (5.7)

Here, we denote as dN/dΩ(n̂, F, z, L, ...) the observed number density of sources in a direc-
tion n̂ per flux, per redshift, per length and possibly other properties. To indicate the den-
sity of all sources independent of direction, we use n(F, z, L, ...) =

∫
dΩ dN/dΩ(n̂, F, z, L, ...).

The integral in (5.5) implicitly includes all the cuts in any of the observed properties,
i.e. one integrates over the range of properties within all possible thresholds, which usually
include at least a minimum flux cut. Equivalently, the sum runs over all sources within
the cuts. From this sum, by averaging over small angular regions, the field dNW /dΩ(n̂)

can be reconstructed from observations. Of all the anisotropies in this weighted field, only
the weighted dipole dW is of interest to us and higher multipoles O(n2

j ) are ignored.
For W = 1, the weighted field reduces to the number density and the weighted dipole to

the number count dipole studied in Chapter 2, dW=1 = dN . The case W = F corresponds
to the dipole in sky brightness, which was first computed in [12] and is also described in [15].
Both the number count dipole and any weighted dipole contain a kinematic contribution,
the intrinsic clustering dipole and a random shot noise dipole

dN = dNkin + dint + dNSN (5.8)

dW = dWkin + dint + dWSN . (5.9)

Of the three contributions, the intrinsic dipole is the only one that is equal in both expres-
sions, because both include the exact same sources and their clustering. Here, we neglect
an intrinsic dipole in the weights and correlations between the intrinsic clustering in the
number density and the weights. In short, we assume that a source’s weight is independent
of its position. This is addressed in Section 5.7, arguing that this approximation is sufficient
for the applications that we consider. Although both dipoles contain the same sources,
the respective contributions from shot noise are different because of the randomness in the
weights (see Section 5.4).

The kinematic contribution to the number count dipole and the one to the weighted dipole
both point in the same direction as our velocity β. Their amplitudes, however, can differ.
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Next to the intrinsic dipole being present equally in both dipoles, this is the key idea behind
introducing the weighted dipole. As the simplest example, we consider every source to have
the same property yrest in their rest frame and through Doppler effects, a moving observer
sees y = δy(n̂)yrest, where δy(n̂) = (1 +dy · n̂) is known from special relativity, like for the
quantities in (5.3). Since yrest is the same for all sources, when weighting by W = y, (5.5)
becomes

dNW

dΩ
(n̂) = y

∫
cut

dN

dΩ
(n̂, F, z, L, ...) = yrestδy(n̂)

dN

dΩ
(n̂) (5.10)

To first order in the dipoles, we find dWkin = dy + dNkin. Since we know how dy ≡ Byβ

depends on our velocity, by measuring dN and dW , we can infer β by the difference of
these two dipoles divided by By (compare to (5.8) and (5.9)). In this ideal example, the
shot noise in the number count field and the weighted field is also the same, which allows
to determine β shot noise free.
True source properties differ from such an ideal weight y in two ways. First, the possible

properties of the sources all correlated to some extent. This makes it more difficult to
predict the amplitude of the kinematic dipole analytically. Compared to the number count
dipole, where one fits N(> F ) ∝ F−x to the data and thereby models n(F ) ∝ F−x−1, here,
one would have to model and fit how the number density depends on all the properties
used in the weight function.
Secondly, there is no weight that is the same for all sources in the rest frame and at

the same time affected by Doppler effects or aberration. If there was, then the shot noise
dipoles in dN and dW would be the same and the velocity could be determined shot
noise free. We illustrate this by considering the correlation between redshift and flux as an
example. Redshifts are anticorrelated with flux, but not to 100%. If there was a one to one
map between flux and redshift, then one could construct a weight of these two properties,
which is equal for all sources in the rest frame but also changed due to our velocity, similar
to the ideal weight y. Obviously, not all the sources are equally luminous and this one
to one map does not exist. This intrinsic randomness is the cause of the remaining shot
noise, which will be computed in Section 5.4.
Next, we discuss how to compute the expected kinematic dipole of the weighted dipole

dWkin, when it is not possible to give an analytic expression for it. The expected direction
of dWkin is known, so we need to find only the amplitude BW defined by dWkin = BWβ. We
also introduce dNkin = BNβ, where we know that BN = 2 + (1 +α)x from (2.12). However,
as mentioned above, it is not possible to find an analytic expression for BW without
assuming how n(F, z, L, ...) depends on the flux, redshift, length... Instead, one can find
the amplitudes by computing (5.6) numerically. Even though the observed properties of
the sources already contain the effects of our motion and some measurement error, to do
so, we assume that the observed source density n(F, z, L, ...) is close to the one in the rest
frame. In Section 5.5, we will see how measurement errors break this assumption and can
lead to a bias in the computed amplitudes and thus also in the estimated quantities β and
dint. Note that this is also the case for the kinematic dipole in number counts. There, one
fits the slope of the cumulative source count, which is also only reliable when the fluxes
are measured accurately.
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We find BW and BN by boosting the observed sources properties with an artificial
velocity βtest accordingly to (5.3) and computing the value of the weighted field in the
forward (+) and backward (−) direction

N±W =
∑
i∈cut

Wi(δ
±
F Fi, δ

±
z zi, δ

±
ALi) , (5.11)

where δ±F,z,L = δF,z,L(n̂ = ±β̂test). The implicit cut is imposed after boosting the sources
in the two different directions, respectively. This is why for finding BN , i.e. for W = 1,
N+ and N− also differ. We then compute the expected amplitude as

BW =
N+
W −N

−
W

N+
W +N−W

β−1
test + 2 , (5.12)

where the last term comes from the aberration (2.5).
Being able to compute the kinematic dipole amplitudes we now proceed to construct

estimators to measure the speed and the direction of our motion as well as amplitude and
direction of the intrinsic clustering dipole separately.

5.3 Velocity and Intrinsic Dipole Estimators

In order to measure the weighted dipole dW in the field NW (n̂), we generalize the es-
timator introduced in Section 2.7 to weight every observed source i with the quantity
Wi(Fi, zi, Li, ...). The estimator for the weighted dipole is obtained by simply replacing
number of sources per pixel Np with wp =

∑
i∈pWi, i.e. the sum of the weights of all the

sources in the pixel p.
Defining ∆ = BW −BN as the difference between the kinematic dipole amplitudes, we

introduce the estimators for our velocity and the intrinsic dipole

βest =
dWest − dNest

∆
(5.13)

dint
est =

BWdNest −BNdWest

∆
. (5.14)

Comparing with equations (5.8) and (5.9), the two estimators eliminate the corresponding
other contribution as desired. However, the shot noise is not removed and we will calculate
the resulting shot noise in the next section.

5.4 Shot Noise

As can be seen by comparing (5.5) to (5.7) with (5.13), to estimate our velocity, we are
actually looking for the dipole in the field

β(n̂) ≡ 1

N∆

(
W−1 dNW

dΩ
(n̂)− dN

dΩ
(n̂)

)
=

1

N∆

∑
i

δ(n̂i − n̂)

(
Wi

W
− 1

)
. (5.15)
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The dipole of this field is β plus a shot noise contribution. The amplitude of the shot noise
is found by calculating the constant angular power spectrum of β(n̂) which we call CSN

β . To
do so, we extend the calculation of Section 2.3 to the general field f(n̂) =

∑
i δ(n̂i−n̂)fi/N ,

where any two of all fi and n̂j are uncorrelated. Its angular power spectrum for l ≥ 1 is

Cl =
1

2l + 1

∑
m

∑
i,j

〈Ylm(n̂i)Y
∗
lm(n̂j)fifj〉/N2 = 〈f2〉/N . (5.16)

For fi = 1, we recover (2.39), CSN
l = 1/N . For the velocity, fi = (Wi/W − 1)/∆ and we

find

CSN
β =

(
σW

W∆

)2 1

N
. (5.17)

Using the results from Section 2.5, in particular (2.57) replacing σ2
r with 3CSN

β /4π and dkin

with βCMB, the mean and standard deviation of βest are

〈βest〉 =

√
3CSN

β

8
L

1/2
1/2

(
−

2πβ2
CMB

3CSN
β

)
≈
√

6

π2
CSN
β + β2

CMB

σ2
β =

9

4π
CSN
β + β2

CMB − 〈βest〉2 ∼ 0.11CSN
β .

(5.18)

This tells us about the bias and the uncertainty of the velocity estimator. Notice that
there is no contribution from intrinsic clustering.
The shot noise in estimating β is different from the one of the dipole in number counts

(2.39) by a factor σW /(W∆). Therefore, we are looking for a weight functionW (F, z, L, ...),
that when evaluated for all sources has a small spread (small σW /W ) and at the same time
gives a large difference ∆ between the two dipole amplitudes. We define the norm of this
important quantity as

∆W ≡
∣∣∣∣∆ W

σW

∣∣∣∣ , (5.19)

so the shot noise in the velocity field is simply CSN
β = 1/(N∆2

W ). The typical shot noise
contribution to β is 3/(∆W

√
Ntot), given a total number of Ntot sources. The signal to

noise ratio, which is
S/N = ∆Wβ

√
Ntot/3 , (5.20)

can not only be optimised by modifying the weight function, but also by adjusting the
cuts that are applied to the data, for example the minimum and maximum flux. Here, the
trade-off is between cuts that constrain the range of possible weights leading to a small
variance (large ∆W ) and the resulting smaller number of sources Ntot.

For the shot noise in the intrinsic dipole estimator, we use (5.16) with fi = (BW −
BNWi/W )/∆ and find

CSN
int =

1

N

[
1 +

(
BN

∆W

)2
]

(5.21)
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and with that

〈dint
est〉 =

√
3CSN

int

8
L

1/2
1/2

(
− 2πd2

int

3CSN
int

)
≈
√

6

π2
CSN

int + d2
int

σ2
int =

9

4π
CSN

int + d2
int − 〈dint

est〉2 ∼ 0.11CSN
int .

(5.22)

To clarify, the quantity CSN
int is not related at all to the intrinsic angular power spectrum.

Rather, it is the shot noise power spectrum of the field that we use to estimate dint. The
same applies to CSN

β .
We are also able also calculate how much the estimated directions of the velocity and

the intrinsic dipole deviate from the respective true values by using (2.58), respectively.
This requires to simply replace dkin with βCMB and σ2

r with 3CSN
β /(4π) for the deviation

angle of the velocity as well as dkin with the expected intrinsic dipole amplitude dint and
σ2
r with 3CSN

int /(4π) for the deviation angle of the intrinsic dipole. With that one obtains
expressions for

〈θβ〉 , 〈θint〉 , (σβθ )2 and (σint
θ )2 , (5.23)

which we do not repeat here.
All the results in this section only hold for a full sky coverage, but also serve as an

approximation for partial sky coverages. This is discussed in Section 2.4 and we will come
back to it when discussing the results in Section 5.8.
In the next sections, we forecast the precision with which we can measure both, the

local velocity β and the intrinsic dipole dint using this weighting scheme in two different
simulated sky surveys. We show how to find optimal weights to minimize the shot noise
and confirm the calculations leading to (5.18), (5.22) and (5.23) by simulations.

5.5 Applications

We consider two applications, an optical survey with redshift measurements and a survey
measuring the size of radio galaxies. We begin by describing how mock catalogs for the
two applications are created. These mock catalogs are intended to contain all the relevant
properties for the dipole analysis. In particular, the mocks are first created in the rest frame
of the sources and afterwards, kinematic effects with the fiducial velocity βCMB given by
(1.1) are applied to each source. In contrast to the mock catalogs created for the NVSS and
quasar analyses, where the kinematic effects are simulated on the number density in each
pixel, here, each source is simulated individually. The mocks contain a realistic distribution
of source properties, which are magnitudes and redshifts in the first application and fluxes
and lengths in the second application. They also contain the intrinsic clustering through
the angular power spectrum expected from the ΛCDM model as well as the respective
survey sky coverages.

5.5.1 LSST/Euclid

We first consider an optical galaxy survey similar to Euclid [60] or the one planned with
the Vera C. Rubin Observatory, the Legacy Survey of Space and Time (LSST) [61]. We let
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Figure 5.1: The source distributions for the two applications, LSST/Euclid (left) and
SKA (right). The contour lines show equal values of the source density per redshift and
magnitude n(z,m) and per length and flux n(L,m) in a logarithmic scale. The more
transparent the line, the smaller the density. Additionally, the side panels show the
projected source density integrated over one of the two parameters, respectively. On
the right, one can recognize the two different models for the size of the AGN depending
on the viewing angle as described in [52].

the number of observed galaxies Ntot vary. For each galaxy we assume that a magnitude
in the AB system and redshift z is measured. We consider a measurement error of σz in
the redshift to demonstrate how such an uncertainty affects the analysis. It can range from
typical spectroscopic uncertainties with σz ≈ 0.001(1+z) [60] to photometric uncertainties
σz ≈ (0.05–0.1)(1 + z). We use the same procedure to create the mock catalogs for the
LSST as well as for the Euclid survey. To do so, models for the LSST are being used. The
difference between the LSST and Euclid simulations is only in their sky coverages.

Source properties To create the mock catalogs we use the luminosity functions and
redshift distributions modelled for the LSST described in [39] for blue and red galaxies.
Their implementation which is used in this work is publicly available. In the following
m refers to the r-band magnitude. We impose a magnitude limit of mlim = 26 [39].
The following procedure allows to create sources with a magnitude and a redshift such
that the resulting distribution of sources respects the correlation between magnitude and
redshift. We start by computing the redshift distribution nb,r(z) for blue and red galaxies,
respectively, and normalize them to yield in total Ntot galaxies. In 100 redshift bins
between 0 and 3.5, for each galaxy type, we draw nb,r(z) random absolute magnitudes
accordingly to the respective luminosity function at the redshift. We force the random
absolute magnitude to be larger than mlim, when converted to the apparent magnitude
(using the luminosity distance and including k-correction, see [39]). To each of these
magnitudes, a random redshift in the corresponding bin sampled accordingly to nb,r(z) is
associated. The left panel of Figure 5.1 shows the resulting distribution of magnitudes and
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Figure 5.2: From left to right: LSST, Euclid and SKA masks in equatorial coordinates
with sky coverages of 40%, 38% and 61%, respectively. Grey indicates the observed
regions and black the masked regions. The masks are described in the main text.

redshifts for such a catalog. From here on, we do not differentiate between red and blue
galaxies.

Mask The LSST covers only the southern hemisphere in equatorial coordinates. Addi-
tionally, we mask the region within ±10° of the galactic plane. We also study the case if the
sources were distributed on the part of the sky observed by Euclid [60]. Our Euclid mask
consists of the regions within ±20° of the ecliptic plane and ±20° of the galactic plane. The
masks are shown in Figure 5.2. Both surveys have a similar sky coverage of approximately
16 000 deg2, however Euclid observes more distinct directions than the LSST. As we have
seen in Section 2.4, this is an advantageous property for the dipole analysis.

Realizing the Mocks We include the intrinsic large-scale clustering by computing the
angular power spectrum and realizing a Gaussian density field on the sphere accordingly
(similar to the procedure described in Section 3.2.2). A Gaussian realization is a good
approximation because non-linearities have only a small (∼ %) effect on large scales (see
Figure 3.2.1). The LSST angular power spectrum (see Figure 5.3) is calculated with class
using n(z) = nb(z) + nr(z) in the range z = 0 to z = 3.5, the bias b(z) = 1 + 0.84z, the
magnification bias and the evolution bias all from [39]. Again, this angular power spectrum
is also used for the Euclid simulations.
To distribute the sources, first, a density field is realized from the multipoles with l < 64

on the pixelised sky using healpy with Nside = 64, i.e. 49 152 pixels. The pixel values
are normalized such that the sum over all the unmasked pixel values mp yields Ntot. To
include shot noise, each pixel value is replaced by a Poissonian random number with mean
of the original pixel value

mp → P(mp) . (5.24)

In each pixel, mp sources with random properties m and z as described above are dis-
tributed isotropically. Therefore, the realization includes clustering down to the scale of
the resolution ∼ 0.9°.

So far, we have simulated a catalog in the rest frame of the sources. Next, we include
the kinematic effects due to our motion by shifting each source positions according to
the special relativistic aberration (2.4) (see Appendix A of [14] for the implementation)
and boosting each redshift and magnitude according to (5.3) and (5.4). To do so, we
model the frequency dependence of the magnitudes by the one of the flux F ∝ ν−αopt (see
discussion in Section 2.1). We assume that the distribution of αopt is known, for example
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Figure 5.3: Left: The expected redshift distribution of the LSST sources and the SKA
sources.
Right: The expected angular power spectrum for LSST and SKA (calculated with
class and following [39]). For the simulations, we only use l < 64. Also shown is the
angular power spectrum not including redshift space distortions (RSD) as dashed lines.
This stresses again their important contribution on large scales of nearly 30%.

from measurements of the magnitude in different frequency bands. Motivated by the colors
shown for example in [62], we simply fix αopt = 1. With that, we include the kinematic
effects by setting for each source (see (5.3) and (5.4))

z + 1→ (z + 1)δ−1(n̂) (5.25)

m→ m− 2.5 log δ(n̂)1+αopt . (5.26)

Finally, redshift measurement errors are simulated by replacing the redshift for each source
with the absolute value of a random normal variable z → |N (z, σz)|. The absolute value is
used to avoid negative redshifts. Only afterwards, cuts are applied. For the main analysis,
we use a slightly smaller magnitude limit than mlim = 26 so that there are no boundary
effects and all redshifts

m < 25.9 , all z . (5.27)

In Section 5.8, we touch on the possibility of a minimum redshift cut.

5.5.2 SKA

We also consider the radio continuum survey of the SKA [63]. We use the measurements of
the flux F and the projected size of the major axis of the observed sources. We refer to the
latter as the length L. Since L is the most critical measurement, we include an uncertainty
σL, that ranges from σL = 0.1 arcsec to σL = 1 arcsec motivated by the resolution at
1.4GHz of 0.3 arcsec [63].

Source properties As a model of the observed sources, the T-RECS simulations [52]
are used. In their simulation, the flux and size of active galactic nuclei (AGN) and star
forming galaxies (SFG) are modelled. We use all the AGN and SFG above 9µJy at 0.7GHz
in the ’wide catalogue’ of T-RECS. For the AGN, we use the projected apparent size of the
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core+jet emission as the length L. For the SFG, we use twice the half light radius rSFG,
i.e. L = 2× rSFG. Observationally, both of these quantities correspond to the fitted major
diameter, independent of the source type. For each mock realization, we draw Ntot random
tuples of flux and size from the combined data set of SFG and AGN (see Figure 5.1). From
here on, AGN and SFG are not distinguished.

Mask We use the maximum possible sky coverage expected by the SKA survey, masking
the region above the equatorial declination of 30° and the region within ±10° of the galactic
plane [28] (see Figure 5.2).

Realizing the mocks The angular power spectrum is calculated with class (see Fig-
ure 5.3). Redshift distribution, bias, magnification bias and evolution bias are all modelled
with the public code developed in [39]. With the angular power spectrum, a Gaussian
density field is realized as described for the LSST/Euclid mocks. The kinematic effects
(5.3) are included by aberrating all positions and by boosting the flux and size of each
source

F → Fδ(n̂)1+αSKA (5.28)

L→ Lδ(n̂)−1 (5.29)

with αSKA = 0.75 [63]. Unbiased measurement errors are included by replacing each length
with a random normal variable L → N (L, σL). Only afterwards, cuts to length and flux
are applied. In this case, we choose

0.3 < L[ arcsec] < 100 , 10−5 < F [Jy] < 10−2 . (5.30)

The minimum length and minimum flux are imposed because of the limiting resolution and
sensitivity of the telescope. The upper limits are chosen since they allow to find a better
signal to noise ratio (5.20) by decreasing the variance in the weights (see Section 5.4).

5.6 Optimal Weights

As can be seen from (5.17), and (5.21), the shot noise in the estimation of both β and
the intrinsic dipole dint is minimal when ∆W is maximal. The signal to noise ratio for
estimating our velocity is given by (5.20) S/N = ∆WβCMB

√
Ntot/3. To find an optimal

estimator, we therefore look for a weight function W (z,m) (LSST/Euclid) and W (L,F )

(SKA) for which ∆W is at its maximum. Even more generally, the cuts in the properties
can be optimized and a larger signal to noise ratio might be found. However, this is not
tested to a great extent in this work, where we settled for the cuts (5.27) and (5.30) after
finding reasonable values for ∆W without discarding too many sources.

We begin with the LSST/Euclid mock catalogs. In principle, any function of the mag-
nitude and redshift can be constructed. For simplicity, we only consider functions of the
form W (z,m) = (1 + z)xzmxm , weighting each source by a combination of its redshift and
magnitude with the redshift exponent xz and the magnitude exponent xm as free param-
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Figure 5.4: ∆W = |∆W/σW |, the expected amplitude divided by the scatter in the
weight for two different parameters of the weight function. This quantity is related to
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√
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Left: LSST/Euclid: the weight function is W (z,m) = (1 + z)xzmxm . The cross marks
the maximum, which is found for xz = −3.3 and xm = 1.4, where ∆W = 3.91.
Right: SKA: the weight function is W (L,F ) = LxLF xF . The cross marks the maxi-
mum, which is found for xL = −1 and xF = 0.4, where ∆W = 2.84.

eters. While this gives good enough results, one might try to search for more complex
weight functions that gives even larger values of ∆W .

In the left panel of Figure 5.4, we show the value of ∆W for different exponents. One
can clearly see that for xz = 0, i.e. weighting only by the magnitude, this quantity is very
small. This is related to the discussion from the beginning of this chapter. A power law in
the source count per flux interval n(F ) lets the dipole weighted by any power of the flux be
the same as the number count dipole. For an exact power law, one therefore finds ∆ = 0

and thus ∆W = 0. For magnitudes, such a power law corresponds to a linear relation
between log n(m) and m. As can be seen in Figure 5.1, for our model, their relation is
in fact close to linear. This explains why weighting only by the magnitude does not give
as large signal to noise ratios. This is the reason why we also include the redshifts of the
sources.
We find that there is a flat maximum, where small changes in the parameters do not

change the value of ∆W significantly. We use the exponents xz = −3.3 and xm = 1.4

where ∆W = 3.91.

For the SKA mock catalogs, we proceed very similarly. A weight function of the form
W (L,F ) = LxLF xF is chosen, with the length exponent xL and the flux exponent xF as
free parameters. With this choice of a weight function, we find reasonable results for some
combinations of xL and xF as can be seen in Figure 5.4. Again, the region for xL = 0

where ∆W is small is very noticeable. Similar to before, this is because the source density
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per flux interval closely follows a power law, i.e. the relation between log n(F ) and logF

is close to linear, which can be seen in Figure 5.1.
Varying xL and xF , we find a maximum at around xL = −1 and xF = 0.4. These are

the exponents which we use in our analysis, for which ∆W = 2.84.

Let us also briefly explore the original idea of [15], which is weighting only by the flux.
This might be of advantage if a large fraction of the sources are not resolved in their spatial
extension, i.e. the lengths have a large uncertainty and cannot be used in the analysis. For
the LSST/Euclid surveys, the case of weighting only by the magnitude is not as interesting
since redshifts will be measured much more precisely than the sizes of small radio sources
by the SKA.
For the SKA, setting xL = 0, we find a flat maximum of ∆W ≈ 0.4 for xF ≈ −1. For

xF = 1, which corresponds to the dipole in sky brightness, ∆W < 0.1 is even smaller.
These values can possibly be optimized by also testing different flux cuts, which is not
tested in this work. We compare the maximum possible ∆W = 2.84 when the lengths
are used with the maximum of ∆W = 0.4 when no lengths are involved. The signal to
noise ratio scales with

√
Ntot∆W . Therefore, to achieve the same precision without using

lengths, one would need (2.84/0.4)2 ≈ 50 times the number of sources when analysing with
the sources’ lengths. In other words, as soon as more than a fraction 1/50 of the sources
are resolved well enough, weighting by a combination of flux and length becomes a better
choice than weighting by some power of the flux to measure β.

For the intrinsic dipole, the shot noise term (5.21) depends differently on ∆W . Hence,
one finds that to measure dint, it is better to weight by only the inverse flux if thereby, 32

times as many sources are available.
In Section 5.8, we only show the results for including both lengths and fluxes. Nonethe-

less, the theory presented in Section 5.2 to Section 5.4 is also applicable to an analysis
including only the flux. As a rule of thumb, any results from the SKA simulations for a
number of Ntot sources presented in the following section also hold for the case when only
the flux is considered and a number 50×Ntot sources is available. For results concerning
the intrinsic dipole, the factor is 34 instead of 50.

5.7 Caveats

Before analysing the results, we clearly state the approximations and assumptions that
have been made in realizing the mock catalogs. We discuss why they are not significant
for our main results presented in the next section.
In principle, all effects and relativistic corrections that give rise to fluctuations in the

observed number density within the ΛCDM model are taken into account through the
angular power spectrum [38]. However, some of these effects also perturb the redshift and
the size of the sources. For example, the redshift space distortions are properly included
in how they change the clustering of the sources but not in how they change the redshift
that we observe. Similarly, angular perturbations are taken into account concerning the



5.7. Caveats 56

realization of the source density through the angular power spectrum but not in the way
how they affect the observed sizes.
Additionally, any correlations between the source properties and the source clustering are

also not included. To illustrate this, let us consider the magnification bias and the peculiar
velocities of the sources. There are some sources whose flux is increased to above the flux
limit through Doppler effects due to their peculiar velocity, and they are only observed in
the survey, i.e. above the lower flux limit, because of this. Therefore, the number density in
this region is enhanced. Sources that are present in the survey because of such effects have
special properties compared to other sources. In this case of increased clustering because
of peculiar velocities, one could expect that the relative number of sources with a flux just
above the lower flux limit is larger than in other regions. Any such correlations between
source properties and the clustering are neglected in our mock catalogs.

Having stated this approximation, we continue to reason why it does not influence our
results. First of all, perturbations on small angular scales are not relevant since we are
interested in the dipole only. We therefore only show why large scale perturbations are
expected to be small. To do so, we explicitly calculate one effect, the bulk flow velocity.
The bulk flow velocity refers to the expected root mean square velocity of all observed
sources. In other words, this is the deviation of the mean rest frame of the observed
sources from the CMB rest frame as expected within the ΛCDM model. It is calculated in
Appendix D, where we find for the LSST redshift distribution vbulk ≈ 2.4× 10−5. This is
approximately 2% of the CMB velocity. For the SKA, we find vbulk ≈ 2.0× 10−5.
The effect of the bulk flow velocity is similar to the effects of our own motion. In

particular, each source is not only affected by the Doppler effects and relativistic aberration
due to our motion but also by the same effects due to the bulk flow, which points in
some random direction. Therefore, the bulk flow leads to a systematic uncertainty of
approximately 2% in comparing our velocity with the velocity inferred from the CMB
dipole.
Other effects giving relativistic corrections are expected to be of the same order of mag-

nitude or even smaller. For example gravitational potentials, which have similar effects
on the observables as a relative velocity, are the source of peculiar velocities. Having con-
strained these velocities, the potentials are expected to be of the same order of magnitude.
Also, lensing is small scale effect, as can be seen in Figure B.1. Therefore, a relevant cor-
rection from lensing is not expected for the dipole. Lastly, the redshift space distortions
which contain a derivative term of the peculiar velocities are expected to be of the same
order (see Section 2.2). Hence, neglecting all these perturbation when sampling the sources
properties such as magnitude and redshift or flux and length is a reasonable approximation.

Another possible caveat should be discussed. When calculating the angular power spec-
trum, we do so for the full redshift range. Of course, in smaller redshift bins, the anisotropies
are larger, especially for small z (see Figure 2.1). These larger clustering anisotropies be-
come smaller when averaging over the full redshift range. Nevertheless, larger perturbations
in smaller bins concern not only the clustering of the sources but also the sources’ prop-
erties (magnitude, redshift, flux and length). Here, we make the reasonable assumption
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that these effects become negligible when averaging over the full redshift range, such as
the above mentioned bulk flow.

5.8 Results

In this section, the results of our new method using the weighted dipoles applied to the
LSST/Euclid and SKA simulations are discussed and compared to the method employing
only the number count dipole. We begin with the measurement of our velocity β.

5.8.1 Measuring our Velocity

The results of measuring our velocity can be seen for the LSST in Figure 5.5 and for the
SKA in Figure 5.6. In the following, these two figures will be discussed in detail. They show
the mean and standard deviation of the estimated velocities β and the deviation angles θ in
100 mock catalog realizations. These values tell us about the bias and the uncertainty with
which the velocity and its direction can be observed. Of course, the number count method
does not estimate the velocity directly but rather the combined dipole that includes the
intrinsic dipole. Nevertheless, to compare to the new weighing method, the number count
dipole amplitudes are divided by BN to give the best estimate for the velocity. The relative
uncertainty in β and the number count dipole amplitude is the same.
To better understand the influence of shot noise, we show the results for a range of Ntot.

Since each source is simulated individually, due to computational effort, we are limited to
Ntot ≈ 2 × 107. Additionally, the results are shown when using the LSST sky coverage,
the Euclid sky coverage but also when using the full sky. In any case, Ntot refers to the
total number of sources in the observable region.
We also want to compare the results to the theory of the shot noise. Therefore, we show

the mean and standard deviation of both β and θ calculated with (2.57) and (2.58) in the
case of the number count method. In the case of the new weighting method, we compare
with (5.18) and (5.23). The theoretical results for the shot noise only hold for the full sky.
As one can see in Figure 5.5 and Figure 5.6, the agreement between theory and simulations
on the full sky is excellent. Therefore, we are confident to extrapolate the results obtained
by the theory to larger number of sources.

Let us first discuss the full sky results before then focusing on the deviations because of
partial sky coverage. For both LSST and SKA results, the trend is of course that the
more sources are observed, the bias, the uncertainty and the deviation angle all decrease.
The measurements of velocity amplitude and direction become more accurate and more
precise. However, there is a crucial difference between the number count method and the
new weighting method. This is best visible in the uncertainty of estimating the velocity σβ .
Clearly, for the number count method, the uncertainty converges to a constant, whereas
for the weighting method, the uncertainty continues to decrease like 1/

√
Ntot. This is also

seen in the bias, i.e. for the number count method, 〈β〉 does not converge exactly to the
CMB velocity, which is the input of the simulations, as well as in the deviation angle,
which becomes much closer to zero for the weighting method.
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Figure 5.5: The results for estimating the velocity β (top and middle row) and the
angle between the input velocity and the estimated direction, the deviation angle θ
(bottom row), for different total number of sources Ntot. The results from the number
count method (left column, the velocity is the dipole divided by BN ) are compared to
the new weighting method (5.13) (right column). For each choice of Ntot, β and θ are
estimated in 100 mock catalogs and the mean and standard deviation of these results
are shown here as dots and crosses. The color indicates, with which sky coverage the
analysis was performed. In addition, we show as solid and dashed lines the theoretical
mean and standard deviation, respectively. They are calculated with (2.57), (2.58) and
(5.18) and indicate the expectations for the behaviour of the full sky forecast. Note
that these results assume perfect measurements of magnitude and redshift. A detailed
discussion of the results is given in the main text.
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Figure 5.6: Similar to Figure 5.5, but for the SKA mock catalogs. Note that these
results assume perfect measurements of flux and lengths. The inclusion of measurement
errors is studied separately (see Figure 5.7).
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The reason for this improvement is that the combined number count dipole has two
random contributions. While the shot noise contribution indeed goes to zero for large
Ntot, the intrinsic clustering dipole remains. Hence, even in the limit Ntot → ∞, the
number count dipole does not converge to the kinematic dipole, but has an unknown
contribution from the random intrinsic dipole. Contrarily, the weighting method separates
the intrinsic dipole from the kinematic effect and is thus only affected by shot noise, which
can be arbitrarily small. This allows to measure our velocity amplitude and direction with
a much higher precision, given enough sources. This difference between the two methods is
smaller in the SKA forecast than in the LSST or Euclid forecasts because the intrinsic dipole
is larger in the latter (see Figure 5.3). Therefore, for the SKA forecast, the uncertainty
in the velocity inferred through the number count dipole converges to approximately 10−4

instead of 2× 10−4 for the LSST/Euclid full sky forecasts.

Continuing, we discuss why the results on the partial sky coverages deviate from the full sky
results in different ways. As studied in Section 2.4, due to an incomplete sky coverage, there
is a bias in the direction of the random dipoles as well as leakage from higher multipoles
into the random dipole amplitudes. This is true for the shot noise and for the intrinsic
clustering. The directional bias is the reason why the effect of an incomplete sky coverage
is greater when analysing the deviation angle than when analysing the velocity.
Since we keep the total number of sources distributed on the observed region on the sky

fixed, the number density is larger for a smaller sky coverage, which partly cancels the shot
noise leakage (see Eq. (2.42)). The total leakage effect is thus dominated by the intrinsic
clustering.
This explains why for the weighting method, the partial sky analyses (LSST, Euclid and

SKA) all deviate less from the full sky analyses than for the number count method. The
former is, as explained above, not at all affected by intrinsic clustering. Therefore, the
new weighting method is not affected as much by the leakage effect. The directional bias
through leakage is largest for the LSST mask, which covers only part of one hemisphere.
Hence, the largest deviation from the full sky analysis of the new weighting method is
seen in the LSST deviation angle (see bottom right of Figure 5.5). Since the SKA covers
the largest fraction of the sky and because the intrinsic clustering is smallest in these
simulations, the full sky analysis and the partial sky analysis of the SKA are very similar
compared to the difference between full sky and Euclid or even LSST sky coverages.
The excellent agreement between theory and full sky results validate extrapolating the

results to larger Ntot which are computationally expensive to simulate. For the cases of
partial sky coverages that deviate significantly from the full sky case, we can nevertheless
estimate how they behave for larger Ntot with Figures 5.5 and 5.6.

Next, we compare our analysis of the number count dipole in the SKA with the forecast [28].
Assuming Ntot = 3.3 × 108 above 10µJy, in their analysis, a relative uncertainty of the
number count dipole amplitude of 12% is found. Similarly, we find an uncertainty of
σβ/β ≈ 12%. In [28], the galactic longitude and latitude can be determined with an
uncertainty of 13° and 6°, respectively. Combining these, the mean deviation angle is
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approximately 10°. Inspecting the trend of the mean deviation angles towards larger Ntot

(see Figure 5.6, bottom left), this agrees well with our results for the SKA sky coverage.
Comparing these results to the weighting method, the same accuracy and precision can

be achieved with approximately 4×107 sources for which the length is perfectly measured.
If the lengths of all the 3.3× 108 were available, we could measure β within approximately
2% and its direction within 2°. Similarly good results can be achieved if the redshift of
the same number of sources was measured perfectly in the LSST or Euclid survey. We
continue to show, that a small error (∼ 3%) does not degrade these results.

5.8.2 Effect of Measurement Uncertainty

Of course, the observations will not be perfect. Any measurement of the quantities magni-
tude, flux, redshift and length might deviate from their true value. To see how this affects
estimating our velocity with the weighting method, we include such errors as described in
Section 5.5. For simplicity, for the two applications, only a redshift uncertainty σz and
an uncertainty in the length estimate σL are considered, respectively. In the LSST/Euclid
(SKA) simulations, after including the kinematic effects, each redshift (length) is replaced
by a random normal variable with mean of the original value and standard deviation σz
(σL). To avoid negative redshifts, we take the absolute value of the random redshift. It is
important for the analysis that the telescope does not observe differently in any direction.
Hence, we assume that neither the uncertainty nor the bias (which we take to be zero in
general) is direction dependent.
We repeat the analysis including the measurement errors. The results can be seen in

Figure 5.7. This time, we show mean and standard deviation of the velocity and the
deviation angle as one errorbar. For comparison, also the outcome without any errors is
shown.
In both the LSST/Euclid and SKA forecasts, small errors do not affect the results, while

for a large enough error, the results become biased. This is because calculating the kine-
matic weighted dipole amplitude does not give correct results if the observed source density
n(F,L) or n(m, z) differs significantly from the rest frame density due to measurement er-
rors as discussed in Section 5.2.
For the LSST/Euclid forecasts, imposing an additional redshift cut of z > 0.2 is tested.

Since the error is proportional to (1 + z), the relative error is largest for small redshifts.
Therefore, this cut suppresses the bias. However, the scatter increases because less sources
are available for the analysis. The SKA simulations already include a cut of L > 0.3 arcsec.
Applying a more stringent cut could also decrease the bias but greatly increase the shot
noise, since there are many sources with L ∼ 0.3 arcsec (see Figure 5.1). If the behaviour
of the observational uncertainties are well characterized, it might be possible to include
these into the simulations and improve the analysis.

5.8.3 Measuring the Intrinsic Dipole

We also test how well the intrinsic dipole can be measured using the estimator (5.14). To
do so, we compare the estimated intrinsic dipole with the true one. The true intrinsic
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Figure 5.7: The effect of a simulated observational uncertainty on the accuracy and
precision of the velocity estimator (5.13). The error bars show the mean and standard
deviation of the velocity β and deviation angle θ estimated in 100 mock catalogs.
For comparison, the case without any error is also shown as a black error bar. This
corresponds to the results for the largest Ntot shown in Figures 5.5 and 5.6, respectively.
Left: LSST simulations: a redshift error σz = (10−3 ∼ 10−1)(1 + z) has been imposed
on the mock catalogs, as described in the main text. The blue error bars show the
results when including all sources. The orange error bars show the results when only
using sources with redshift larger than 0.2 for the analysis.
Right: SKA simulations: an error in the length σL has been included.

dipole is different for each mock catalog, as each is a random realization of the angular
power spectrum. By comparing the amplitude and direction of the estimated values with
the true values of the respective mock catalog, we can test the uncertainty by the standard
deviation. The results for both LSST/Euclid and SKA simulations are shown in Figure 5.8.

We begin with discussing the full sky simulations. First, we notice that they agree well
with the theory (5.21), (5.22) and (5.23). Comparing to the velocity estimates discussed
above, the intrinsic dipole estimates are more biased and less precise. This is because the
shot noise in the intrinsic dipole CSN

int is larger than the shot noise in the velocity CSN
β

(compare (5.17) with (5.21)). Even so, given a large number of sources and a large enough
sky coverage, it possible to detect the intrinsic dipole to a high precision.
We turn our focus to the effect of incomplete sky coverage. In the LSST/Euclid forecast,

the estimation of the dipole amplitude and direction is limited by the leakage from higher
intrinsic multipoles to the intrinsic dipole due to the incomplete sky coverage as discussed
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Figure 5.8: The results of estimating the amplitude and direction of the intrinsic dipole
with the weighting method (5.14). The top panels show the mean and standard devia-
tion of estimating the intrinsic dipole amplitude. The bottom panels show the deviation
angle θint, which indicates how well the direction of the intrinsic dipole amplitude can
be inferred.

in Section 2.4. From (2.44), we expect that the leakage enhances the intrinsic dipole by
approximately a factor of & f

−1/2
sky , which in this case is &

√
2.5. This explains why the

estimated amplitudes are biased by approximately a factor of 2 and the estimated directions
differ by more than 60°.
For the SKA forecast, the results on the masked sky are nearly equally good as the full

sky results, because the sky coverage of the SKA survey is much larger. However, this is
only tested up to 107 sources, where the shot noise dipole still dominates over the leakage
into the intrinsic dipole. Therefore, in comparison to the LSST/Euclid results, where the
clustering and thus the leakage is larger, for the SKA, we do not see a divergence from
the full sky in the simulations. With these results only, it is thus difficult to say how well
the intrinsic dipole itself can be determined. To make such a statement, the simulations
should be repeated with a larger number of sources.
Obtaining an estimate of the intrinsic dipole with a small sky coverage is possibly a

too ambitious endeavor. Instead of comparing the estimated intrinsic dipole to the true
intrinsic dipole, one could compare it to the expected value of intrinsic dipole plus the
leakage from higher multipoles. The leakage can be estimated by realizing fields from the
angular power spectrum, masking them, and then estimating the dipole. Even though the
leakage is not deterministic, one could possibly constrain the isotropy better this way.
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The influence of measurement errors is not studied. However, similar effects as discussed
for the velocity estimator are expected for estimating the intrinsic dipole.
To summarize, we have shown that the intrinsic dipole can indeed be measured inde-

pendently of our velocity. Nevertheless, incomplete sky coverage and hence leakage from
higher clustering multipoles strongly biases this observation.



6 Conclusions

In the following, the main results of this work are summarized. The relevant theory
of observing the cosmic matter dipole as the number count dipole was discussed. We
introduced its three contributions, through kinematic effects, intrinsic clustering and shot
noise. The statistics of how these three contributions, the first of them being fixed in
direction, the latter two pointing in random directions, combine to one dipole were studied
in detail. Thereby, we were able to quantify the consequences of the assumptions stated in
the introduction and turn them into a prediction of the cosmic matter dipole in the ΛCDM

model. These assumptions are the interpretation of the CMB dipole as a purely kinematic
effect and isotropy by the cosmological principle.
While from the former follows a straightforward prediction of the kinematic dipole ampli-

tude and direction, quantifying the consequences of the latter is more involved. Deviations
in the matter distribution on the largest scale are indeed expected to be small, if the
observed sources are distant. However, the distances to the sources are often not well
known.
By analysing the dipoles in the distribution of NVSS radio sources and in a sample

of Quasars from the CatWISE 2020 data, we found that a large systematic uncertainty
arises through the ignorance of the sources’ redshift distribution. In particular, a small
percentage of nearby sources (z < 0.1) can lead to a large intrinsic dipole. Depending
on the amount of local structure observed in the NVSS, the large amplitude of the NVSS
dipole is found to be in agreement or slight disagreement with the ΛCDM model at 1.1σ

to 2.2σ. The disagreement is confirmed since the same excess in the amplitude is also
found in other radio surveys (see Section 1.3). Concerning the quasar sample, by including
a realistic clustering in the analysis, we found that the large amplitude of the dipole in
the distribution of quasars is inconsistent with the ΛCDM model at 2.8σ, but not at 4.9σ

which is claimed in the original publication [27] where clustering is neglected.
With that, we come back to the two questions posed in the introduction. Is there a

matter anisotropy on the largest scale, unknown to the ΛCDM model? Is the CMB dipole
truly a purely kinematic effect and any intrinsic CMB dipole is negligible? Both dipole
analyses could be explained with either of the two deviations from the ΛCDM model.
Future large scale surveys, observing ∼ 100 times more sources than currently available

might find that the large dipole amplitudes were observed by chance or due to unknown
systematic effects. They might, however, also show with a much higher accuracy that the
cosmic matter dipole does not agree with the ΛCDM model expectations.
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If so, one would like to know which of the two assumptions, isotropy or the purely
kinematic interpretation of the CMB dipole, is violated.
The method presented in the final Chapter 5 can be decisive in that matter. By incor-

porating other observed properties of galaxies, we are able to measure the velocity and the
intrinsic dipole separately. We have shown the potential of this method in forecasts for
the LSST and the Euclid survey, including redshift measurements, and the SKA survey,
including the sources’ sizes. Since in this method, the intrinsic dipole is distinguished from
the kinematic dipole, our velocity and direction of motion can be determined to a much
higher precision, given enough sources with a small uncertainty in the observed redshifts
and sizes. Also, we showed that with this method, the intrinsic dipole amplitude can
be constrained independently if additionally a large fraction of the sky is observed. This
new method thus has the potential to allow for a more precise test of the fundamental
assumptions in the standard model of cosmology.



A Spherical Harmonics

We briefly present some important concepts and formulas concerning the expansion of a
field in spherical harmonics Ylm and the angular power spectrum denoted by the multipoles
Cl (see for example [42], Appendix 4.2 or [64] and references therein).

A.1 Basics

The spherical harmonic coefficients alm of a field f(n̂) defined on the sphere are

alm =

∫
dΩY ∗lm(n̂)f(n̂) . (A.1)

The reverse transformation is

f(n̂) =

∞∑
l=0

l∑
m=−l

almYlm(n̂) . (A.2)

Here, n̂ denotes both spherical coordinates θ and φ and
∫

dΩ =
∫ 2π

0 dφ
∫ π

0 dθ sin θ.
A few identities used in this work are the orthonormality of the spherical harmonics∫

dΩYlm(n̂)Y ∗l′m′(n̂) = δm,m′δl,l′ , (A.3)

their mean value ∫
dΩYlm(n̂i) =

{√
4π , l = 0

0 , l > 0 .
, (A.4)

and the expansion of the exponential using spherical Bessel functions of the first kind jl

exp(ik · r) = 4π

∞∑
l=0

l∑
m=−l

iljl(kr)Y
∗
lm(n̂)Ylm(k̂) . (A.5)

For a real field f(n̂) = f∗(n̂) (the star denotes complex conjugation)

a∗lm = (−1)mal−m . (A.6)
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The angular power spectrum, i.e the multipoles Cl are defined to be the variance of the
alm

Cl = 〈|alm|2〉 . (A.7)

With the ensemble average 〈...〉, one refers to the average over many realizations of alm
from the Cl. Of course, we are only able to observe one universe, so we cannot measure Cl
directly. Instead, we can observe only one realization of the alm. From this, the angular
power spectrum is estimated as

Cl =
1

2l + 1

l∑
m=−l

|alm|2 . (A.8)

To estimate a Cl, one can measure (2l+ 1) independent numbers through the alm. There-
fore, the uncertainty becomes larger for small l.

A.2 Realizing Fluctuations from the Angular Power Spec-
trum

In reverse, from an angular power spectrum, one can realize a random real field with the
expected amount of fluctuations. In this work, we always assume Gaussian fluctuations.
For the intrinsic clustering on large scales this is a good approximation because non-
linearities are small on these scales (compare to Figure B.1). Also, for the shot noise,
the Poissonian distribution is well approximated by a Gaussian distribution through the
central limit theorem since we are interested in the distribution of many sources.
To realize a field, one draws random normal variables for the real and imaginary part

of alm with zero mean and variance Cl/2 for m > 0 and one variable for the real al0 with
zero mean and variance Cl. The coefficients for m < 0 follow from (A.6). The mean has
to be zero because of the assumption of isotropy. Through the choice of the variance, the
definition, (A.7), is satisfied. From the random spherical harmonic coefficients, one can
compute the density fluctuations by (A.2). In particular, a field of relative fluctuations
∆(n̂) is obtained by using only alm with l ≥ 1 drawn from the angular power spectrum
with the convention that the angular power spectrum is normalized to C0 = 4π.
With that, one can compute a field with fluctuations around the mean number density

N . On a pixelised sphere, this corresponds to setting the value for each pixel p to

mp = (1 + ∆(n̂p))N . (A.9)

To do so, we use healpy (a Python package based on HEALPix1) [47, 48], which provides
a pixelisation scheme on the sphere, where each pixel has the same area. To include shot
noise, we simply replace each pixel value by a Poissonian random variable with its mean
being the original pixel value

mp → P(mp) . (A.10)
1http://healpix.sf.net/

http://healpix.sf.net/
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Simulating only shot noise corresponds to setting ∆(n̂) = 0 in (A.9).

A.3 Relation with the Dipole

Lastly, we want to discuss the relation between the dipole, the spherical harmonic co-
efficients and the first multipole, the dipole power C1. Consider the field containing a
dipole

(1 + d · n̂)N +O(n2
j ) =

=N
(
a00Y00(n̂) + a10Y10(n̂) + a11Y11(n̂) + a1−1Y1−1(n̂) +O(l > 1)

)
.

(A.11)

We use the convention that the alm are relative fluctuations and do not include the
monopole. By explicitly writing

n̂ = (sin θ cosφ, sin θ sinφ, cos θ) , Y00 = 1/
√

4π ,

Y10(n̂) =

√
3

4π
cos θ , Y1−1(n̂) =

√
3

8π
sin θe−iφ , Y11(n̂) = −Y ∗1−1(n̂) ,

we find

a00 =
√

4π , dx = −i(a1−1 + a11)

√
3

8π
, (A.12)

dy = (a1−1 − a11)

√
3

8π
, dz = a10

√
3

4π
. (A.13)

Measuring a dipole with amplitude d =
√
d2
x + d2

y + d2
z, by (A.8), we can conclude about

the dipole power

C1 =
4πd2

9
. (A.14)

Concerning a random realization of an angular power spectrum, using (A.7), the squared
dipole amplitude is related to the dipole power by

〈d2〉 = 〈d2
x + d2

y + d2
z〉 =

9C1

4π
. (A.15)

Invoking isotropy, for the individual dipole components follows

〈dx,y,z〉 = 0 , 〈d2
x,y,z〉 =

3C1

4π
, (A.16)

respectively. Since the alm are independent and well approximated by a Gaussian dis-
tribution, the dipole components are, too. Therefore, the dipole amplitude found in a
random field realized from the angular power spectrum is also random and follows a χ(3)-
distribution (also Maxwell-Boltzmann distribution)

P (d) =
d2

σ3
exp

(−d2

2σ2

)√ 2

π
, (A.17)
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where we introduced σ = 3C1/(4π). (A.17) can be derived by performing a variable
transformation on the product of three normal distributions P (d) = P (dx)P (dy)P (dz)

P (d)dd = P (d)4πd2dd ≡ P (d)dd . (A.18)



B Contributions to the Angular Power
Spectrum
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Figure B.1: In order to estimate the contributions to the full angular power spectrum
Cl, we show the relative difference δCl/Cl = |Cmod

l −Cl|/Cl, when modifying one input
parameter of the calculation to get Cmod

l . Dashed lines are used when Cmod
l − Cl > 0

and straight lines are used when Cmod
l − Cl < 0. This means that for example RSD

give a positive contribution to the angular power spectrum. The fiducial angular power
spectrum Cl used here is the one expected for the NVSS with the T-RECS model for
the redshift distribution, with s = 0.85/2.5 and fevo = 0. It is displayed in the right
panel of Figure 3.5. A detailed discussion about the various effects and contributions
is found in this appendix.

We discuss the various effects on the angular power spectrum (see Figure B.1). One can
see that for the largest scales (smallest l), redshift space distortions (RSD) are the most
important contribution with about 20% of the full angular power spectrum including all
effects. Neglecting the influence of gravitational potentials influences the multipoles only
below 1%. Lensing is a small effect similar on all scales, when setting the magnification
bias to 0.85/2.5 which is the expected value for the NVSS angular power spectrum. This
is because lesning terms mostly appear in the combination (2 − 5s). In other words,
if the cumulative number density above a minimum flux F is precisely in the form of
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N(> F ) ∝ F−1, then the magnification bias is 1/2.5 and these terms cancel exactly.
To illustrate this, we also show the calculation of the power spectrum setting s = 0.
Then, lensing is much more relevant, especially on small scales. The evolution bias fevo

characterizes the change of the source density with time (see (2.15)). We approximate it to
be 0 in the calculation for the NVSS power spectrum. The deviation in the angular power
spectrum using fevo = 1 is small. Since the evolution bias is typically of order 1 (compare
e.g. to Fig. 2 in [39]), we conclude that setting fevo = 0 is a good approximation. Finally,
we compare the full angular power spectrum which is computed with the halofit model to
include non-linearities with the results using the linear power spectrum. On large scales,
this affects the result only the percent level.



C Multipole Estimator

We use the method to estimate the angular power spectrum described in [56], where the
method is described in detail. In this Appendix, we only briefly discuss the method and
test it.
The goal is to estimate the multipoles of the field f(n̂), which for our applications is

typically a number density. The complication arises, because only a fraction fsky of the sky
is observed. We introduce the window function W (n̂), which is either one, if the region of
the sky is observed, and zero, if it is masked. Only the field f̃(n̂) = W (n̂)f(n̂) is available
for the analysis. We analyse the field on a pixelised sphere using the methods provided by
healpy. First, we fit the monopole m to the field

m =
∑
p

f̃(n̂p)

fskyNpix
, (C.1)

where the sum runs over all pixels p and remove it by subtracting m from each pixel value
f̃(n̂p). Next, the pseudo power spectrum C̃l is calculated which is defined as

C̃l =
1

2l + 1

l∑
m=−l

|ãlm|2 (C.2)

ãlm =
1

m

∫
dΩ f̃(n̂)Y ∗lm(n̂) ≈ 4π

Npixm

∑
p

f̃(n̂)Y ∗lm(n̂) (C.3)

with the healpy-method anafast. As it is shown in [56], the expected values of the pseudo
power spectrum can be related to the true power spectrum by

〈C̃l〉 =
∑
l′

Rll′〈Cl′〉 . (C.4)

This means that averaging over many realizations of Cl, the mixing matrix Rll′ correctly
describes the effect of the partial sky coverage, which leads to the mean pseudo power
spectrum. For one realization, however, this is not quite true. Nevertheless, it serves as
a good estimator for our purpose. The mixing matrix can be derived by inserting the
relation between the pseudo and the true spherical harmonic coefficients

ãlm =

∫
dΩW (n̂)f(n̂)Y ∗lm(n̂) =

∑
l′m′

al′m′

∫
dΩW (n̂)Yl′m′(n̂)Y ∗lm(n̂) (C.5)
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Figure C.1: The mean and standard deviation of the relative error δCi
l as defined in

the main text of 500 simulations. While the estimator is unbiased (vanishing mean),
the uncertainty can become as large as 75% for small l > 1.

into equation (C.2). All the steps are found in the Appendix A.2 of [56]. The result ex-
pressed in terms of the power spectrum of the window function (Wl = 1/(2l+1)

∑
m |wlm|2,

wlm =
∫

dΩW (n̂)Y ∗lm(n̂)) and the Wigner symbols is

Rl1l2 =
2l2 + 1

4π

∑
l3

(2l3 + 1)Wl3

(
l1 l2 l3
0 0 0

)
. (C.6)

Inverting equation (C.4), we obtain our estimator for the angular power spectrum of a
masked sky.

Cest
l =

∑
l′

R−1
ll′ C̃l′ . (C.7)

We test the estimator to function properly by computing 100 realizations of a density field
with

Ctrue
l = 10−5/

√
l . (C.8)

for l ≥ 0 and Ctrue
0 = 4π. We use Mask 2 from the NVSS analysis to cover 35% of the sky,

see Figure 3.4. To test the estimator, we define the relative error between the estimated
angular power spectrum and the true one of the ith realization

δCil ≡ (Cest,i
l − Ctrue,i

l )/Ctrue,i
l . (C.9)

The average relative error of all the simulations should be zero, such that the estimator
is unbiased. The standard deviation, i.e. the scatter in the relative error shows how large
the error typically is. The result is shown in Figure C.1. The mean of δCil is smaller than
5% for all l and averaged over l only 0.3%, so the estimator is unbiased. Each individual
realization however can be estimated differently by up to 75% for small multipoles with
l > 1. In previous studies, the matrix R−1

ll′ is approximated to be diagonal [40, 57, 65].
This is a good approximation for higher multipoles [65]. Since we are interested in small
multipoles, where the window function can mix the multipole coefficient significantly, we
use the full matrix.



D Bulk Flow Velocity

The bulk flow velocity is the expected root mean square velocity of all observed sources.
If the sources are distributed accordingly to the normalized redshift distribution n(z), one
can define the window function

W (r) = H
(
z(r)

)n(z(r))
4πr2

, (D.1)

such that
∫

dx3W (r) =
∫

dz n(z) = 1.
The bulk flow of all the observed sources is expected to be (in units of the speed of light)

〈v2
flow〉 = 〈

(∫
d3x W (r)v(r)

)2
〉 =

=
1

2π2

∫
dk Pδδ(k)

(∫
dz H(z)f(z)D+(z)n(z)

sin
(
kr(z)

)
kr(z)

)2
. (D.2)

We take the power spectrum Pδδ (in synchonous gauge) at zero redshift from class. The
difference between using the non-linear or linear power spectrum is negligible because
only the largest scale is relevant. We use that the velocity has no curl, v = k̂V , and
v ·k = −f(z)H(z)D+(z)δ(0) [66] with f(z) ≈ Ω

4/7
m (z) and the growth function defined by

f = d lnD+

d ln a [67]. For the redshift distributions of the two applications (see Figure 5.3), we
find

LSST/Euclid: 〈v2
flow〉 =

(
2.4× 10−5

)2 (D.3)

SKA: 〈v2
flow〉 =

(
2.0× 10−5

)2 (D.4)

In our universe, we expect a random velocity v from a χ(3)-distribution with 〈v2〉 = 〈v2
flow〉,

pointing in a random direction. This means that the mean rest frame of all observed sources
and the rest frame defined by the CMB differ by v.
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List of Acronyms

ΛCDM Λ (dark energy) Cold Dark Matter (the standard model of cosmology)

AGN Active Galactic Nucleus

CatWISE Catalog of sources from WISE and NEOWISE survey data

CMB Cosmic Microwave Background

LSS Large Scale Structure

LSST Legacy Survey of Space and Time

NRAO Northern Radio Astronomy Observatory

NVSS NRAO VLA Sky Survey

PDF Probability Density Function

RSD Redshift Space Distortions

SFG Star-Forming Galaxy

SKA Square Kilometre Array

Std. Standard deviation

VLA Very Large Array

w.r.t. with respect to
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